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ERRATA. 

Page 

17, lines, for +«*' if read +o " 6*. 

— line 6, for V* read Vt. 

18, line 17 from bottom, for *J{m {a-^'Jli)} read V{m(o— V*)}. 

19, line 16, after (112) add , cmd n an odd number, 

— line 21, dele tiiis line, and insert m, it might he thewn^ it must 

be, whenever the extraction ia possible ; 

— line 25, for Vm read 2 ^m, 

— last line, for 11. ^/^Si+6^/2) read v^(232+164 V2). 

27, line 11, for (a) by o' read (o) by a\ 

28, last line, for mc^-i-nci read fm^i+nc,. 
35, Ex. 12, 21, for -1 read -x. 

_ x—v - a;— V 

— Ex. 12, 40, for -r-^ read —^ . 

40, Ex. 13, 2, for 5a 6d read 6« 6(1. 

41, Ex. 13, 3, for of each insert at least, 

— Ex. 13, 4, for ffols, of British read hundred gals, of, 

and for 1000 read 900. 

58, line 2, for M^'" read BA^"*, 

60, linel, for (n+l)th read i(n+l)th. 

— line 2, for (n+3)th read K»»+3)th. 

— line 9, for -\-e^+c^ read +c,— Cs» 
66, line 4 from bottom, for f^ read A* 

76, line 2 from bottom, for o^lO read r=10. 
78, line 10, for 252^252 read 252x252. 
86, Ex. 28, 4, for the second line read 

200 yrs ? (Given log 1.199247 = .0789088, nearly.) 
94, Ex.32, 9, should be (i) 3a^=7, (ii) 3a:"-5aj+l = 0. 

— Ex. 32, 10, in (i), after x=, insert P+* 

— Ex.32, 11, should be 

(i) a:=V[3+V{3 + V(3+&c.)}]. (ii) 3'= J. (iii) 2'=f. 

97, Ex. 83, 2, for -1 read 1. 
116, Ex. 39, 9, for then the read the even, 

118, In 197, line 3, for [123] read [196]. 

— In last line, for [124] read [197]. 

119, line 5, dele since n—l is even, which, and insert 

{n-J(n-l)}. Now this, 

123, line 4 from bottom, for the second — , read — . 

n m 

124, Ex. 42, 8, should be 5a;* + 11, given r^l. 

— Ex. 42, 12, should be 7aj*+2, given r=2. 

— Ex. 42, 15, should be 6 (x^-x), given r=3. 



ERRATA— Continued, 

Page 

127, Ex.43, 8, should be l-2a; + 3«»-3aj»4-*«*=2*. 
129, Ex. 44, for two numbers read ttoo squares. 
132, line 6, for supplementary read complementary, 
140, Ex. 48, 2, for removed read rq^laced, 
- Ex. 48, 8, for [217 Ex. 1] read [218 Ex, 1]. 



ANSWERS TO THE EXAMPLES. 

IS, 3, third line, 

for (a+3a;) (a* - Soar + 9a:*) read (a + 3y) (o2-3ay + 9y"). 



MISCELLANEOUS EXAMPLES. 

Ex. 

64. after cattle insert sJieep^ pigs, and oxen, 

105. for a in two places read 1. 

122. for +c^ read -e"*. 

151. for others read integers, 

153. for the last line read 

given the mant, for 19048, 1904825 to be 2798494, 2798551. 

167> after g.p. insert, the first of which is unity, 

189. for M read 6". 

206. for aP6« read afb-^, 

212. for n 'JaimVh read ny/b^^ : m*Va"^'. 

221. for a'»4-6'*+c" read a;»+y"-}-2». 

222. dele and shew that S^c, 

231. for ai + ft! + c^ read (ai + fti + ci) A^. 

242. (ii) should be «"«= V{l-c' + Vc}. 

247. for +» read -»*. 

264. in the second line interchange f(x) and /'(*)> /(y) and f'{y). 

277. for a no< a igc, read net^A«r a nor a — \ a S^c, 

281. for aU read tor^e. 

283. for J*7(6*^a?») read i*7(6*''«*"). 

287. for SSxfi read 862;». 

288. Interchange converges and diverges, 

329. for 5^^ read ?^i? . 
n n 



EQUATION PAPERS. 
3, 2 for ^ read \, 



«*4i It is hoped that few, if any other, errata will be found of 
any consequence. The work being stereotyped, the above will 
disappear in future editions. 
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CHAPTER I. 

BLEMENTABT RULES. 

••• 7ft« brmckit ()wiMb9 u$td to refer to ArUelee to Port h, I ] to Articlee 

to Part II. 

1. (1) ' Aloebba is the European corruption of the first words 
of an Arabic phrase, which may be thus written, al jebr e al 
mokahoiah^ meaning restoration and reduction. The earliest work 
on the suliject is that of Diophantus, a Greek of Alexandria, who 
lived between A.D. 100 and A.D. 400; but when cannot be well 
settled, nor whether he invented the science himself, or borrowed 
it from some Eastern work. It was brought among the Mahom- 
medans by Mohammed hen Musa, between A.D. 800 and A.D. K50, 
and was certainly derived by him from the Hindoos. The earliest 
work which has yet been found among the latter nation is called 
the Vifa OanUa, written in the Sanscrit language, about A.D. 1150. 
It was introduced into Italy from the Arabic work of Mohammed^ 
about A.D. 1200, by Letmardo Bonacei, called Leonard of Pisa; 
and into England by a physician, named BobertBecorde, in a book 
called The Whetstone of WUte, published in the reign of Queen 
Mary, 1557.' — De Morgan. 

2. (S^ More generally, the terms positive and negaUve, with the 
correspondiug signs, may be used of any quantities, which are 
so opposed to each other in character, that any number of units 
of the one taken together with the same number of units of the 
other, would neutralize each other. 

Thus, as in (16), the property and debts of a person may be 
treated ai positive and negative quantities; and so also a motion 
of a feet Iq one direction may be called a positive motion, and 
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2 EL'EMENTARY RULES. 

in the opposite direction, a negative one. In such cases, it matters 
not "wrhich of the two quantities we call the positive ; the opposite, 
or neutralizing one, tnll be the negative. 

3. It will be plain that aU the algebraical rules deduced for 
the Addition and Subtraction of positive and negative quantities, 
according to their original definition, will apply also to such as 
these ; because, in arriving at these rules, no reasoning has been 
employed, except what depends upon the property they aU share 
in common, viz. of neutralizing each other, when taken together 
in equal amoimt. It will only be necessary in the final results in 
each case, to give the proper interpretation to the signs + and ~, 
which may occur in it, in accordance with what we have taken 
them to represent. 

Thus (14. Ex. 1) suppose a man has gained sums of £3a, £5a, 
and £6o, and lost sums of £5a and £2a : if we choose to use + 
to represent th« character of the former, then - will represent 
that of the latter, and his means will be expressed in j^s by 
+ 3a, + 5a, + 6a, -5a, - 2a, the sum of which is + 7a, that is, he 
will have gained £7a, over and above what he lias lost: or if 
we choose to use - for the former, then + must be used for the 
latter, and the result would be - 7a, which must have the same 
interpretation as the former result, because we have now taken 
the sign - to represent the sums gained. Again, if we suppose 
3a, 5a, 6a to represent spaces, (numbers of feet for instance,) 
which a man has traveUed in one direction, then - 5a, - 2a, will 
represent similar spaces, traveUed by him in the opposite direction ; 
and if these be &ow taken together in such a manner as to form 
one «tim, (that is, if we suppose them to be travelled over by the 
man consecutiveig^ so that he begins to describe the second, in its 
proper direction, &om the point where he ends the first, &c.) then 
his motion will upon the whole be equivalent to one of + 7a from 
his starting place, that is, of 7a feet in the first direction. 

4. So also the Bule of Signs in Subtraction applies to all such 
quantities, viz. that to mibiract a number of positive imits is the 
same as to add the same number of negative units, and vice versa. 

For since any given quantity is not altered by adding to it 
a positive units and a negative units, let us suppose this done, 
and then take away, or miUr4iet^ the a positive units; we shall then 
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have remuning tiie original given quantity with the a negative 
units added to it : and, in like manner, if we eubtraet the a negative 
units, we shall have remaining the original quantity with the 
a positive units added to it. 

It follows then that to subtract any quantity, positiTe or nega- 
tive, we have only to change its affection and add it. 

5. It will now be sufficiently apparent that the signs + and - 
are reaUy used for two distinct purposes, either, ArithmeticaUyy 
as signs of operation^ to connect quantities with one another by 
Addition or Subtraction, or, A^ehraicaUg, as signs of affection, 
to denote the qualities of the quantities before which they stand. 

It is, strictly speaking, only in this latter sense that they are 
found before quantities standing alone, unconnected with others. 
Thus (5), even in the case of abstract numbers, + a would denote 
a number to he added, and - a a number to he subtracted, where 
the epithets, to he added or subtracted, express the qualities of the 
numbers, as additive or subtractive quantities, whether or not 
it may be necessary to connect them with others ; just in the same 
way as - £a might represent a loss, whether or not we take it into 
consideration with other gains or losses. 

If, however, it should be required to connect together by Addi- 
tion or Subtraction any of these quantities, each with its own 
proper affection, the signs + and - might be used for this purpose 
also, as signs of operation. Thus the sum of the quantities in [2] 
is strictiy (+3a)+(+5a) + (+6a) + (-6a) + (-2a); and so if we 
wished to subtract the latter three from the sum of the others, the 
result would be expressed by (+ 3a) + (+ ^) - (+ 6a) - (- 6a) - (- 2a). 
But here the reasoning of [4] applies, and teaches us that we may 
change the - sign of operation into a + sign, by changing also the 
sign of affection of the quantity before which it stands. By this 
means the latter result would become + (+ 3a) + (+ 5a) + (~ 6a) 
•f (+ 5a) + (+ 2a) ; and now in both results the signs of operation, 
being all +, may be omitted and understood to be implied with 
the signs of affection, so that the two results become 

+ 8a + 5a + 6a-5a-2a= + 7a, +3a + 5a-6a + 5a + 2as + 9a,* 

where each sign must be understood to express both the affection 
of the quantity before which it stands, and also the operation, viz. 
Addition, by which it is connected with the others. 

b2 



4 ELEMENTARY RULES'. 

That this is really the case will be made more evident by ob- 
serving that, if the quantities represented as in [3] gains and 
losses, we might read the first of the above results thus — a gam 
of Sa and a gain of 6a and a gain of 6a and a Joss qf 5a and 
a Joss qf 2a amount to a gain of la — where the words gain qf and 
loss qf express the force of the + and - as signs of affection, and 
the word and, which connects the quantities together, expresses the 
-h sign of operation, understood to be implied with each sign of 
affection. 

6. From the foregoing considerations, the rule of signs in Mul- 
tiplication, which in (19) was rather inferred than proved by the 
method there adopted, may be thus more distinctly exhibited. 

In all cases of Multiplication of two quantities, one of them, 
suppose the former, must be a mere abstract number, expressinp 
the niunber of times (integral or fractional) the other is repeated 
while the latter may be a number of abstract units also, or a 
number of concrete units, as pounds, feet, &c., and, in either case, 
may be of some affection, positive or negative, where these words 
will of course have the particular meanings appropriate to each 
case. The sign then of the latter quantity will be a sign of 
affection: but that of the former can only be a sign of operation. 

Thus -f h denotes 6 positive units, and a x (+ 5) denotes a times 
b positive units, or ab positive imits, which, of course, is expressed 
by (+a&), nothing, however, being yet said as to how these 
ab positive units are to be connected with others. But + a x (+ 5) 
implies that they are to be added, and this, as in [5], would 
be written simply with the sign of affection + a5, the + sign of 
operation being understood with it; whereas -ax (+6) implies 
that the ab positive units are to be subtracted, whidi [4] is the 
same as saying that ab negative units are to be added, and there- 
fore this product is expressed by - ab, the + sign of operation 
being understood as before. In like manner it follows that 
+ a X (- b), which implies that ab negative units are to be added, 
is expressed by - ab, and - a x (~ b), which implies that ab negative 
imits are to be subtracted, that is, by [4], ab positive units are to 
be added, is expressed by + a5, the + sign of operation being 
understood in each case to be implied with the sign of affection. 

If any number of algebraical quantities are to be multiplied to* 
gether, such sa -k-a, -d, +«, -<^ all except one must represent 
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m&re abstract numbersy expressing the numbers of times of re- 
petition in forming the product. The signs of these are therefore 
signs of operation only, upon which, however, will depend whether 
the other given quantity retains or not its original affection : thus, 
by the previous reasoning, +cx(-J)a=-c«^ -ftx(- ed) = + bed, 
+ a X (+ bed) = + abed 

7. (28) It is often convenient to employ only the coefficients 
in multiplication and division. A single example will sufficiently 
explain the method to the intelligent student. 

Thus for (28 Ex. 2) we may proceed as follows : 
3-4) 6-17+ + 16 (2-3 + 4 H®^® ^® insert the term in 
0.3 the dividend, because there is no 

term in it with xt^. If we had 
not done this, we should have been 
taking down +16 (the coeff. of y*) 
over +12 (the coeff. of xy*). This 
f s the only point requiring attention 
in using this method, to ms^ri a cypher wherever a term %8 ufanUnju. 

Let the student apply this to (Ex. la. 9-12). 

8. Another still shorter method of division is by what is called 
Homer's synthetic method, as follows. 

Ex. 1. Divide 6ir»+6a!*-17a^-6a^+10a:-2 by ar«+3a?-l. 

Let us denote the dividend in this case by 2) and the quotient 
by Q: then 2) = Q (2a:« + aF -1), or 2a:«Q = 2>+Q(-3a?+l) by means 
of which result the quotient Q may be obtained as below* 



-9+0 
- 9 + 12 


-12 + 16 
-12 + 16 



2a» 
-3a? 

+ 1 


6«» + 5a;« - 17^ - 6a;« + 10ar-2 
-9x*+ 62^ + 12a;«- 6a? 

+ 3a?- 2a?- 4ar + 2 




3a? - 2a? - 4a? + 2 



In the left-hand vertical column we set the divisor, with the 
signs changed of all its terms except the first. Now by reference 
to the result before obtained, since the dividend is of Jive dimen- 
sions and the divisor of itoo, Q can only be of three dimensions, 
and 3a? Q only of four: and therefore, since 2a?Q=2)+Q(- 3a?+l), 
the^<^ term of Q would be obtained by dividing the first term of 
D, which is the only one of,/Sre dimensions, by 2a;': this gives 3a?, 
which we place below, and then multiply - dx and +1 by it, 
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placing the recnilts - 9a^ and + Za^ diagonally, as above. Then, by 
similar reasoning, it is plain that the only part of D-3jbQ + Q 
which can be of four dimensions is the sum of the terms 5a^ and 
- 9a^, that is, - 4d^, dividing which by 2:r* we get - 22*, the Mcond 
term in the quotient. Multiplying this again by - Sjb and + 1, 
and placing the results, 6a^ and - 2a^, diagonally, as before, 
it follows ^at the only part of D-3xQ + Q which can be of 
three dimensions is the sum of the terms - ITx', + Qa^^ + 30:*, 
that is, - 82', dividing which by 20:*, we get - 4x, the third term 
in the quotient, and so on. 
K we omit the coefficients the sum may be worked as follows : 



2 
-3 
+ 1 


6 + 5-17- 6+10-2 
-9+ 6 + 12- 6 
+ 3- 2- 4 + 2 




3-2- 4+ 2 



Aru, 3«»-2a^-4a>+2. 

When the coefficient of the first term of this divisor is unity, no 
division will be reqxured, and this method will be found very easy 
of application, as in the following Example, where also a remainder 
occurs. 

Ex.2. Divide 5x*-4«» + 3«*-2x + l by a»-ap + 5. 



1 

+ 3 
-5 


5- 4+ 3 

+ 15 + 33 

-25 


- 2+ 1 
+ 33 
-55-55 




5+11 + 11 


-24-54 



J B^ «« 11 24JP+54 
Am, 5a*+lla?+ll--T~r 



a:"-3x + 5' 

It is advisable to draw a second vertical line as above, marking 
the point at which the remainder begins to be formed, viz. with as 
many vertical colunms to the right of it as are less by unity than 
the niunber of terms of the divisor. 

Let the student apply this method also to (Ex. la. 9-12). 

9. The result of (Ex. 13. 12), in which it is seen that the re- 
mainder is of exactly the same form as the dividend, with a in the 
place of X, is only a particular case of the following general one. 

Let /(a?) denote any Junction of x, by which is meant any 
quantity whatever involving x; and suppose f(x) divided by 
x-a, as far as possible, so that the remainder B may no longer 

contain «; then if Q be the quotient, we have "^-^ » Q + - — ; 
or/(d:) = Q(a:-a)+J2. 



a?- a 



x~a 
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Now since H no longer eoatainft x^ it will remain the same, 
whatever value x may have : let us then give to « the value a ; 
then a: - a = 0, and .*. f(a) = JK, or 22 is a quantity of precisely the 
same form as /(x), with a in the place of x. 

So also, if f(x) = Q(x + a)^- H, by putting x=-a, we have B, 
(that is, the remainder when f(x) is divided by x^a) =/(- a). 

Thus («* + 7a?-3)^(ar-2) giverfaremainder 2* + 7.2-3= 16, 
(«B"+6iBy+cy')v(a?+m) gives a remainder aff»"-6my+cy*| 
whereas (Sx" + « - 10) t (a: + 2) gives a remainder 12-2-10 = 0, 
and therefore 3a:" + a: - 10 is exactly divisible by a: + 2. 

10. It may be noticed that the law of formation of the quotients 
in (30), in the division of a** ± a;" by a ± x, holds also in those cases 
in which the division cannot be exactly performed ; but here, as in 
(28. Ex. 6, 6), there will be always a remainder + 2x* or - 2a?», 
according as the last term of the dividend is +a:^ or -a;*. 

«-, o'-a;* . . 2a^ a^-^x*" . . . . 2a;* 

Thus ^cr-ax^cr , = a' +a*a: + ««*+«*+ , 

a-^x a-^x a-x a-x 

11. The above results and those of (30) are easily dedueible 
from [9]. 

For let a** + ^ » Q (a + a;) + i2, a being here taken as the letter 

of reference, so that It no longer contains ax tot a write -x ; then, 

if n be odd, a'^s-af*, andO = + jB, or JB = 0; but, if n be even, 

a* = af*, and 2a:* = + -B, or J? = 2a:^ : and so in the other cases. 

It follows also from (30) that «"• - af" or a:* {af^-^ - 1) is always 
div. by a; - 1, and also bya;+l ifm-nbe even, that is, m and n 

both even or both odd \ and so s^i-af* is div. by a; + 1, if m - n 

be odd. 

Ex. 1. 

1. Write down the rem" in the div^ of (x - 1)' by a: ± 2, and x f 3y. 

2. Shew without div" that a:* + 2af - 15 is div. by a: - 3 and x + 5, 

and 2ar* + 3a^ - 98a: - 147 by a? ± 7. 

3. Shew without div" that a? - 2aa^ + (a* + 6) a: - aft is div. by a: - a, 

and «* + (2a + 6) a:* + (a" + 2a6) x + a*b by a: + a. 

4. Write down the quotients of a* + a:" by a - a:, 26a:* + 1 by 6af - 1, 

4a:* + 9 by 2a: + 3, 16»»* + n* by im*^n\ 

5. 9mV + 4 by 3w» + 2, l + Sar* by l-2a:, 27ar» + l by 3a:-l. 

6. l + 16a:* by l-2ar, a*6*+16 by a6-2, a*-32J* by a + 26. 

7. (a + &)* + 4c* by a + & + 2c, (x + yf-\-^ by x + y-z. 

8. (a: + y)*-8z' by a: + y + 2a, 8(a: + y)^-r' by 2a; + 2y + z. 
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12. If in (48) we use the symbol S to denote the sum of dU such 
terms as, we may write the expression (i) in an abridged formi 

(a + 6 + c + &c.)' = 2(a*) + 2S(a6), 

where 2(a") = a* + 6* + c'+&c., 2(a6)=a& + ac + Jc + &c. 

13. A similar expression may be obtained for the euhe of any 
multinomial, as follows. 

(a + 6+c+&c.)* = a;' + 3a«(6 + c + &c.) + 3a(5* + 24c + &c.) + &c., 

where we have three distinct forms or types of terms, viz. a*, 3a'd, 
and 6a5c; and it is manifest, from the principle of Symmetry, that 
the whole expression will consist of all possible modifications of 
these three forms, putting 5, c, &c. in the place of a : hence 

(a + & f c + &c.)» = 2 (a^) + 32 (a"6) + 62 (oJc), 

where 2 (a*6) = a*ft + o6" + aV + oc" -»• 5*c + 6c^ + &c., 

14. Another form of the above result may be thus obtained : 

(a + ft)»=rf» + 3a«6 + 3a5^ + 6» = a' + (3a« + 3a6 + y)6«ii*, suppose, 
(a + 6 + cy«=(a' + cy = a" + (3a'» + 3a'c + c»)c 

= c^ + (3a* + 3a5 + fi*)& + (3a* + 3a'c + c»)c = a*'; 
(a + & + c + rf)» = (a" + €0» = a"» + (3a'» + 3a"rf + cP)rf=*&c 

Comparing this result with (54), we see more completely that 
the sum of all the subtrahends in the operations for the extraction 
of the cube root =(a+6+c+rf+&c.)*. 

15. The methods of (47, 54) may of course be applied to extract 
the roots of surd algebraical quantities to any number of terms: 
but these may generally be found more easily by the Bin. Theor. 

Ex. a. 

Find the square and cube roots, each to four terms, of 
1. l+«. 2. a*-h. 3. 2a* or a'+o*. 4. l-2a: + 3««-4iB'+&c. 



16. In the extraction of the square root, when n + 1 figures are 
found in the root, n more may be found by merely dividing the 
last remainder by the last trial-divisor. 

For let jV be the number whose square root is to be found, 
a the part already found in the root, (consisting of the n+ 1 figures 
with n cyphers after them, that is, altogether, of 2n + 1 figures,) 
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and X the remaining part of the root, consisting of n figures ; then 

2a 2a 

Now N" 0* is the remainder at this stage of the operation, and 

2a the trial-diyisor; if then we can shew that — is a proper 

Jraetian, it wiU follow that the integer obtained by dividing N- a* 
by 2a will be x, the remaining part of the root. 

But since x contains n figures, a; < 10", which has n + 1 figures, 

and ^ < 10*" ; and since a contains 2n + 1 figures, a > 10** ; hence 

a^ 10^ 1 

s— < TTT^s: < s 9 aJ'^d is therefore a proper fractbn. 

2a 2.10** 2 '^ '^ 

Ex. Find the square root of 5489031744. 

Here there will heJSve figures in the root, as we see by pointing: 
if then we find three of these by the usual method, we may obtain 
the other two by division. 

548d0ilt44 (740 6i6Mlfii (74088 

49 49 

144) 689 144) 589 

576 576 

148000) 13031744 (88 1480) 18031 

118400 11840 

1191744 11917 

1184000 11840 



7744 7744 

In the first form of the above example, two cyphers are a4ded to 
the trial-divisor 1480, because the divisor 2a is not really 2 x 740 
but 2x74000: but these may be omitted in practice as in the 
second form, and then we may take down figure by figure in per- 
forming the division. It may be noticed that the complete quotient 
18 88 + 1^^, where 7744° 88'»2*, as it should be. 

17. In the extraction of the cube root when n + 2 figures are 

found in the root, n more may be found by diviBiouk 

JV-o* «• a* 
For, as in [16], i\r«a*+8a*« + 3aas»+a',and -——-=« + - + --5: 
^ 3a' a 3a* 

and here x < 10", and a, since it now contains 2n 4- 2 figures, 
IS > 10* 5 .-. ^ + 3^t < iQSn^ + 3.10*«*» "^10 3.10**» "^ 
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Ex. Find the eube root of 5489031744. 

Here there will be /our figures in the cube root, and of these we 
must find three by the rule, and tiien may obtain one more by 
division. We may omit the cyphers as in [16 £x.]i and so take 
down, as before, only one figure at a time in the diyision. 

548§03i744 (1764 
1 



37 


300 
259 


4489 




559 
1 


3913 


516 


86700 
3096 

89796 


576031 
638776 




92928) 


372657 
371712 



84544 
Here also we see that the complete quotient Is 4 + ^^VaV^^ 
where 84644 = 3x 1760x4" + 4" = Sao:* + a?, as it should be. 

18. In applying the above methods to approximate to the 
square or cube root of a surd, it must be noticed that there 
may be an error of unity made in the number found by the div°. 

For suppose a + x to be, as in [16], the approximate square 
root of the given surd N: then N>(a^ xf but < (a + a? + 1)*, 

and, .'. — ;r — lies between a: + -r- and « + 1 + ^^- ' : whence 
2a 2a 2a 

it appears that the integral quotient of N-^-a* by 2a may be 

a; + 1 instead of x. 

And the same may be shewn in the case of the cube root 

19. Similar methods to those in (55) may be applied to extract 
the 4^h, 5^, &c. roots of numbers : thus for the 4^ root we should 
point every fourth figure, beginning from the last, and find the 
number whose 4^1^ power is next less than the first period ; calling 
this a, we should then form the trial-div 40^, and finding b by di- 
viding the first period by it, we should then form the quantity 
40*6 + 6aV + 4aJ' + b\ and subtract it ; then taking down the next 
period, and forming the next trial-divisor 4 (a + 6^ = 4a'", we find <?> 
and subtract 4a''c + 6a!*<f + 4aV + c*; and so on* 



( 11 ) 
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20. The following is the Proof usually given of the method of 
finding the o. c. M. of two algebraical quantities. 

Let a s aa'f b = filf, be the two given quantities, where a, /3, repre- 
sent the product of any simple factors they contain. Then if a, /?, 
be prime to each other, the o. c. M. of a and h must be the same 
as that of a', and h' : but if a, /3 have any common factor, this must 
be set aside, and the product of it and the o. c. M. of a' and b' wiU 
be the G. c. H. of a and 6. Hence we may confine our attention 
to finding the o. c. M. of two quantities, a' and b', which contain 
no simple factors. 

Suppose of to be not of lower dimensions than bf. Then if the 
first term of a' be not exactly divisible by that of b', multiply a' by 
some simple factor a', which shall make it so divisible ; and now 
divide aV by b', with quotient p and remainder c. 

Again, let c = y(/, where y represents the product of all the 
simple factors in c; and if the first term of b' be not exactly divisi- 
ble by that of (/, multiply b' by some simple factor fi', which shall 
make it so divisible ; and now divide ^bf by </ with quotient q and 
remainder d. 

In like manner, divide Ycf by d> with quotient r, and no re- 
mainder : then <f shall be the o. c. M. of of and b', 

and (i) by (63) every c. M. of a' and b' measures aV - pbf or c, and 
.'. iff (since y can have no factor common to a' and &', which con- 
tain no simple fisictor,) and .'. fiV - qd or d^ and .'. d' ; 
also (ii) (f measures y</, and .'. d (since y can have no &ctor in 
common with (f which has no simple fiustor,) and .*. qc' + id or ^V^ 

and .'. Vy and /. ptf + yd or aV, and .'. a! : 
so that (i) every c. M. of a' and ^ is a M. of d'l and (ii) ^T is a c. m. 
of ft' and V; .*. <f is the o. c. M. of a' and bf^ 

21. (60. Ex.) As a further illustration of the Remark on this 
Example* it may be observed that it would be very unsafe to infei^ 
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thiB o. c. H. of two arithmeticdl numbers, obtained by giving some 
numerical value to the letters of two algebraicdl quantities, from 
the o. G. M. of the two latter. 

Thus the o.G. m. of 32* -i- ar - 2 and ar* + 7a;~6i8 3a;-2: but if 
we put x==S, these quantities become 28 and 42, whose 6. c. H. is 
14, whereas the num. value of 3x - 2 would be 7. The fact is 
that3a:*+«-2 = (8ar-2)(ar + l), and 3a^ + 7«-6 = (3a;-2)(« + 3); 
and here, beside the common factor 3^;- 2^ the two factors « 4 1, ^+ 3, 
which algebraically have no common factor, will have the common 
factor 2, whenever we give x the value of any odd number. 

22. The o. c. H. of three quantities, d, 5, c, may be obtained, 
by finding first the o. C. M. (x suppose) of a and 6, and then the 
Q. G. M. of X and c : and similarly for /our or more quantities. 

Or we may obtain the o. c. M. of a, 5, c, d, by finding x the o. c. M. 
of a and b, and y the o. G. M. of e and d: then the 6. C. tt. of x 
and y will be that required : and so in other cases. 

23. The following are instances of literal coefficients. 

Ex. a. 
Find the G. c. M. of 

1. «* - p7? ■\- p7? - ^x aadpa^ -/I*. 

2. «* + (a + 1) «• + (a + 1) a: + a and ic* + (a - 1) «* - (a - 1) a? + rf. 
S. pa^ -{p -3')«*+(|>-j)ar+2'and|?a!*-Q) + 3')«* + 0) + j)«-j. 

4. «* + a^ + «y + y* and a?* + ya^ - 2y*a!* - 2y*. 

5. aa? " ha? -k- ax - h and a** + (a - 6) a:* + (a - 6) a: - 6. 

6. aa^ - (a - &) a^ - (6 - c) a: - c and 2a«' + (a + 25) a:* + (5 + 2c) « + c. 

7. j^s^^pil -f^a? + (l-pF)x -panda?- j^. 

8. aa;» - (a« - 1) «» - a« and «»- (a« - 1) ar - a. 

24. The L. G. M. of three or more quantities may be obtained 
by a similar process to that indicated in [22] for liie G. a M. 

25. It appears from [20] that all the coilunon measures of 
a and h are measures of c^ i.e. d la & common multiple of all 
of them, and, being itself one of them, is therefore their L. c. M. 
We see also that all the common measures of a and b are com- 
prised in such terms of the series d, ^d, id, &c. as are integersy and 
(70) all the common multiples of a and h in the terms of the series 
m, 2m, 3m, &c. Also in (64) we have c = rrf, 6 = g^c + rf = (^r + 1) c? 
a^ph \ c=^ (pqr +^ + r) c?, which expressions exhibit the actual 
quotients, pqr +jp + r, ^ + 1, when a and h are divided by <f. 
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26. The results of (85) may be applied to produce many remark- 
able consequences in fractions, as follows* 

Thu8,if f±5=!?, thenf = !2::n, ^If a^, 

a n a n x-a m-2n 

if ^Zi^ = mor^,tJienf=!!L±l, -^ = ^^S 
« 1 « 1 ' a + ar f» + 2' 

if ^^^ = (^ + *')' then ^^-±^WfZ^) ^ (m 4 ny -I- (m - n y 
a-a: (m-ny* (a + a:) - (a - ar) (m + n)' - (m - n)* ' 

2a? ~ 4m» * * "''ar" 2m» ' 
whence -^ = L^;;^ - , —,^^,-^., __.^^_^^.&,. 

o /oflv** K * ti, 2* 10 10 04 &B 16 , 

So(86).if-=6=-j,then2^-3^- j^^-^=-. ^_ = _.&c.: 

J • /OTA •« * 1 .1. 3** + 2a« 3 + 8 11 
andagam(87), if -=-,then-^r-^-^— -_, 

., « 1 -1 1 ^, 3i'+2a' -3 + 16 3-16 13 
''5 = -2=T'"-2' **"-?32?''-8r2-"-8_2=l0- 

27. But the results of (85-87) are only particular cases of a yet 
more general principle, which may be thus stated. 

6 * 

If 7 = ^ , then any fraction whatever, formed by means of 

a and b, with numr and den' homogeneous, will be equal to a similar 
fraction, formed by means of c and d. 

To prove this, let ^ s -^ = a? ; then a^bx, c^dx: now if in 

the first of two such fractions we put bx for a, and in the second 
dx for c, we shall find (since their terms are homogeneow) that b 
may be struck out altogether from the first and d from the second, 
and each fraction (since they are similar in form) will become the 
same function of x only : hence they are equal to each other. 

^ fl' + 2a« 5 ^ 5» (a^ + 2a!») a:*+2g' _ c^(a;*+2a:*) ^ ^+2^ 
flJ^-36» ft»(aj-8) " a: -3 " c» (a: - 8) *" i?^^* 

Also since - » -%f the same is, of course, true if we form similar 
c d 

homogeneous fractions with a and c, and with b and J« 
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Ex. 3. 

1. Kt = 3, write doi¥n the values of —r-, , . > — r~' 

5 ' a a 

^ ,^a + 6 1 .^ , ,, , -a a-36 2a 2q+3& 
2- Ifj3j = 2'''"*^^'''^*^^^''''''^T' "T* 3^16' "56:5" 

,a?+2y 4«* «*+2y* y* 
3. If 2a? =y, obtain the values of , ^, ~~^ ~ » 2a^^' 

X 1 , ^3a:* + 2y* «*-y" 2a:*-3y* 

^' If- = -3» o^<»>»<^^®^^^«»<>^— i?— ' irf:^' 2y«-3:r*" 

5. If 3a = 2ft, write down the values of 

a« - Sab g'+y ^a'-a^ h^lP g* - 30*6 + 26^ 
FTs^' c?h-c^' ^6 + a5« + 2J»' (a«-67 

6. If 2ar + y = 0, write down the values of 

a;«H-2y* a;* - 2a-y ^^ 3y« a?-(x^y^xt^ x^^±f)±{^^_^f 
a;* -ay' 3«» + 2a:y-y*' (« + y)' ' «* (2a: + y) + (ar - y)'y * 



28. If - = - = - = &c. = « suppose, it may be easily shewn that 

h d f 

any two fractions are equal, which are so formed that the num' and 
den' of the one are any homogeneous functions of a, c, e, &c., and 
those of the other, similar functions of 6, rf,/, &c., or else, the 
two num" of a, c, c, &c., and the two den» of ft, c?,/, &c. 

• a^Jf<?_ a?{V^^-d^) _ y + <r «f _ ^ c? \ae-& 

29, ^ f. lies between the greatest and fea»f of - , — , - , 
ft + <?+/ oaf 

For let r » t^* greatest, = a?, and - , the /«««*, «= y ; 
ft 7 

/. a = hitt c<dx^ e<fx, an(L (a + c + «)<(ft + £/+/)a:; 

againa>6y, cxfy, «=^, and (a + c + e)>(ft f J+/)y; 

• fLL^JL? < a; and > y, that is, it lies between ■ and ^. 
*' b + d^f of 

In like manner it may be shewn that the fraction whose numr 

and denr are any homogeneous functions of n dimensions, with 

terms aU positioe, of a, c, 0, and of ft, <f,/, respectively, lies between 

a" c** ^" 
the greatest and least of the fractions j^, ^^ , ^ ; and the same 

may be proved of any number of fractions. 
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Ex. 4. 

a 6 o + a b+md o e-d mo - a 

If -r = ^ = -, shew that 
a J 

b" d-^f" mb-'n/^ h - d -f"^ rnb - nd - pf" mip+fi-nd' 

a' _ 0* - e' _ (a + c)* _ mc^ -«c*_a" + c^ + «" (a-mc + nc)" 
*• 6» " i^T^ " (6 + dy ' md'-nf*" V^d^^f ^ ifi-md^nff' 



2a? - 2 
30. If in the fraction -^ — ^ we give x the value 1, the numr 

and denr will become each of them zero, and the fraction will as- 
sume the illusory form -f 0. Fractions which take this form 
when a particular value is given to some letter in the numr and 
den', are called Vanishing Fractions, The value of such a fraction 
is altogether indeterminate. 

This peculiarity, however, generally arises from the numr and 
den"^ having a common factor, which factor becoming zero, when 
the particular value is given to the variable letter, makes each of 
them vanish : and if this be detected and struck out, the resulting 
fraction will have a definite value. 

Thus 2^1^ = 2(.-l)(^.^.l) ^ 2(^J:^)^ ^^^„ ^,. 
«■ - 1 (Of - 1) (« + 1) x + l 

The result thus obtained is usually called the value of the 
Vanishing Fraction, which is said to be evcdtuited. More strictly, 
however, the value of the Fraction is, as above said, indeterminate ; 

and 3 should be called the Limit of th$ vahie of ~| — --^, as 

X becomes more nearly = 1: for, in the first place, it is absurd 
to speak of one actual zero being triple of another, and, besides, 
when the factor a? - 1 = 0, we are not at liberty to treat it like 
definite quantity, and strike it out. (The fallacy of such a step would 
be obvious, if we were to reason thus; since 1 x » and 2 x - Oy 
therefore 1x0=2x0, and, therefore, striking out the zero's, 1 = 2). 
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If, however, x^l very nearly, there is no objection to our 
striking out the common factor a; - 1, however small it may 
be, if not actually zero; and since the resulting fraction will 
become more and more nearly s 3, as « becomes more and 
more nearly = 1, so also will the original fraction, since it is ob- 
tained from the other by merely multiplying its num' and denr 
by the same finite, though very small factor, x - 1. And so it ap- 
pears that, though by reason of this multiplication, the nnm^ and 
den' of the original fraction become both very small quantities, and 
smaller and smaller as x approaches 1, yet the num* becomes more 
and more nearly tr^le of ^e den'. 

Ex. ff. 

Evaluate the following vanishing fractions : 

1. T — :^,whendpBl. 2. -= — —, whence 5. 

l-ar ar-ox+o 

3. -i — s « > when « cs - 3. 4. — 5 — jr--= — - — , when « = - 2. 

1 — 6ic + fiit* a^ - €? 

5. - — F>i, when « = i. 6. . ^ . ^^ — 3, when «=a. 

' • ~ii — s s- » when afsZ. 8. -3 — — = — -^ , when « = 3. 



9. 



2«"-3a«-2a« , , .a 3«' + 4«» + 10a? + 3 , 

2?T85?3?' when*--ia. 10. -3-,— ^^-^-^^ , when *=-J. 

11. -5 — -r r , when a^l. 12. > ) . . ., ■ oa » ^l^en x =ft 

31. Just as in (117), when the den' of a fraction is a trinomidl 
surd, as V^ + V^ + V^i ^ ^^ multiply both num' and denr by 
^a-\^^h- V^» ^® latter becomes (V« + V*/ -c"a + 5-c + 2 Va6$ 
and if we again multiply both numr and denr bya + (~c-2 Va6, 
the latter wfll become (a ^h-cf -4a5, and will tiius be rationalised. 

1 4 - V2 -f V3 (4 ~ V2 4 V3) (15 + 8 V2) 

™^4-^2-V3"(4-V2)*-3" (15-8V2)(16 + 8V2) 

= 1^(44 + 17 V2+16 V3 + 8 V6> 

32. Again, let the denr be any binomial of the form ^a + Vh, 
Let :Bs^0,ys^5; then, if m be the L. a M. of ji and ^, both 

*» and y* will be rational : now (« +y) (««^' - «»-*y + &o.)=«" ±y», 



TRACnONSy SURDS, &C. 17 

where the sign will be + or - according as m is odd or even ; hence 
we have, as the rationalizing factor for « + y or V a + V^i 

m-l m.2 1 m.2 3 

In like manner, since (x - y) (a^"* + «*'*y + &c.) = ajm - y*, we 
may obtain the rationalizing factor, as before, for '!/a- yb, 

Ex. In a' - ft^ the L. c. M. ib 6 : and the rationalizing factor is 
(aif + (aiy (6J) + (a*/ (b^f + &c. = fl* + ak^ + a6 + ah^ + aV + 6* 
and the rationalized quantity is («|')* - (M)* s a' - fi*. 

Ex. e. 
Express with rational denominators, 
1 ^-^V2 9 ^ Q W2+V3 . 3f2y5 



l-h/^V3' V^34V5* 1+V2-V3' l-V3^^/5' 

Write-down the rationalizing factors, and rationalized results, for 

5. ^/2^^. 6. V<HV^6. 7. 3^-5*. 8. aW. 9. aj-yl 10. «i4yi- 

33. Unless a and ft are such that a* - 6 is a perfect square, and 

so Vo* - b rational, the result of (119) will be useless; since the 
values there obtained for V^ ai^d ^y, being each a complex surd 
(that is, a surd within a surd,) the expression ^x ± Vy will be more 

complicated than the original tingle complex surd, Va ± V^- But 

if «• - 6 = c*, a perfect square, we have Va ±^b = V} (a + c) ± Vi(a - c), 
or the given complex surd = the sum of two simple ones. 
The following are a few additional and more difficult Examples. 

Ex.7. 

Find the square roots of 

l.i^^2xVc^~a^. 2. 1 + Vr=^«. 3. 2a + 2V?r? 

4. mn-2m Vm»-»»", 5. a\h^2 ^ae-\ie. 6. 2+2 {l-x) Vl+2«-a*. 

34. If the given surd be of the form ^/cFc + V^ or a ^o + V^» 
it may be written ^Jo{a-\-'>J -), and then, if <^ - - be a perfect 
square, the root of this quantity may be expressed in the form 

•Vc(V* + Vy) -^csi^ -^ y^l^t that is, in the form Va + V/3. 

Ex. V27+V24=3V3 + 2V6»V3(3 + 2V2): here the enltertbn is 
satisfied for 312^2, and the root required is ^JZ (1 + V^) « Vs + Vl2* 
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35. We may sometimes succeed in extracting tiie square root of a 
quantity of the form <»+ VS+V^+V** ^7 assuming it =V«+Vy+V« ' 

then a-\-^b + ^/c + ^d-it'\-y-\'Z-\-2Vxy-^^y/xz-^2Vyz; 
where we may put 2V^s ^6, 2VS = V^» 2Vya = V<', and if the 
values thus obtained satisfy also ir+y+»=a, we have the root required. 

Ex. LetV6 + 2V2 + 2V3 + 2V6 = V*+ Vy + V*' 

then 2v^=:2V2, 2V«a = 2V3, 2V^=2 V^* 
whence « = 1, y = 2, 8*3, which satisfy a? + y + « = 65 

/. the root required is 1 + v2 + V^* 

Find the square roots of ^^' ®- 

1. V18-V16. 2. 3V6 + 2V12. 3. 8V3-6V5- 4. 2+JV18, 
6. V27+2V6. 6. 4V3-V21. 7. 3V5+2V10. 8. 6V2-2V12. 
9. 9 + 4V2 + 4V3 + 2V6. 10. 10- 2 V3 - 2 V6 + 6V2. 

11. 10 + 2 V6 + 2 VIO + 2 V15. 12. If- V2 - JV^ + I V3. 

36. i)f Va + Vb = X + Vy» then v^a - V^ = x - Vy- 

Foro4V*=«*+3«*Vy+3iify+yVy; .*.a=«'+3iry, v^=3Wy+yVy» 

and a-V6 = «*-3«*Vy + 3«y-yVy; •'• Va-^h^x-^/y. 

37. 2b e^r^dc^ ^ c«i^ roof of a ± Vh. 

Assume a quantity m, and suppose that vm(a + V^) = ^ + Vy» 

then '^m{a- ^b) = x-^y^ and by MultP, Vm* («• - 6) = a:* - y ; 
now take m' such that i»* (a' - 6) may be a perfect cube = c'; 

then «• - y = c (i) ; but, as in [37], ma^a? ^ Zxy (ii); 
.'. ^3? - 3cx = ma, from which equation if a value of x can be found 

by trial, then y^s^-c, and v a ± V^ = (« ± Vy) -^ Vm. 
If a' - 5 be a perfect cube, then m' may be taken = 1. 

Ex. Find the cube root of 38 + 17 V5. 

Let \^m(38 + 17V5) = « + Vy ; then \/m(38- 17V5)=a;- Vy» 
and Vw«(1444 - 1446) = ^m«(- 1) = «" - y : 

putm = l; thenai*-y=s V-l = -l (i), and ar' + 3a;y =38m= 38 (ii); 
.'. 4^1^ + SiB = 38 ; and, by trial, a; = 2 is a root of this equation, 

.-. y = a:* + l = 6, and\/38 ± 17 V^ = 2 ±V6. 
Or thus : obtain m as before, and put [37] (3^ •^y)'\ly- »» V^i 
in which equation it will generally be very easy to guess at Vy, 
which must either be the surd-factor in V^> or some multiple of it 
Thus, in the above Ex., (3a:" +y) Vy = 17 V^, where, taking ^y= V^, 
then Za^^y^ 17, and a; s 2, as before. 
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38. JJP Vv'a + vi> = V« + Vy» <^^ v'Va - Vb « Vx - Vy. 

Fop V«+Vft=(V«+Vy)'=***+»w* " * y*+ in(n-l)« V+&C. 

Here (i) if n be 6ten, the odd tenns of this expansion will be all 
ratiofuil, and the eyen irratumali therefore the given equality 
could not exist at all, unless one of the two quantities V^ or V&i 
(suppose V^O be rational, == a' suppose, and the other irrational ; 
in which case a' = sum of odd terms, ^b s gum of even terms, and 



n. 



therefore af-^/h = (^/x - Vy)«» or VV<* " V^ = V* - Vy- 

(ii) If n be odd, the odd terms involye V^ and the even Vy ; 
hence the given equality could only exist by one of the two former 
quantities, (V^ suppose,) having the same surd factor as ^x, (in- 
duding the case of ^a and ^/x being both rational,) and ^b the 

same as Vy » in which case also, as before, V V^ - V^ " V^ * Vy« 
39. lb extraetf when posiible, the nt^ root o/^J^t Vb. 
We shall suppose a and b both integers, since every case may be 

reduced to this form by (112). 

Let \/ iii(Va4V^) = V^ + Vy 5 then [38] ^m (V« - V^) = V* - Vy • 
.*. x-yoi Vm'(a' - 6) = c suppose, if m be taken such that 
rtj? (a' - 6) may be a perfect n^ power = d* : 

also 7»»* (Va f V^)' + 7»»'(V« - V^y == 2 (« +y) an integrai quantity, 
since, plainly, if jt or y were fractional, a and 6 could not be integers; 
hence if « be the integer next greater than one of these surds, and 
t the integer next leee than ^e other, we have s + ^s 2(d;+y), 
which equation, with a; - y = c, pves x and y ; 

and 7V«» ± V^ = {v« + ^+ 2c ± V» + ^ - 2c} -fVm* 



Ex. Let V w (41 + 29 V2) = V«+Vy ; t^en Vm (41*29^2) = V«-Vy» 

and V»?(i681-1682) = V^(^i) «= « ^y : 
put m s 1 ; .*. JB- y s - 1 $ and, squaring and adding the first equations, 

2(ar+y)«\^3363 + 2378V2+V3363 - 2378V2 = ^6726.991 + V.008 
= (5 +/) + (1 -/) = 6 ; /. a: = 1, y = 2, and V\l + 29 V2 = 1 + V2» 

Ex.9. 
Find the cube roots of 

1. 10V7 + 22. 2. 16 + 8V«. 3. 7 - 5 V2. 4, 10 - 6 V3. 
5. 3- VV6. 6. 2J-JV2. 7. ftV0-iV2. 8. 24V21-64. 
Find by the method of [39] 

9, V26 +22 V2. 10. V11+5V7. H. V8i + 6V2. 12. V76+44V3. 
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40. Imaginary quantities are treated like ordinary stirds : but 
one thing must be observed with respect to them of some impor- 
tance. Since the square root of a quantity is that quantity which, 
Mng squared^ tcxU produce the given one, it follows that the square 
of *J -a will produce - a, that is, *J-ax'\/-a = -a, But by 

Mult" of surds we have V-«xV-«=V-«x-a=V+^=i^» *^^ 
how is this difference to be explained ? 

The fact is that, whenever we write V<^ » ± a, we mean that, as 
a' might have arisen from squaring either + a or - a, so here we 
have no reason to prefer one root to the other. If, however, as in 
the case before us, we know that it htu arisen from squaring - a, 
of course we take only the negative root 

41. So also ^-ax *J-h^ ^/{- a) x (- h), or Vo5J but this may 
be + Va6 or - VoT; writing, however, V' ^ u^d ^-bia the forms 
Vo X V- 1 *^d ^b X V- 1> "^^ bave their product Vol x (V- 1)* 
or - VoS, which determines, therefore, the sign of ^-ax^-b. 

It is often best to express imaginary quantites in the form just 
employed for V - « and V " ^ ^» by means of the factor V - 1 5 and 
it should be noticed that V- 1 = V- If (V- 1)*=- If (V- 1)* = - V- h 
(V-l)*= + l; and, generaUy, (V-l)** = + i; (V-ir**» + V-l» 
(V - 1)*"^ « - 1, (V - 1)**"* » - V - li &C. 

42. Of course our previous reasonings apply to impossible, as 
weU as other, surd quantities ; thus (118, iii)ifa+V'~^ = ^ + V~y» 
then as=ir, 6 = y, OT^a-^b^-l^O, then a = 0, 5=0. 

Ex,l. 2 V-3x3V-2 = 2V3V-lx3V2V~ 1=-6V6, 
6V-8 6 V3V-1 , /3 3 ,_ 

27:nr"2V4V-i' Vi'S^"*' 

Ex.2 ^-^V-2 (4 + V-2)(2 + V~2) 8 + 6V-2-2 
^^ ' 2-V-2 (2-.V~2)(2 + V-2) 4 -(-2) ~ 

= i(6 + 6V-2)=l+V-2. 

Ex.3. Prove that V4 + 3 V - 20 + V4 - 3 V - 20 «= 6. 
Let V4 + 3V-20 = V« + Vy» .*. '/4~^37^20 = v« - Vy; 
andVl6 + 180 = «-y, .-.ar-ysU; but (118, iii) ar + y = 4. 

therefore, « = 9, y = -5, and V4±3V-20 « 3 ± V- 5, from which 
the required result is evident 
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Ex.4. (a + 6V-l)(a-ftV-l)==«" + **- 

We see from this Ex. how, by means of impossible quantities, we 
may resolve a* + ft* into simple factors : also since a* and V are each 
essentially positive (whether a and h be positiYe or negative) if 
a* -h ft* = 0, we must have separately a s 0, 6 = 0, the same as we 
may obtain by putting either of its &ctors a^W-l* or a-6V-l» ^. 

Ex.5. (a+V-l)(<HdV-l)-(«c-WH«Wc)V-l««'+ft'V-l» 
suppose, which is a quantity of the same form as the original factors ; 

/. {a^-l) ie^dy/'l) (e+//-l) = («'+*' V-1) (« i/V-l)=«^^V - 1. &c ; 

that is, the product of any number of &ctors of the form a + ft V ~* ^ 
will be of the same form ; except in the case of Ex. 4, where the 
impossible part has disappeared, its coefficient being oft - oft or «ero. 

T? A g-ffty- l (<HftV--l)(c~ rfV-l )_ ae^^hd he-ad , - 

^^•'^-^TrfTTi "c»T? en^^TV^^ 

= ii' + ft'V-i. 

Reduce Ex. lo. 

1. 2V-4 + 3V-9+5V-16, and 2 V - X2 + -1- - 3V- 4H, 

2. (i + v-i)«+(i-v-i)"+(i+v-i)*+(i-v-iy. 

/ H-V>-2 l-V-2 \ n+V-2 l-V-2 \ 
*• Vl-V-2'*'l + V-2J'' Vl-V-2 1 + V-2J' 

5. (a:-aV-l)(« + aV-l){« + i«(V3+V-l)}x 

{a: + ia(V3- V- 1)} {«-ia (V3+ V- 1)} {«-}« (V3- V-1)} 

6. Find the fourth power of- V(- 2 V- 3), and of- V (- iV-^f) 
and the square of Va? + V - y* + ^* "* V "" y*- 

7. Write down the square, cube, and fourth powers of a + ft V - 1; 
and shew that they are of the same form. 

8. Find the square roots of 31 + 12 V- ^i uid - 24 V - 1 - 7 ; 
and the fourth root of - 64^ 
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SIMPLE^ QUADRATIC, AKD OTHER EQUATIONS. 

43. If we htid the equation 3 + jb + V(^ + 9) = 2, {which differs 
from (120. Ex. 2) only in the sign before the root) we might pro- 
ceed to solve it thus : 

l+a?=-V(^ + 9)j .*. l + 2af + «*=«» + 9, and d; e 4 as before. 

But now, if we put the value 4 for a; in the given equation, we 
shall find that though the former equation (with - before the root) 
is satisfied, the latter (with + before the root) is not. And, in 
fact, it may be easily shewn that there is no quantity that will 
satisfy the two equations ; for, if there be, adding the two equations 
together, we have 6 + 2a? = 4, or ir = -l, which will be found to 
satisfy neither of them. The student then will notice that, in all 
similar cases, the value of x obtained from the squared equation, 
will not satisfy both its square roots : it can only be ascertained by 
trial to which of them it really belongs. We know no means of 
finding the root of 3 + 4? «f V(^ + 9) » 2, if it have any. 

44. A simple equation of one unknown quantity may always be 
reduced to the form oa? + 6 = 0, or a(« - a) = 0, if we put « = — . 

Now (i) if a and h are both Jinite, then « = - - is the value of 

the root required : (u) if a be finite, and 5 = 0, then x = 0: (iii) if 
a = 0, and b be finite, then d; = oo , that is, there is in this case no 
finite value of x, which will satisfy the equation, and we see plainly 
that the smaller a is, the larger x must be, so that the product of a 
and X may equal any finite quantity bi (iv) if a~0, and 5=0, 
then x=%9 that is, its value is indeterminate [42], and, in &ct, it 
is plain that x d? = 0, for ail finite values of d^ 

45. Such cases as the above will often occur in the solution of 
problems, which are given in general tenns, as will be seen in the 
discussion of the following. 

Pkob. 1. Wliat number must be added tohto produce a P 

Let X be the number : then 5 + jb = a, or d; = a - 5. 

Now, if a > 5, a - 5 will be positive, and the Problem, as it stands, 
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will be satisfied by this yalue o£xi thus if a = 48, (3=96,^6 haye 
IT = 48 > 36 « 12, and 12 is the number which 4Mdded to 36 will 
produce 48. 

But, i£ a<hf a-h wiU be negative ; how are we to explain this 
result ? We must remember that the Algebraical meaning of the 
word Addition is more extensire than the common, or Arithmelical, 
and that the term is used in Algebra for the bringing into one sum 

any number of quantities, whether positive or negative, so that we 
speak of adding a positive quantity, or of adding a negative quan- 
tity, as a -f (+ 2a) « 8«, a + (- 2o) ^ - a. Now when we expressed 
the above Problem in algebraical language, we could not restrict 
the word odtf to its ordinary meaning : tiie algebraical wUl indeed 
include the ordinary, but will include more, and the equation 
h-^-x^a will really give the solution of this more general question, 
'What number must be added algdtraiealfy, or joined to 5 to 
produce a?* — taking in the case of the original number being 
greater as well as lees than the other, in which case the quantity to 
be iidded (algebraically) will be a negative quantity. 

In such a case, the ordinary statement of the Problem will be 
absurd ; thus, it would be absurd to ask, * What number must be 
added to 48 to produce 36 P' We must either understand the word 
< added' in its more extended sense, or modify the statement of the 
Problem, thus : ' What number must be taken from 48, &c. ?' 

If we choose to do the former, we should have 48 + x = 36, and 
:r = - 12, which added (algebraically) to 48 produces 36 ; but, if we 
modify the question, we should have 48 - jb = 36, and x ^ 12, 
which taken from 48 produces 36. 

And, generally, if in any case we obtain a negative root, the 
proper Arithmetical form, into which the question should be modi- 
fied so as to produce the same root positive, will be suggested by 
writing - jT for a; in the equation, and observing the result 

Pbob. 2. ji*8 age is a years, Jffs is b years : when toiQ A he 
three times as old as Bf 

"Let X = number of years required ; then a-\-x = Z{h-\-x), and 
X = i(a - 36). Now if a > 36, the value of a? is positive, and the 
answer is obtained to the Problem, as it stands : thus if A's age be 
36, and B's 8, we have x = J(36 - 24) = 6, and we see that, in 6 
years, A's age wiU be 42 and B's 14. 

But if a < 35, the value of x will be negative ; writing - xtoTx 
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in the equation we have a^X'^^ib-w), which suggests that 
the question should now be put in the fonn, * When was A &c./ 
the algebraical expression + x haying, as before, included the idea 
of X being negative as well as poeUive, that is, of the required 
number of years having to be taken from as well as added to the 
giyen ages : thus if a~36, and h ~ 14, we have x= |(36 -42)s- 3, 
and 3 years back A was aged 33 and B 11. 

Sometimes an algebraical solution to a Problem may haye no 
arithmetical interpretation at all, consistent with the practical pos- 
sibilities of the Problem. Thus if, in the aboye, 6 > a, it is of 
course impossible that A's age should eyer be, or haye been, triple 
of B's : yet still the algebraical solution is obtained as before, 
ar = i(a-36); thus, if a^lO, 6«12, then a; == i (10 - 36) « - 13. 
The fact is that, all along, the algebraical root has really had nothing 
whatever to do with A and B or their ages, but ib merely a solution 
of the general question, What number must be added (algebraicaUy) 
to a and b, to make ^ former sum triple of the latter t This will, 
indeed, include such a case as that supposed in the Problem about 
A and B, and all' possible modifications of it besides ; but is yet 
more comprehensiye still. 

Pbob. 3. A and B travel in the same direction at tiie rate of a 
and b miles an hour respectively; and n hours after A reaches 
a certain point P, B reaches a certain point Q, c miles beyond it : 
when will they be together P 

Let X » number of hours after A passes P that they will be 
together at JR : then A will have gone ax miles beyond P, and B* 
having yet n- x hours to travel before he reaches Q, will be 
b{n - x) miles from Q; but the whole distance PQ is e miles: 

/. aa? + 6 (n - «) = c, whence x = ^ . 

a " o 

(i) Let A travel fastest, or a > ft, so that a - ( is positive : then 
j£ onbf the value of x wOl be positive, that is, they will be 
together, as we supposed, sometime after A has passed P. [This 
is plain also from tiie Problem ; for when A is at P, B (who in n 
hours is to be at Q) must be somewhe^ tin PQ, sLuce the whole 
distance PQ, or c, > nb, that is, > the distance B would travel in n 
hours.] In this case A, trayelling fitster, will overtake B. If e be 
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also > na, then x > — --r- >n; or A will not overtake B till after 

a — o 

the first n hours, that is, till after B has passed Q: if c =na, he will 
overtake him in n hours exactly, that is, at the point Q ; and if 
e<na hut still >nb, x will be < n, and he will overtake him be- 
fore he reaches Q. If c = nb, then jr =: 0, or A wDl pass B at P. 
[In this case, since the distance PQ is n&, B must have been at P 
at the same moment as A, in order to be at Q n hours after.] 
Jfc<nbf then x becomes negcUive, or the required number of hours 
is to be taken away from that when A is at P, instead of being 
added to it ; in other words A had passed B, before reaching P, 
and the question, to be arithmetical, should be modified by asking 
* When were they together P* 

(ii) Let a be < 5, or B travel fastest, then x = — =- = -r ; 

a-h h-a 

which result may be discussed in the same way as the former. 

(iii) Let a = 5, then re ^ <x> , unless c = n5, when x = %\ that is, 
if their rates be equal, they never can be together, unless the dis- 
tance PQ be such that B can travel it in n hours exactly, in which 
case he will be together with A at P, and then they will always 
continue together. 

46. Supposing we had the same Problem proposed, only that A 
and B are moving in opposite directions ; then, proceeding as before^ 
since inn -x hours after they are together B is to be at Q, they 
must meet somewhere as at IS' beyond Q from P : and PJR! = ax, 
(lR:=b(n-x)', 

:. CM? - o (n - ar) = e, and x = r- • 

^ ' a + 6 

In this case x will always be positive, or they will always meet 
some time or other after A passes P, as will be obvious on a mo- 
ment's consideration of the Problem. 

We may observe, however, that the former algebraical solution 
wiU include this case also, by merely changing b into - &, which 
expresses that ^s motion is negative, or in the opposite direction, 
with respect to ^'s. 

In like manner also, if, in any of the above results, we change c 
into - c, we shall get the corresponding answers for cases in which 
the distance c is not now to be measured in the direction PQ of 

c 
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A*% motion, as we supposed originally, but in the oppodte direc- 
tion, PQ : and so too, the change of n into - n will supply the 
answers to cases in which B is supposed to reach Q n hours b^oref 
instead of afters A reaches P. 

47. We will here explain the method of solving certain ques- 
tions by the Arithmetical Rules of Single and Double Position. 

(i) Single Position. — ^This may be applied, whenever the ques- 
tion could have been stated algebraically in the form od? = 6, as, 
for instance, when the sum of any given parts of some unknown 
number is to be equal to a certain given number. 

In such a case, assuming any known number n, perform the 
statement of the question upon it, and let the result be c; 

SR o ft 

then ttxah, an-c, and /. - = -, or jc » - n. 

n c c 

Ex. Find a number such that, when increcised by its fourth and 
diminished by its fifth part, the result shall be 63. 
Assuming for n any number, as 20, we have 20 + 5 - 4 = 21 : 

.*. « = f f X 20 = 60. 

(ii) Double Position, — ^This may be applied, whenever the ques* 
tit)n could have been stated algebraically in the form ax ■\-b = c» 

In such a case, perform the statement of the question upon any 
two known numbers, it, n', and let the errors in the result be ^ e\ 
both (suppose) in excess : 

then an ■¥ b =^ c ■{■ e^ /. a (n - «) = c, a (n' - «)= «*; 

an'+ 6 = c +«' I J n - « e n'e-ne^ 

- I and -; = - , or a: = --. 

ax-{-b = c J n'-x e^ e-e' 

Ex. Find a number such that, when it is divided by 9, and the 
quotient diminished by 3, ^ree times the remainder wiU be 30. 

Here 3 (}x + 3) = 30 : assume n = 9, n'-lS; then, performing the 
operations indicated, we have 

(i) 3(l-3)=:-6, ande=-36, (ii) 3(2-.3)=-.3, ande' = -33; 
. 18(-36)-9(-33) 
••'^" -36+33 "^• 

It is obvious, however, that such questions would be much mom 
easily solved by the common processes of Simple F^uatime* 



AND OTHER EQUATIOHS. 27 

48. The methods in (95-99) are the heat for practioAl purposes ; 
but the following, called the Method of Indeterminate Multipliers, 
is well worthy of notice for its elegance. 

ax + by^c'i (1) 

tf'« + ftV = <^J (2) 
Multiply (2) by an indeterminate quantity l, and add it to (1) ; 
then (a + la!)x^(b + lb')y=e-{^l(/: («) 

now put 5 + /&' = 0, so that i5' m - 5, and multiply (a) by V; 

then (abf-haf)t8mcb'-h</, or««4r^5 

ab' - ha 

similarly, putting a -f Za' « 0, and multiplying (a) by a', 

ct^ " ac^ 
we have (ha' - ab^y « caf -ad, or y= ^ — -^r, . 

49. In the above results, the following cases may be noticed : 

(i) If- = — = -, then dff-cih, atf^a'e, hf^lfci in this case, 
' ah c 

X and y assume the form %, and their values are indeterminate. 
It will be found, in &ct, that in this case, there are not two inde- 
pendent equations, one of them being only a multiple of the other : 

for let -- = -- = -,=: m; then a = ma', h = m5', c = mtf i and therefore 
a h c 

(1) becomes m {dx + ft'y) = m/d, or dx-\-Vy^ d, identical with (2). 
There being then only one equation between x and y, if we give 
any value to a; or y, there will be a corresponding value for y or x, 

(u) If |4only.then «y=^; and*-^ = «, y = «: 

that is, there are no finite values of x and y which will satisfy 
the equations, which in this ease will be found to be incompatible 
with each other : for, as before,, let a = md, h «« mh'; then (1) be- 

ceases mefx ■¥ mb'y » c, or a!x-^Vy^ --, which is incompatible 

m 

with (2), since the same expression dx-\^Vy Is assumed equal to 
two different quantities, which is absurd. 

(iii) 1^^ = p o^y> then ad'-afe^O, and, oonsequently, y = ; 



or=j, 




,« d/ -hd e e e ( . d of \ 

while X a -jT — r-; = -. , « - , I smce - = - , ) 



as appears alto from (1) or (2) by gimg to y its value %im>, 

c2 
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50. The Mowing is also sohed by Indeterminate MultipUers: 



Here ^ = ^--^^-^^. i^ |,^ + fc.^„c, = (« 

whence Vs - Vi + ( Vs - V«) ' = ^» o' * = 6,^^^ ' 

and ft^c, - 6/?! + (5 ^ - 6,c,) m = 0, or m = ^fzThi * 

'**"«! ( V5 - V.) + «« (Vi - ^x^s) + «3 (V. - Vl) 

The law of formation of the above value of a? is very simple. 
The coefficients of <?„ rf„ d^ in the num' are the same as those of 
flj, a„ a„ in the den': that of d^, viz. 6,c, - V«. ^ formed of the 
coeflf* of y and 8 in equations (2) and (3), multiplied across, viz. 
6, mto <Js and 6, into c,; that of cf, is similarly formed out of 
equations (3) and (1), and that of d^ out of equations (1) and (2). 
[Observe, not (1) and (3), but (3) and(l), keeping always the order 
of the figures 1, 2, 3, 1, 2, 3, &c.] 

The value of y or z may now be written down by Symmetry ^ 
the coeff • of d^, <?„ d^, being the same as those of 64, 6„ ft,, in the 
value of y, or of c^ c^ c^ in that of z, respectively ; and formed out 
of the coeflf • of x and z, or of x and y, by the same Law as before. 

Thus V = ^' (^ ' ^» •" ^^ "^ ^« ^^»^^ "~ ^^^'^ ^ ^ ^^ >^« " ^«^^^ , 

<^i («A - ^M + <?• («s&i - « A) + <?» {« A - ««M * 

51. If in the above the equations for finding / and m are 
incompatible^ then [49. ii] &^, - 5^, = 0, and in this case x may be 
found from the two equations involving these quantities : 

thus (2) X ftj - (3) X 6, gives x (ajf^ - aj>^) = d^ft, - djb^ 

If they are insufflcientt then [49. i] bjC^ - 6jCi = 0, ft^c, - ftgCj = ; 

and X may be similarly found from any two of the given equations. 

52. If the three equations in [50] are equivalent to only two 
equations, then one of them, as (3), must be the sum of some 
multiples of the other two ; so that we may write 

a^^ma^-^non h^==mb^+hb„ e^^me^-^nc^ d^^md^-\-nd^i 
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whence, by eliminating m and n between ihejirst three of these, 

«i ( Vs - V«) + «« ( Vi - Vs) + «s (^iC, - Vi) = ; 
so also, by eliminating m and n between the last t/iree, 

d^ {h^ - 6,Cg) + &C. = ; /.« = -; and similarly y = j: » « -7. • 

53. Any equation, in which the unknown quantity is found 
in two terms, and with its index in one twice as great as in 
the other, that is, any equation which can be put into the form 
aa^ + hx^ + = 0, may be solved as a quadratic equation. 

Ex.1. a;*-.13a:» = -36. Here a:* - 13a:» + ( Y)" = ^ - 36 = ^^ ; 
whence «" = ^ ± f , = 9 or 4 ; .*. « = ± 3, or ± 2 : and thus the 
giyen equation, which is a biqiuxdraiie, admits of the ybur roots, 
+ 2, -2, +3, -3. 

Ex.2. a:-* + «"i = 2. Here «-* + «"* + J = f, and «'* + i = ±f; 
/. a?"' = 1 or - 2, and ar» = 1 or - 1^ ; .'. « = 1 or J. 

54. Still more generally, any equation which can be put into the 
form ^(ar*" + 6ar^ + c)» + B(aa:*" + 6j:* + c) + C=0 

may be treated as a quadratic, of which the roots are the values of 
aa^ + bxm+e, whence x may be found. 

Ex.1. a:« + 6V(«*-2a: + 5) = ll + 2a:. 
Observing the quantity under the root, we may put this in the form 

(«»-2a? + 6) + 6V(«*-2af + 5) + 9 = ll + 6 + 9 = 25; 

.•. V(«*-2a?+5)=-3±5=2 or -8; whence (i) «*-2a?+5=4, anda:=l, 1, 

or (ii) a:»-2a:+6 = 64, and ir=l±2 V15. 

Here again, as in [43], the latter roots do not belong to the 
equation as given, but to that obtained by taking the radical with 
a different sign. In general, we give all the roots, without stopping 
to enquire which may suit the particular form that may be given us. 

Ex.2. 4ar*-4ar»-27a:*+14ic = 392; 
Here, completing the square with the first two terms, 
(4a;* - 4a^ + ar*) - 28«« + 14* = 392 ; 
or (2a:*-aj)«-14(2a:»-a;)-392 = 0, whence 2a:*-a? = 28 or -14; 

/. (i) 2a:* - a? - 28 = 0, and a? = 4 or - 3J, 
(ii) 2a;»-a: + 14 = 0, and a? = J{1 ± V-IH}. 
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Ex.3. (a + a?)' + 4(a-«)* = 5(a^-aO^. 

A ^ JB 

/, a- 64 or 1, and x » Ha or 0. 

a — X 

Ex. U. 

1. ar*-5a^ + 4»0. 2. x'*-2sr'^B. 3. (ir»-2y«J(a:*+12). 

4. 2V«+2a?"i==6. 6. «"i+27«*=28. 6. («»-9)P==3 + ll(«»~2). 

7. (a:«-l) («»-2)+(a*-3) (a:*-4)=«*+6. 8. 4a^ («* - 2) = 9aj* - 4. 

9. («■* +2) («"* + 5)=«-»+a 10. (aH-iy-««(«'-lH«-iy+2(a'+3). 

11. 1^ + ^^= g- ^^- (^•+a:+iy-i(a^+3)=2«(«+l)«. 

13. V(a? + 7) + f V(« + "7) = «. 14. 6a:-7«»-8 V(7«»-6af+ 1) = 8. 

16. «*-^aM.7V(ll«-2«"+2H^21. 16. ar«-2a:+2V(ar*-7iF+6)=&i:-6. 

17. 3a?(3-a:)=ll-4V(«"-3aj+6). 18. a:+V(«"-<M:+y) = a-»a^+6. 
19. «•-aJ+6V(2a!•-5«+6)=f(a^fll). 20. 9a?-4«»+V(4a:*-9a;+ll)=6. 

21. «+4 + V^--^- 22. (l+«)^+A(l-«^=(l-«')*. 

«-4 aj-4 

• w * ?^ * 

2(a +a^j 



55. Here let us notice some particular cases of the roots of the 
equation ajB* + 6aj + c = 0. 
(1) If c = 0, then aa;* + fta; = 0, and (133) « = or --: 



e 



(2) If 6 = 0, then aa? = "C, and «=±V--- 



a 



(3) If a=0, write -for a; J then a + 5y + cy» = 0, or6y + cy» = 0; 

^^6,1 c 

.'. V = or - - , and aja-eoo or-yJ 

(4) If 5=:c = 0, then oa:« = 0, and a?=± 0: 

(5) If a = 6 = 0, then cy'^O, .-. y = ±0 and «=±oo: 

(6) If a = c=0, then hx = or a: = 0, and 6y = or y = 0, that 
is, a; =: 00 , so that in this case the roots are :? = and oo : 

(7) lfas&sc»0,then«=f , and the roots are indeterminate. 
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Such cases as these will occur in the solution of ffentral pioblemsy 

'when the constants involyed in the algebraical statements of 

them have certain particular values given them. In this way it 

/ may happen that the coefL of a^ will disappear, and the equation, 

though really a quadratic, assume the form of a simple one : as, e»g, 

\ in {p-q)a^-qx-p = 0, whose roots sxepi-{p- q) and - 1, if we 
take the particular case of p = q, the coefil of ^ disappears, and the 

' roots become p-^0 and - 1, or oo and - 1. In such a case the 

I root <x> may be considered as the Limit to which the value of x 

[ approaches, as the coe£ of 2* approaches to zero. 

56. (180) Or thus: Since a, /9 are roots of «*+j9d;+9=0, 
/. a«+/>a + y = 0, /8" +/>/3 + y = : 

tubtracting, a'~/9*+/>(o-j3)=0, or « + /3+/j=0, whence -jit5tt+/3; 

and g=-/>a-a«B=o*4 a^-a»*a/3. 

67. Similarly, let «, i^» 7 ^ the roots of a^'+iwc^+yaj+rsO: 

/. a»+j3a«+ya+r=0, /3*+p/J"+y/S+ra:0, y*+i>y*+5r+r=0; 

whence a'-/3»+/>(a«-/3») + 5(a-/3)s=0, or a'+a/9 + /8'+J3(o+/3)+y = 0, 

and o*-y*+j3(o«-y*)+^(a-y)=0, or «*+«r+y*+/j(a+y)+j«0; 

.*. subtracting again, 

a(^-y)+^-y*+l>(/3-7)=0, or o+^+y+p=0, whence -j)=tt+/3+y; 

/. y = -a«-o/3-/3«-p(a + /9) = a/9 + oy + /9r, r = - o*-|ia*- ^ = o/9y. 

And so on, with equations of higher order; but the above method 
of proof can only be appHed when the roots are unequaif since, 
otherwise, the divisors, a-fi, &c become zero, 

68. If a, ft y, &c. be the roots of a^+/Ji«*-* + &c«=0, (on 
as we shall write it, off{x) <= 0), then 

/(^)=(«-«)(«-^)(*-y) 

Suppose JXx) divided by 21; - «, until the remainder J2 no longer 
contains x ; then, if Q represent the quotient, f(x) ^Q{x-a) + Jt, 
for all values of x : now put d; s= a, then /(a) e 0, since a is a root 
of /(i:) = 0; and .\ OaO + JB, whence J2-0, or/(a:) is divisible 
without remainder by j; - a. 

Similarly, f(x) is divisible by each of the n factors, x-a, x-fi, 
jp-y, Sco., and, coosequentiy, by their product («-a) (;p-/3) («-y)...; 
but this product has its first term x**, the same as f(x) ; hence/(x) 
cannot contain any other factors but these, that is 

/(aj) = («-a)(«-/3)(«-y)... 
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By comparing this result with (180), we see that 
^^ B - a - /9 - y - &0, or -^1 so + /3 + y + SiC, 

A-(-«)(-^) + (-«)(-y) + &C> O' ^, = o^ + oy + /9y + &c 
A ■ (- «) (-ft (-y) + &C> or -/>, s a/9y + a/M + ayd 4- &C, 

and, (- lypf. s sum of products of the roots taken r together. 

The above proof applies, howeyer, only to the case of unequal 
roots, but the statement itself is generally true, as shewn in Treatises 
on the Theory of Equations : hence if /(x) have m roots each = «, 
n roots each = /?, &c, we shall have f(x) = (a? - «)"• (x - /?)*... and 
~ p^ = ma -{- nfi ■\- &c, with other corresponding modifications. 

59. If an equation can be thrown into the form (x - a) X= 0, 
(X representing some function of «,) it may be satisfied by putting 
either x - acsQ, or X=0: the first of these gives jt = «, but the 
second, being solved, will also give roots of the original equation. 

And, generally, if an equation can be separated into &ctors, 
functions of x, the roots, obtained by equating each of these 
factors to zero, will be roots of the original equation. 

60. Hence we may sometimes solve a cubic equation, or one 
of a higher order, whenever we can either detect by inspection one 
or more of the roots, or can separate the equation into factors. 

Ex. 1. Find the three cube roots of unity. 

Let a B Vl, then a' a 1, or a" - 1 = ; now this equation, being 
evidently satisfied by asl, will be divisible by a~l ; /. a*-a + 1=0, 
whence « = i (1 ± V~ ^)f which are the other two roots. 

Hence also the roots of ^ - a'= are ^ = a, x^Hlt^-Sya. 

Ex. 2. Solve the equation x*-s^-a^-¥x^O. 

This may be thrown into the form 
«»(ar-'l)-ar(ar-l) = («»-ar)(ar-l) = ar(«*-l)(«-l) = 0, 
the factors of which being x, jr + 1, x-l, x-lf we have the roots 
0, - 1, + 1, + 1. 

61. There is no general method of solving equations higher 
than quadratic, except by processes of considerable complexity, 
and these only of limited application. There is one species, how- 
ever, of such Equations, which deserves more particular notice. 

Def. An equation is said to be reciprocal^ which is not altered 
by changing x into - • 

X 
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This will be found to be the case, whenever the coeff* of its terms, 
equidistant irom beginning and end, are either equal and of the 
same sign, or else equal and of different signs, provided ako, that 
the middle term be wanting, if the equation be of an even degree, 
and the corresponding coefif' of different signs. On this account 
such equations are also called recurring equations, as in Ex. 1, 2. 

Now it will be found, as below, that every reciprocal equation 
of odd degree will be divisible by x-1 or x + l, according as the 
last term is - 1 or + 1 (and will have a root, therefore, + 1 or - 1) ; 
and every reciprocal equation of even degree, with its last term - 1, 
will be div. by a;*- 1 (and will have roots, therefore, + 1 and - 1) : 
and, in every case, the reduced equation after the div" will be found 
to be still reciprocal, of an even degree, and with its last term + 1. 

By this means a reciprocal cubic may be reduced to a quadratic, 
and one of the^^ or sixth degree to a biquadraHc, which latter 
may always be solved as follows. 

Ex. 1. aj' + 2a^-3a:*-3jB»+2a; + l = 0. 

Here, if we write «-* for x, we get ar"*+2a:-*-3«-*-3a?-*+2a:-*+l=0, 
or, multiplying each side by or*, 1 + 2a; - 3sc* - Sa:* + 2a;* + a:* = Or 
the same equation as before. 

This may be written (a* + 1) + 2a; (a:^ + 1 ) - 3a:» (a? + 1) = 0, 
where each bracket is plainly divisible by a; + 1 ; 
dividing, therefore, the original equation by a; + 1, we get 

a^ + «• - 4a;* + a? + 1 = 0, or (a?* + 1) + ar («• + 1) = 4a^; 
.*., completing squares, 

(a;* + 2a:» + 1) + a; («» + 1) + }a:* = 4a* + 2«* + Jar* = \^a^i 

.-. «*+l+iar=±far, and /. (i) a:«-2a?+l = 0, (ii)a:» + 3« + l = 0: 

from (i) a;= 1, 1, from (ii) a; = ^ (- 3 ± V^); so that, including also 

the root -1, corresponding to the factor a;^ 1, we have the^oe 

roots of the given equation, - 1, 1, 1, i (- 3 ± V^)< 

Ex. 2. «*-ar* + a^-a;* + a;-l. 

This may be written (a* - 1) - a; (ar* - 1) + «• (a:* - 1) = 0, 
where, each bracket being div. by a;*- 1, we get (by such division) 

ar*-ar' + 2a;»-a: + l = 0, or (a;*+ l)-ar(«»+ l) = -2a!»; 
.'. completing squares^ as before, 

(a:« + ly - a;(a:» + 1)+ 1«« = - 2ar« + 2a:» + Ja:« = ia:«, 
whence a:* + 1 - Ja? « ± Jar, and (i) a:*-a; + l = 0, (ii) a;*+l = 0: 
fW>m (i) a?=i(l ± V- 3), from (ii> a?= ± V- 1. which with + 1, - U 
for the factor a;* - 1, are the sir roots of the given eqiuttion. 

c3 
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62. Since a recurring equation is not altered by writing «"' for «, 
it is plain that if a;=a be aroot of it, so also will x'^=a, or «==«"*. 

Hence we see that the roots of any reciprocal equation of an 
even degree with its last term + 1, occur in pairs, the roots in each 
pair being the redprocah of one another : thus, in Ex. 1, we have 1, 
the reciprocal of 1^ and J (- 3 + V^) of J (- 3 - V^), as the Student 
may easily see. If, however, the equation be of an odd degree, it 
will hate [61], besides these pairs of roots, a root -f 1 or - 1, ac- 
cording as its last term is 4- 1 or ~ 1 ; or, if of an even degree, with 
its last term - 1, then it will have the two roots ± 1. 

These exceptions, however, do not, of course, contradict the 
statement at the beginning of this Article. 

63. As the Solution of Equations affords excellent practice for 
the more advanced Student, here follow a miscellaneous collection. 
Some of these may be treated as reciprocal equations; others may 
be solved by guessing at a root, and reducing by division; in 
others artifices must be used, which will suggest themselves in 
practice. But it is impossible to lay down rules for aU cases; the 
Student must be left here to exercise his own ingenuity. 

Ex 1 ^ + 2a? 4- VCg* - 4g*) fiflp 

and then again by (86) — = — -r , whence « = + !«. 

Ex. 2. V(a + a?) + V(a - a:) « ^c. 

Here, cubing by the formula (a+5)P=a*+2^+da5(a+5), we have 
(a+a?)+(a-ar)+3\/(a«-a:«){^(fl+a;)+^(a-ar)} = 2a^sV{(a^-a*)c}^e; 

... V{(a»-^)}c = i^, and* = ±V{a'-^^}. 

Ex.3. l+a?« = a(l+ar)* = a(l+4a? + 6«»-f 4a* + a?*); 

.*. (a - l)a^ + 4aa:' + 6fla:» f 4ax + (a - 1) = 0, a recurring equation; 

.-. (a- 1) {a;*+ar-"}+4a{a:+a:-»} + 6fl=: 0=(a- 1) {a?+a?-f+4o{a?+ar-'}+4a+2 ; 

, I -2a±V{2(a + l)} 
/. ar -I- ar* = ^-^-^ 'J =p suppose; 

then a;*-^ + l = 0, or « = i{;? ± V(^'-4)}; 
where, by giving /» its double value, we shall have the/cwr roots. 
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Ex. 19. 

1. a* + ar* + « + ar" = 4. 2i 16« - ar» + 4 V(«" - 5« + 5) = 16. 
3. a^ + «"• + «-«"' e 2. 4. a:* - 1 a 0. fi. «* -/m: =ii - 1. 
6. 2«"-a:«=:l. 7. •y(l+2«)+V(l-2a?)«^e. 8. «*+/»«:«+/»+ 1 = 0. 
9. (n* + l) («« + fl^-c»)«4iiiKF. 10. a*-aj» = }|a;« + a?-l. 

11. a?*- 3a:»= 1 - 3af. 12. a:* - Sar » 2. 13. ac - 1 «= 2 + 2a: *. 

14. v^(l+a;y-v^(l-xy=:V(l-A Ifi- «x+2V(«'«+«a««)=«(3a;-l). 
16. (a*» + l) (a^-l]r = 2(aj + l). 17. aj» - 2paj» + 2pa; = 1. 

18. a;* + 3ar + 1 = 3a:* + iz\ 19. «• - {af* = If 20. «" = 1. 
21. a:*+l=J(ar'+7a:»-l). 22. {Ua*y=a{Ux)\ 23. 2a*^^{a*+9)=x*-9. 
24. 4a:«+12arV(l+ar)=27(l+a:). 26. a:«-8{a:+l) V«+18a:+l=0. 

nft V«+V(«-«) «*o 017 i±?*.« OQ o+«jV(«j:^) . c 

^O. -7 . = • Z/. — 7a — f** ^O. jj—z — -57 — — . 

^x-^(x-u) x-a (l-ar)* a+ar-V(« -^) « 



2g^ Vg-V{o-V(a*- gar)} ^ ^^ 
* ^/a'\-^{a'"^{<f-'ax)] 



30. 



ar + l + V(flV-l)_5«ar 



31. a? + y = 6 1 
= 97/ 



34. 



1 + g 1 -f y _ 9^ 
1-y l-ar'^lS 
l+a?^l-y 4 



aay + l-VC^'**-!) 2 

32. a? ~ y « 2 "^ 33. a?* + y* = rfO 

a^ + y* = 272J x -^y ^h J 

85. a:y «a(a?-fy) 1 

3a: f?jKy_ 



1 + y I - a: 13^ 



36. V 



»7. ar« + ^=7ay 



} 



-(a: + y) = 64J 
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.f!! + ?^±y = 20-?^ 



Vy 

« + 8:£4y 



n 



41. a^ + ay + y* = <3^ 



a: + y 

«y 

88* «« + a: v^(ay») = 208 1 

y* + y ?^(«V) = i06s/ 

40 f-y = -^-±y. 

y a: i* + y* 

^_^^ «_:iy 

y« " a:* ai" + y* 
42. afy* = a"6"c 

44. V(«-y)+f V(^+y)= 

«* + y' = «a:y 



} 



"'V 

a: + V(^) + y = ft J 

43. v^-Vy=V*(V*+Vy)\ 

(a: + yy = 2(a:-y)« / 

46. a:*a" + y"6"» = 2 V{(<m:)* W*}» ^ = ob' 
46. a: +y +2 = 14> 47. a:y = f^z^ 

ai«+y*+2«=84l a*7? = l^j/\ 

aa=y*J y*2*=a'aJ'' 

49. a:« + y« + 2« = 3037, y* + a: = 871, y» + « = 877. 
60. a; + 2y + « = 19, ai* + 4y* + s? = 133^ ar s 2y : : y : H 



a:- 1 



\ 



VC^-y)]- 

48. a:+y+«=Y 



j^ = XZ 
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64. (137) tt ia sometimes possible to modify the statement of 
a question, so as to admit the negative answers which would other- 
wise have to be rejected. In order to do this, we must, as before, 
change x into -x m the equation which expresses the Problem, 
and consider the result. Thus, if we change x into -d?, we get 
in (137 Ex. 1)30-«sje*-12, which indicates, for the n^;ative 
root, this modified form of the question, 'What number, when 
taken firom 30, &c:' and, in like manner, in Ex. 2, we shall get 

- 2, or = — + 2, which indicates the modi- 



-i + 3 -X «-3 X 

fication of the question * If he had bought 3 fess for the same 

money, he would have paid £2 mote for each.' 

N.B. Additional Equations and Problems are glyen at the end. 



65. Any trinomial quantity, a^-i-px + qt may be expressed in 
one of the three forms, (x - «) (a? - fi), {x - a)", or (« - a)P + /3^, where 
a, fi are real quantities. [The student will, of course, distinguish 
between the quantify a^-^px^q and ihe equation a^-k-px-^-q^OJ] 

For a?^px + q^(a^^px^^ip'')^(q'ip^^(x + ipf+(q-'i]f)t 
.-. (i) K J < ij^, OTj^ > 4q, then a^^px^q^ (« + }l»)"-(il>'-?) 

={«+Ji>+V(l/^-?)}{«+5l'-V(Jp'-?)}=(«-«)(«-/8), 

(ii) If q=ip^f QTj^=^f then a^-{pxiq^(x^pf^(x^f, if ~a=|^{ 
(iii) lfq>ip^,0Tp^<4q, then «»4f>ajTS'=(a?-o)«+/9*, if f^^q-i^. 

In (ii) the expression is a perfect equare, and in (ii) and (iii) 
is necessarily jMwti^i;^, whatever value we give x. 

Instead of saying that jt* -^-px + q may be put into one or other 

of the above forms according as j9*>, =, <4^, we may say (129) 

according as the equation a? +px-{-q = has its roots unequal^ equals 

or impossible. If p^-4q be a perfect square, then «, fi will be also 

rational, or a^ \px + q can be resolved into rational simple factors, 

h c 
In like manner, aa:* + 6jj+c = a(«*+-x+-) may be put into 

a a 

one of the three forms a (ar - o) (a? - /S), a(x- «)*, or a {(x - o)» + /9»), 

according as 5* > = < 4ao, or, in other words, according as the 

equation aa^ + hx + c = has its roots uneqiialf equal, or impossible. 

If it take the second form, the expression is (as before) a perfect 

square = ya(x - o)}«. if the third, the factor (x - o)« + /8« ndll be 
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positiye for all values of x, and therefore the expression a^+ bx-i-c 
will have always the same sign as a, tliat is, it will not change its 
sign whatever value we give to x. If 6* - 4ac be d^ perfect square f 
then 03? -^rhx-^e can be resolved into rational simple factors, 

66. We shall conclude this chapter with a few remarks upon 
elimination in general. 

If the number of equations given exceed by one, two, &c. the 
number of unknowns, these may be all eliminated, and there will 
arise one, two, &c. equations of condition between the coeff ' of the 
equations which must be satisfied, independently of the values of the 
unknowns, in order that the equations may be able to exist at all. 

£x. 1. ax-\- b =0^ (1) Here, eliminating x from (1) and (2), 

a'a? + 6' = 1 (2) from (1) and (3), and from (2) and (3), 

arx^¥=oi (3) a6'-a'6 = 0, a5"-a"6 = 0, a'6''-a"6'=0, 

whicli equations, however, are not independent of each other, since 

from any two of them we may derive the third. 

Ex. 2. OB* + fta: + c = 01 (1) 

a'a^ + y^f c' = OJ (2) 

Here eliminating «*, we obtain {a'b - ab') x -^ a'c-ac^ = 0; 
eliminating c and (/, and dividing by x, {a'c - ad) x ^b'c -b</ = 0; 
eliminating x from these, {a'c - ady + {ah' - a'b) {bfc-b(f)- 0. 

.Ex.3. ax^by^e^ {I) 

c^x^b'y = d\ (2) 
d'x + b"y = i^J (3) 

•n i-ix J /n\ .. b'c-bcf ad-afe 

From (1) and (2) we get ^ = ^jr:^, y = i?^:^6' 

.-. from (3) a" {b'c -b</) + V' {ad - a:c) + (T {a'b - ab') = 0. 

67. K there be two equations given of the second degree between 
two unknowns, the elimination of either of them will lead generally 
to an equation of the fourth degree. 

Let ar'+ bxy + cy^i dx^ey +/= 0, or oa:* + (5y + rf) a: + (cy"+ cy +/)=0, 
<;^a*i b'xy\c'i^\d'x\dy\f'^ 0, da^^ {b'y^d') x^ (c'y'+fl'y +/>0, 
be two equations of the second degree in their most general form; 
then, eliminating si? and a;, as in Ex. 2 above, we have 

{d {cy' + ey-^f)-a ((/y« + dy +/')}" + &c. = 0, 
which manifestly contains y*, and is therefore of the fourth degree 
iny. 
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68. lbeUminaU^fweraUifbekifeentu>oequaU(m$oftwoft^^ 
Let JE^, B 0| JS^- Of represent any two equations in x and y ; pro- 
ceed with JE^i, JE„ (arranged according to d?) as if to find their G.aM.; 
and let J* represent the remainder, when at length it becomes dear 
of Xf and is therefore a function of y only. Now any value of y, 
which makes this rem' yanish, that is, any root (/3 suppose) of the 
equation Y^ 0, will render the last divisor (64) a common fitctor 
of El and ^3. Now, suppose we put /3 for y, throughout the 
operation ; then all the quantities concerned would become func- 
tions of X only. Let us denote the new values of the last divisor, 
and of the two given quantities JS^, S^ by X, X^, X, respectively ; 
then X, and X^ will have the common factor X, and consequently, 
for any value a of x which makes X<=0, we shall have X^^O, 
X3 - 0. It follows then that S^, E^ would be changed to X^ X^ 
by the value fi of y\ and each of X^ X„ to tero by the value a 
of x\ so that d;s a, y =/9y wHl satisfy the equations ^| = 6| JS^^O. 
Ex. 1. aa? + 6y = c 1 Here E^^ ax ^hy - e ^0\ 

alx + I'y = c' J E^^dx ^Vy-c'^^S 

ax-^by-c) {^xi- h'y- c 
a 

acCx + db'y - ae* (a' 
aa'x + of by - a'e 

and, by putting this value fi for y, the last divisor ax + hy~e 
becomes or + \, ^ ^ ^ or X, and X« gives x cs — — _ , 

Ex.2. «+y= 51 «+(y-fi)Ja^+(y*-l3) L«-(y-5) 
««+y*=13/ g'+Cy- S)x 

-(y- 6)«+(y«-13) 

-(y-5)a?~(y>-10yH.25) 

2y«-10y+12By; 
Here F« gives y = 2, or y = 3: 

if y <= 2, we have X = « + 2-6 = «-3, and X = gives -x = 3- 

if y = 3, we have X = fl? + 3-5e:«-2, and Xe= gives ^ *= 2. 

N.B. In the case of equations higher than the second degree, it 

would be necessary to see whether J'may not contain some factor, 

a function of y, introduced to avoid Fractions in the process for 

the o. 0. M. Such a factor must be struck out of T^ before W0 

use its roots, as above. 
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CHAPTER IV. 



INBETEBMINATB EQUATIONS^ AND INEQUALITIES. 

69. It is easily seen, by giving t the values 0, 1, 2, &c. succes- 
sively, that the integral values of x and y in (138) form series 
in AE. PEOG., whose common differences are b, a, respectively. 

70. To shew that the number of pontioe integral solutions 

will be limited or not according as the equation is of the form 

(i) ax^b^'^c, ot(j1) ax-by^c; and that in (i) the number of 

c c 

solutions will be the greatest integer either in -^ or in -? -i- 1. 

For (i), when ax-k-by^Ct we shall have x^a^bt, y^fi-^-at, 
where aa-\-bp = e; and here we must not take t positively > a f ft, 
or negatimly >fi-ra^ if x and y are to be pomtioe integers : 

a Q 

hence if v = n +/, - = «' + /', where «, n* are the greatest integers 
Q a 

a B 

in -, -, and/,/' are proper fhustions, the number of different 
o a 

values that may be given to t will be n-f n'+ 1, (adding 1 for the 

value ^ = 0, when ^ = a, y = /3) ; and, therefore, the number of 

solutions in positive integers will be n + n' + 1 

c c 

= the greatest integer in -r or in -r + If according as the sum 

of the two fractions / and /' is > or < 1. 

Hence if c<ah, the equation cannot have more than one such 
solution, and may have none, which last must always be the case 
when c<a-\-bf (unless we allow the supposition of x or ysO,) 
since then, if we give x and y their least integral values, viz. 
x = l, y = l, we have still ax+by>c. 

And (ii) when ax-by-c, we have « = a + 6<, y = fi-i-at, and 
here there is no limit in one direction to the value of t, and there- 
fore the number of positive integral solutions is unlimited. 
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71. (140 Ex. 1. N.B.) K a be prime to 5, there is always some 
multiple, pa^ of a, where p<h^ which is divisible by 5 with re- 
mainder unity. 

For each term of the series a, 2a, 3a, &c (5 - 1) a when divided 
by h must leave a different remainder : if not, let ma and m'a leave 
the same remainder r, so that we get ma = nb-\-rt m'a^n'b + r; 

then (m -m')a = (n- n') h, or - = — ^^,- : now - is in its lowest 

' a n-n' a 

terms, since a is prime to &, and, consequently, m-m!, n-ti^ 

must be equimultiples of 5 and a, which is here impossible, since 

m, m' are each less than 6, and therefore m-tn' cannot be a 

multiple of b. 

Hence these remainders, since they are each < 5, and the n* 
of them is b-1, must consist of all numbers from 1 to 6-1 
inclusive; and, therefore, some one term pa, when divided by b, 
will give some quotient q with a rem' 1, so that pa=qb-^l for 
some value of p <b. 

72. If (IX + by ■{■€% = df we may write ax-\-by-d-cz, and then, 
giving z successive values, 1, 2, &c. we get a series of inde- 
terminate equations of the form cuc-^-by^d. 

Ex. Solve 2:r + 7y + 5z = 27 in poeiU'oe integers. 

We may transpose either of the three quantities to the second 
side ; but it will be better to take that which will most limit the 
number of resulting equations : thus, if we write 2ar + 7y = 27 - 5«, 
we might take z from 1 to 5, and so we should form five equations; 
but if we write 2d; + 6a = 27 - 7y, we can only take y from 1 to 3 j 
and here again [70 i] it is useless to take y = 3, since in that 
case we should have 2^; + 5y = 6, where c < (a + b). 

Hence (1) 2a: + Sz = 20, or (2) ar + 5z = 13: 
from(l) ar = 10-6*, y = l, z = 2*; from (2) a?=4-5*, y=2, «=2^+l. 

In (1) we can only take ^ = 1, which gives x-6, y = l, 2 = 2; 
and in (2) we can only take ^ = 0, which gives ^ = 4, y = 2, s = 1. 

Ex. 13. 

1. Find the number of positive integral solutions of 

3a; + 5y + 7z = 100, 6a: + 7y 4 llz = 144, 17a: + 19y + 21z=200. 

2. How many lbs. of tea at Zs 6d, 4« 6d, and de 6d, must be 
taken to make 30 lbs. at 6«P 
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3. The expenses of a party were 40«, of which each man paid 4a, 
each woman 39, and each child 4di how many were there of each? 

4. How many gals, of British spirits, at 12«, 15s, and IBs per 
gallon, win make a mixture of 1000 gals, at lis per gallon? 

5. In how many different ways can a refiner mix three kinds of 
silver of 7, 12, and 17 carats fine, so as to produce a mass of 50 oz. 
of 15 carats fine ? 

6. How much brandy at 159, 16s, and 20s per gallon may be 
mixed with 10 gallons of water that the compound may be worth 
ll9 4^^ per gallon? Obtain the simplest answer the question 
admits oL 

73. Indeterminate equations of degree higher than the first are 
generally difficult of solution, and beyond the object of the present 
work. We will here, howeyer, shew how to solve in integers an 
equation of the form fnxy-\-na^=ax-\-by-{-c, or mxy-\'ni^=ax^hy-\-c, 
which involves only one of the squares of d; and y. 

Ex. 3ay + 2a:" = 3a: + 2y + 5. 

Herey = _3-_2_=-^-^_,if« = 3^5 

.*. 9y= jr = -2a + 5 + 5 = -6a: -1-5 + 



8-2 z-2 3a: -2' 

let us take now all the divisors of 65, viz. ±1, ±5, ± 11, ± 55, 
and put 3a: - 2 equal to each of these which will give x an integer; 
thus we have 
3a:-2 = + l, a: = lj 3a:-2 = -5, a: = -l; 3a:-2 = -ll, a: = -3; 

3a:-2 = + 56, a: = 19: 
if a:=l, then9y = 54, y = 6; ifa: = -l,y = 0; if a: = -3, y = 2; 

if a; = 19, y is not integral: 
hence the only solution ia positive integers is a; = 1, y = 6. 

Of course the same method may be applied to an equation of the 
form »ia:y = ax -^ by ■\' c. 

Ex. 14. 

Solve in positive integers, 

1. 3a:y = 5a: + 2y + 4. 2. 5a:y + 2a: - 3y = 42. 

3. 3ay + a: + y = 79. 4. a:y + 2a;* = 2a: + 3y + 29. 

5. (a: + 2)» = (a:-l)y. 6. ai« + a: -l- 5 = (3y ^ a:)". 

7. 3a:(y+l) = 2(2y + 7). 8. y (2a: + 1) = 3x* -*- 1. 
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74< Ineg[ualUi$8, in which two expressions are conneoted by the 
sign > or ^ are treated just like equations, with this excepdaOf 
that if we change the signs of att the terms, (as we may do in 
equations,) we must also change the sign of inequality from > to <, 
or < to >; thus, although 7 is > 8, yet - 7 is < - 3. 

Most cases of inequality, howeyer, will be found reducible to the 
following fact, viz. that, since {x-yf^ or d:'-22y+^, is essen- 
tially positite, whatever be the values of x and y^ /. 4^ + j^ > 2xy. 

Ex. 1. Which is greater, m'+ 1 or m^-^-m^ whatever m may be? 
Here mP + 1 is >m^^m^ if m^-l-l>m(m+l)^ 
or if fr?-m + 1 > m, (dividing each side by m + 1), or if m*-f 1 > 2m, 
which being the case by [74], .*. m' + 1 > m' -f m. 

Ex.^. Shewthat a? + y>a*5 + a5^. 
Since a" + ^>2a&, .-. a? + o&'>2a% and a"ft -i- ^ > 2a&^; 
/. a? + *■ + «•& + aft^ > 2a»6 + 20^, or m^ + y ><^d + flft^. 

Ex. 15. 

1. Shew that 5 is the integer value of x^ when 

J(ic + 2) + Ja?<J(«-4) + 3 and >i(a? + l) + J. 

2. Shew that the sum of any fraction, and its reciprocal, is > 2. 

3. Shew that -tt-- > ^ , and that Tt + ^ > r + —• 

4. Shew that a* + aV + fl*6* + y>(a»+ft»)«. 

5. If ^sa'+&*, and ^sc*+<|*, shew that xy>ac-\-hd or a<f+5e. 

6. If a > d, shew that <<* - 6* < 4a» (a - 6) and > 4ft»(a - d). 

7. Shew that c^^V-^'<?>db^ao^^he. 

8. Shew that «« + 6" + c^>i(fl"6 + ay + fl^e + ac» + i^c + ic»). 

9. Shew that a*6 + oJ^ + <3^c + <m^ + ft*c + 6c* > 6a6c. 

10. Shew that (a + 5 + c)P > 27a5e. 

11. Shew that 2(1 + a« + a*) > 3(a + a*). 

12. Shew that abc> {a -^^h - c) {a -{- e -h) {ft ^ c - a). 



75. An inequality of the second degree of one variable may 
always be reduced to the form (i) «■ ^-px + j > 0, or (ii) «■ -^-px + ^ < 0. 

Now [65] the expression a^i-px-^q may be made to assume 
one of three forms : 

(1) when «• -{-px + j^ = (« - a) (ar - /5), (i) ig satisfied by any value 
of X, which is > the greatest of a and /9, or < the least; and (ii) by 
any value of x, intermediate to a and /9; 
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(2) when s^ +px + 9~ (« - a/, (i) is satisfied by any value of x, 
except x = a, and (ii) is impossible ; 

(3) when a^-\-px + j' = («-«/ + ft (i) is satisfied by any value 
of X, and (ii) is impossible. 

76. Equations may sometimes be applied to find maxima or 
mmima values of some given function of a quantity, by which we 
mean the^ea^0«^ or least values which such a function can possibly 
have, while difierent values are given to the quantity itself. 

Thus the minimum value of 3d^ - 3d; + 2 will be found to be f , 
which it has when « = ^. To find such values (when practicable) 
by Algebra, put the given function (using x for the variable quan- 
tity) = m, and solve this equation : by this means x will be expressed 
in terms of m, and it will be easy to see what will be the greatest 
or least values allowable for m, so that x may be ^possible quantity. 

Ex.1. Let ac*-3a: + 2=:m, or ac*- 3a? + (2 - m) = 0: 
now here (129) in order that x may be possibh, we must have 
9 not < 12 (2 - m), and therefore m not < i, which is consequently 
its minimum value, in which case x = i. 

Ex.2. Let \,^\ em, or (1 -m)ir* + « + (l "m) = 0: 

and here, in order that x may be possible, we must have 

l>4(l-»i)", or »»*-2f» + f <0, which [75] is the case for aU 

values of m between ^ and f , the roots of the equation fn'-2m-H2«=0: 

hence \ and f are the Limits of the possible values of the given 

function of x» 

Ex. 16. 

Find the maximum or minimum value, determining which, 

1. Of aj»-&r + 16, aj«+3a: + 4, (x-S) (4-*), (a-«) (x-h). 

o ^ a;-4 h a^ + a^ «*-«-6 (« + «)(« -6) 

3. Divide a number a into two parts so that (i) their product, 
(ii) the sum of their squares, (iii) the sum of the quotients of one 
by the other, may be a mcunmum or minimum, determining which. 

4. Find what values are possible for the expressions 
g*-ic+l g*-3a?-t-4 (a; 4-1) (a? + 2) (a + ar) ( 5 4- a?) 
«* + «+l' «« + 3« + 4' x{x + 3) ' X * 
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CHAPTER V. 



PR06IIESSI0NS, PBOPORTIONSy AND COMBINATIONS. 

77. To explain the negative root in (143 Ex. 3) write -n for n, 
and we have 5' = {2fl-(« + l)<Q x - Jn = {2(rf-a) + («- l)d} in, 
which is the sum of n terms of the same AB. series, but with d-a 
instead of a for the first term. Thus 24 is the sum, not only 
of 3 + 6 + 7 + 9, but of - 1 + 1 + 3 + 5 + 7 + 9, where the first term 
is d-a-2-S=-lf and last term 9, the same as before. 

It is easily shewn that in all such cases the last terms will be the 

f 2a \ 28 
same ; for since we have n' + l---l )w = -^> it follows by (130) 

2ci 
that, if », - «', be the two values of n, then -» + »'= ^- - 1 ; 

a 

.-. nW=2a+(«-l)rf,andr=(rf-a)4(n'-l)rf=-a+n'rf=a4(n-l)d=^^ 



78. (161) This is the definition of Proportion which is employed 
in Geometry, and which is thus shewn to be identical with that 
given in Arithmetic and Algebra. The reason why we are obliged 
to have recourse to another test of proportionality, although a less 
simple and obvious one, in geometrical reasoning, is that there 
is no geometrical mode of expressing a ratio, nor therefore of 
proving the equality of two ratios. For a ratio, being a mere 
number, (though the things compared may be geometrical quan- 
tities, lines, areas, or solids,) cannot be represented by a geometrical 
quantity, a line of certain length for instance, except by departing 
from pure Geometry, (in which a line always stands for a line and 
nothing else,) and using the line in a symbolical sense, just in the 
same way as we might take a letter x to represent the same 
number in Algebra. Accordingly we find that the definition of 
Ratio in Geometry, viz. * the relation of quantities of the same 
kind with respect to magnitude,' is so vague as not to deserve the 
name of a definition: nor is any proposition founded upon it, the 
reasonings of Euclid being confined to ratios when considered in 
connexion with each other, in the shape of a proportion. 

79. If aih :: e : d, and a be the greatest^ shew that d is the 
leastf and a + <i > 5 -f c. 
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Since ?= :r» and a>6, .*. e>di also, since - - 3» and a>e, 
o a e a 

.\ b>d; and a, the greatest^ is, of course, > d; /. d is the lecwi.* 
again = , and a >c, .*. a - 5 >c - rf, or a + rf > 5 + c. 

This appears from (165 Ex. 3)} since (a4<0=(^«) + ^^I^^i^Z^, 
which last quantity is podtwe^ since (a - li) and (a - c) are positive. 

80. (165) More generally, if four quantities are proportionals, 
then any proportion whatever will be true, in which the terms are 
all homogeneous, and those of the first ratio the same Junctions 
of the Ist and 2nd quantities that those of the second ratio are of 
the 3rd and 4th, or else, those of the first ratio the same functions 
of the 1st and 3rd quantities, that those of the second ratio are 
of the 2nd and 4th: and the proportions thus formed may yet 
further be changed by aUemation, 

Thus, if a : 6 :: c : d, then a*-aft+ft^ : c^^W : : <^-ed+d^ : c»+3cr», 

or, aUemately, a*-a6 + y : c^-crf+rf* :: «* + 3y : c^ + 3<rj 

and, in like manner, a*-ac + c^:a' + 3c^!:ft*-M + rf*:ft* + 3d*, 

or, alternately, «*-ac + c*:ft*-W + d*::fl^ + 3<^:y + Zd\ 

As the above is an important proposition, the students attention 
should be again directed to the Proof of it in [27]. 

81. In like manner by [28], if a;b :i c:d:ie:f, we have 
a : h :i c -^^ e : d +/ 1: ma - ne : mh - nf :: a - c - e : h - d -f, &c. 
a«! ft* : : a*-^ : »•-/■ : : (a{ef:(b\dy : : (a^nunnef : {h-mdinff, &c. 

«* + c*:ace + e'::y4cP: hdf+J^, &c 

82. Single and Double Kule of Three sums are solved upon 
the principles of Variation and Proportion. 

In Single Kule of Three, we have given corresponding values of 
two things which vary as one another, and have then to find the 
change produced in one when a given change is made in the other. 

Thus, in the question, * K 57 cwt cost £216, what will 95 cwt 
costP' we have given 57 cwt. and £216, corresponding quantities 
of weight and price'; and have to find to what £216 will be changed, 
when 57 cwt. is changed to 95 cwt Now weight oc price directlg; 

.*. 57 : 95 : : 216 : the answer = e\ x 95 x 216 = 360. 
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Again, in the question, * How many men would do in 168 days 
a piece of work which 108 men can do in 266 days?' we have 
given 266 days and 108 men, corresponding quantities of time and 
labour: and have to find to what 108 men must be ehanged, when 
266 days are changed io 168 days. Now the time for a given work 
increases in the same proportion as the No. of men employed 
decreases, and vice versa, %.e. time oc No. of men inversely: 
.-. aie • TeT : '• 1^® • ^® answer = yJt x 108 -^ -^ = 171. 

From (164) we see that we may simplify a Rule of Three sum 
by dividing the 1st and 2nd, or 1st and 3rd terms, by any common 
factor which they may contain. 

83. In IhMe Rule of Three, we have given one thing, which 
varies separately as each of several others, if the rest be constant, 
and, therefore, varies as their product, when all are changeable 
(171). Having given then one value of the former or single quan- 
tity, and corresponding values of the others, we have to find to 
what the first vnD be changed, when the latter are changed to 
others also given. 

Thus, in the question, * If 12 horses plough 11 acres in 6 days, 
how many horses would plough 83 acres in 18 daysP' the single 
term is horses, and the others are acres and days. Now if the No. 
of days were constant, the No. of horses would vary as that of 
acres directly: again, if the No. of acres were constant, the No. of 
horses would vary as that of days inversely: hence the No. of 

horses oc ™— ???i, when both change tiieic valuea; 
No. of days 

.^ JgL : AA :: 12 : the an8wer = ff x 12 v V^ = 10. 

84. It follows easily firom [27] that if ^ « J?, then any homo- 
geneous functions whatever of A and B vary as each other. 

For if AolB, or ;n = *» = T» *^®^ ^1 fraction whatever, 

formed by means of A and B, with num' and den' homogeneous, 
is equal to a similar fraction, with m and 1 in the place of A and B, 
and therefore is constant in value ; hence the num' oc the den^. 

r^ ... « .1. ^' + 3^*-B in« + 3m« 

Thus if ^ X J7, then ^AB^ - B^ '^ 2m-l ~ * constant^ and 

.*. A* + ZA*B oc 2AB^ - JB"; an expression of which kmd (since it 
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may be immediately tumed into an eqaatioa, by means of a constant 
factor) it will be ooayenient to call an equation of variation. 

%5. If A cc B oc C, tben an equation of yariation obtains be- 
tween any two homogeneous functions whatever of A, £, C. 

For we may express each of A and B in terms of C by a constant 

factor, as A = mC, B = n€i making these substitutions in any 

fraction, whose terms are homoffeneous functions of A, B, Q we 

shall be able to. strike out C altogether, and the fraction will be 

seen to have a constant value ; hence the num' oc the den'. 

-- A^-¥2:ABC m'+2mn . . ^a.o^»i^ -mry •» 

Thus -=y^ — y^ = — 5 — =- =a constant; ."- A^^2ABCcc JB*(7- C. 

The same proof may plainly be extended to any number of 
quantities, A^ B, C, D, &c. 

86. Conversely, if an equation of variation obtain between two 
homogeneous functions of A and B, then A ac B, 

For putting in the given equation A = xB (without knowing as 
yet whether x is constant or variable) we shall find that B may 
be struck out, and there will remain an equation, with constant 
coeiF*, for determining x; hence x will be constant, and A-xB^B. 

ThvaUA^-^AB oc 3-4-B -^=m (3-4^ -jB*), putting ar^ for -4, 
we have 7^-2x~m {Zx - 1), where, since m is constant, the 
values of x will be constant, and .*. A = xB x B. 

Hence ako it follows now l^ [84] that if an equation of varia- 
tion obtauL between any two hom. functions of A and B, there will 
obtain one also between any other two hom. functions whatever. 

87. If two equations of variation be given between hom. func- 
tions of three quantities, A^ B, C, then AccBccC, 

For putting A^xQ JS = y Q in the given equations, we shall be 
able to strike out C as befbre^.and there will result two equations 
with constant coeff ' for determining x and y, which will therefore 
have constant values ; hence Ace Co: B. 

In like manner it may be shewn that if n-1 equations of variation 
be given between hom. functions of n quantities. A, B, Q D, &c., 
then AccB cc € <t D, &c.; and hence also an equation of variation 
will obtain between any other two hom. functions whatever of 
tiiese quantities. 

Ex. If AB oc (P md A^cc BC, then A cc B <x. C, and 
^* + C* oc (ul + C) A 
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TatletA^xQ B=yC; then, if^lB = mC wndA^^nBQme 
haye (i) 2y=m, (ii) j^=fiy; from which equations x and y may 
be found in terms of m and n, and are therefore eonaiimi: hence 

-4ac Ca J, and — — 7^7-5= . —— = a constant j 

Ex. ly. 

1. If-4aB, then-4«±J3«ac-4^, andul*B±^JJ"a(^±B)". 

2. If^ + BocC, and B+Cx^, then ^+CxB, and ^'xBC 

3. If ^Qc-B+C, 2)^ocfl«+C», andulDxfiC, 

then AccBtcCccD, and -4« + C««23" + I>*oc-4C+^l>. 

4. If ^ oc B, ^C« D^, and JB« « CD, 

then (^+jB4C)*ac^fiCDa-4* + B«+C*. 



88. 7^ No. of Vat^ of n different UUen, taken r toffether, 
token each may enter 1, 2, 3, ^e. or r times in each Var^f is n% 

For, when taken two together, a may stand before itself or any 
other of the n letters, as oo, 06, ae, &C.; that is, there will be 
n Vai^ of this kind, in which a stands first : similarly, of b, Cj &c.: 
on the whole, therefore, there will be n' Vara* of this kind, when 
the letters are taken Uoo together. 

Again, before each of these a may be set, and so there will 
be n* Var^ of this kind, when the letters are taken three together, 
in which a stands first; similarly of 5, e, &c.; that is, on the whole, 
there will be n' such Vai^ : and so on. 

Cob. The sum of such Var^ of n letters, taken 1, 2» 3, &c. 

nr- 1 

r together, sin-\-f? •¥ &c. n^ = n, -r- • 

n-1 

89. To find what No. r out ofn {hinge must he taken togeiher, so 
that the No, of Combinatione formed may he the greatest possible., 

Since CJ. is obtained by multiplying CJ^, by or ^ 1, 

T T 

the quantities C|, C^ &c. will increase continuaDy, each term upon 
the preceding, so long as this factor > 1 ; hence C^ will be the 
greatest for the greatest yalue of r which allows of this, or of 
II + 1 > 2r, that is, when r is the integer next < i (n + 1). 
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If n be even, r=in: if n be odd, and .'. i(n + 1) an integer, 
r = J (n + 1)- 1 =i (n- 1): but, in this case, since (178) CJ. = C,^, 
the n* taken i (n - 1) together = the n* taken n - J^ (n - 1) or 
i (n + 1) together, and .•. r may be either i (n - 1) or J^ (n + 1). 

Ex. Ifn = 6, r = ln = 8, C, = 20; if n = 7, r = i(n + l)=4 
or 3, C, = 35 = C;. 

90. ijf there he several sets, containing n^ n^ n„ ^e. things 
respectively, the nf^ of Cbmb^ formed by taking one out of each sett 
is n^ . n, . n, . ^e. 

For let there be two such sets, as a^, a„ &c., 5|, 5,1, &c.; Ilien, 
since each of the fij things in the first may be combined with 
each of the n, in the second, the n** of Comb"' of two things, one 
out of each set, will be n, . n,. Again, if there be a third set of n^ 
things, Cp c^ &c., each of the forpier fti . n, Comb^ may be taken 
with each of these n^ things, and will thus form n| . ftg . n, Comb*» 
of three things, one out of each set; and so on. 

Ck)R. If there be the same n% n, in each set, and r such sets, the 
n** of Comb^ thus formed is n**. 

Ex. 18. 

1. Find the greatest n** of Comb*" that can be made out of 10 
things ; and the whole n" when taken 1, 2, 3, &c. 10 together. 

2. How many letters of the word holidays should be taken 
together so as to produce the greatest n° of different words? 
What is the difference between that n** of words and the greatest 
which can be produced by taking letters of the word universal t 

3. A person wishes to make up as many different dinner parties 
as he can, out of 24 friends ; how many should he inirite at a time ? 

4. Six yachts are to be so arranged in a regatta, that there may 
be the greatest possible n* of different matches ; how many then 
must sail in each match, and how many matches would there be ? 

5. In what numbers should 20 men be combined so as to form 
the greatest possible n** of different companies P In how many of 
these would the same man be found ? 

6. There are four regular polyhedrons marked in the manner of 
dice, and the numbers on their fBLces are 3, 6, 8, 12, respectively: 
how many different throws can possibly be made, taking all of 
them together? 

FABT II. t> 
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CHAPTER VI. 



BINOMIAL, AND MULTINOMIAL THEOBEMS. 

Various proofs have been given of the Binomial Theorem. 
Besides that given in the Text, the following is worthy of notice, 
as being a complete proof for all values of the index. 

91. To prove the Binomial Theorem for aU vcdues of ihe Index. 
If n be 2k positive integer ^ 

.% (1 + a;)" = 1 + ar {(1 + icrU (1 + ar)"^ + &c. + (1 + a;) + 1}, 
= 1 + :rp suppose ; 

Similarly each of the quantities (1 + o?)*^*, (1 + o?)**^, &c. may be 
expressed in the form 1 -h xp^, 1 + xp^ so that 

(1 + a:)»= 1 + a?{(l + a^,)+ (1 + ^») + &c-} = 1 +« {»+«(jPi+jPt + &c.)} 

= 1 + waj + terms in «*, a^^ &c. 

Again, if n = - m, a negative integer, 

and (l + a:)-»-l = JL-.l = --l^ = -a:(l+a;)-»; 

1 + a: 1 + a; ^ ' 

.-. (l + a:)-^-l = -ar{(l + ar)^+(l+ar)-i«-i)+&o.+(Ua;)-"+(l+«)-^}, 
and, as before, (1 +a;)^ =\-x{m- &c.j = 1 - mx -h terms in «*, a?, &c. 

Lastly, if n = -, a fraction, p and g being + or - integers, 

p 
assume (l+a;)«=l+^ar+JBa:*-f&c., whence (l + ar)'' = (l+-4a? + &c.)*; 
.-. , by the former cases, l-\-px ■{ &c. = 1 + j' (-4« + &c.) + &c,; 

whence, equating coefficients of x, 

P 
P P 

p = qA, and -4 = -, or (l + a;)^ = l+ -« + terms in«*, aj*, &c. 

We may assume them, for all values of the index, 

(l + a?)r = l+-4ar + -Ba:*+C2c' + &c., where ^=:the index, n. 
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Hence (l+a+8)"=l+^(« + «) + i(« + «)* + C(« + B)' + &c.; 

but (!+«+«)-= {(1 + *) (i + ^jf = (1 + «)• ^1 + j-^y 

.'. equating coeff * of s in these identical expansions of (1 + « + z) y 

we have ^ + 2^a: + 3 Ca:*+&c. = -4 (! + «)"-» 

= -4 {1 + A'x + ^a:« + C V + &c.}, 

where A% S^ &c. correspond in the expansion of (1 + a?)*^* to 
A^ By &c. in that of (1 + zfy and may be formed from A^ B, &c., 
by writing in them n - 1 for n; thus, since A^n^ A'^n-li 
equating now coefficients of x in these expressions, we have 

2B = AA', ZC^AB, &c., 

whence B^ ^ = '^, and .. B^ (!^4^>, 

AB n(f^l)(n-2) (n-l)(f»-2>(n-3) 

^""T" r2:3 ' ^' ^172.3 ' 

&C = &C. &C. B &c. 

N.. 1 ^C^-l)^ n(n-l) (n-2) . „ 
and .-. (l+a?)'* = l + »M?+-Y2-^«'+ -^^ — ^"2 3 ^^+&c. 

Hence («..)- = a-(uf)" = a-{Un(f);»4^(fJ.M 

= a'' + na*"« + in(n-l)a*"V + &c., 

, « r H-r r »(n- l)...(n -r+ 1) . ,,Q„. [? 

where coeflu of a" x = -^^ —^ =, as m (182), ---f= — . 

92. If (l+a;)*"*=:l + Bia; + JB^ + &c. + B,a:' + &c, 

then, multiplying both sides of this equation by 1 + a;, we get 

(1 + «)* = 1 + B^x + B^ + &c. + By + &c 
•f a? + ^ l a:* + &c. + B f^^ x"" + & c. 

= 1 + Ciic + C,a:* + &c + CrOf + &c., 

where C,= l + Fi, Ci=Bi+J?„ &c., and, generally, C,. = JB,., + -Br. 

These results are proved independently of the form of the series 
for (1 + a?)**" and (1 + a;)* : but assuming the form to be known as 
above, we may also prove them easily by actual addition, whatever 
be the value of n. 

d2 
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In | n-l 

^""^ ^°N^' .-oTOtrngn-lforn, ^' = j7[^^^' 

In-l 

and .*., writing r - 1 for r, J,., =» , — ^===== — j 
o ' * I r - 1 |n-r 



[n-_l f n \ 1^ 



[ r~l [ n - r - 1 V (» - r) J |r |n-r ^ 

Cob. 1. Since Cr=Bf..i + Brt or any coe£ in the expansion of 
(1 + a;)* = the sum of two coeff • in that of (1 + a?)""^, it follows that, 
if all the coeff' in the latter expansion be integers, so also will they 
be in the former: but all the coeff' are integers in the expansions 
of the second, third, &c. powers; therefore in that of the fourth, 
&c.; and so, generally, aU the coeff' are integers in the expansion of 
any positive integral power of 1+x, 

Cob. 2. Since, then, if r be any positive integer, C^ is also an 
integer, it follows that the num' n(n-l)...(n-r + l) is divisible 
without rem' by the den' 1.2 ... r ; or, since n, n - 1, &c. n - r + 1, 
are consecutive integers, r in number, and we may take the first 
of them, n, to stand for any integer whatever, it may be said that 
the product of any r consecutive integers is divisible by 1.2 .•• r. 

Cob. 3. From the result Cr - JBr-i + ^r » we may easily form the 
following table, which goes by the name of PascdPs Triangle, and 
in which the horizontal line gives the coeff> of the successive 
integral powers of 1 + or, and the terms in each horizontal line are 
formed from those in the next preceding. 



. 

I2 

fc^ 6 



1 

1 + 1 

1 + 2+ 1 

1+3+ 3+ 1 

1+4+ 6+ 4+ 1 

1+5 + 10 + 10+ 5 + 1 

1 + 6 + 15 + 20+15 + 6 + 1 



93. By attending to the Law of homogeneous quantities re- 
ferred to in (107 Ex. 2), we may facilitate the expansion of 

many binomials ; thus (a - 2*) « is homogeneous and of - f 

dimensions j if then we expand (1 - 2a?) *, we need only introduce 
into each term such a power of o^ as will make it of - f dimensions. 



filNOMTAL AND MULTINOMIAL THEOREMS. 53 

Ex. 1. (l + ar-««)*=:l + f («-«■) + !(«?-««)"- A («-«^'-&c. 
=l+i («-«•)+! (««-2jc»+ar')- A (a:*-3«*+&c.) + &c. »= l+}a;-f ««-H^+ &c. 

Ex. 2. (a* + oa: -«»)* = a» + fa*x - {<w» - i|a!»+ A^*"*** + &«•» 

which, since (a* + cup -a:*)* is homogeneous and of 3 dimensions, 
is derived from Ex. 1 by merely introducing into each term such 
a power of a as will make it of 3 dimensions : 

Ex. 19. 

1. (a-2ar)-*. 2. (a*-3aF)'*. 3. V(fl'+4fl«4;). 4. {a4-V(ac)}i. 
5. (1-x-a^-K 6. (1 -«-«•)-". 7. (!+«-«»)*. 

8. (1 - 3x + a^)K 9. (fl* - ax - «•) "J. 10. (a« + 2aa; - ««)-». 

94. The student will now do well to exercise himself in setting 
down the general term of any expansion, and to notice the different 
forms which the general expression for Cr assumes for different 
values of n. 

(i) If It be a powHve integer^ the ordinary form is to be used, 
the factors in the num' being r in n°. (observe, one for each in 
the denr) and diminishing regularly by unity ; but in the expansion 
of (1 - a?)" or {1 + (- a?)}*, the general term will be Cr (- x)r or 
Cr. (-ly . of = {-lY . Crx", where the quantity (-1)*" will be 
either +1 or - 1, according as r is even or odd, that is, according 
as r -i- 1, the n^ of the term, is odd or even. The factor (- IJ will 
therefore merely determine the sign of the term, without affecting 
its numerical value. 

Ex. 1. In (1 - xf the general term is 

1.2 .•• r 1.2 .•• r 

(ii) If n be a negative integer, C^ becomes 
- n (- n - 1) . .. {-n-jr- 1) } ( ly ^ (** JL^) ••• (** + ^z}^ 

and here the factors of the num' go on increasing by unity, until 
we come to the last of them, » + r - 1. 

If the binomial be (1 - «)"*, then, as before, the general term is 

/ %^rr'( ^^'' ( \V ( W n(n+l)...(n4^r-l) >_ n (yn-l)...(n+r-l) 
(-l).G-(-x)=(-l).(-l) . j^^;-^: X- ^^j-^ X, 

since (-1)*'. (-1/ or (-1)*", being an even power of -1, is always +1. 
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Ex. 2. In (1 + xy^ the general term is 

Notice then that (n being an integer) all the coeff' of (1+^)*^ 
or (1 -a;)'" are positive, while in (I -a?)* and (1 +a?)~* they are 
alternately positive and negative : in the former case the general 
term is positive, in the latter it involves the &ctor (- 1)^ 

I (iii) The same Laws with regard to signs obtain also in the case of 
?i fractional index, only here, as in (184 Ex. 5), C^ may be written 

aod i'0' + g)-{i' + ('-i)glfo,(i-x)-f, 

1.2 ... r.q 

P P 

and the same with the factor (- 1)*", for (1 - a;)^and (1 +a:)'^. 

Ex. 3. In (1 + a?)" *, the general term is 

. 3.5.7 ... {3 -Kr- 1)2} ^ , ..^ 3.6.7 ... (2r + 1) ^ 
^ ^^ • 1.2.3 ... r.2*- ^"^"^^- 1.2.3 ...r.2' ^- 

Ex 4 In (1 + a:)? it is ^-4.1 .(^2 ). (-5 ) ...{7^ (r- 1)3} 
Jix. 4. in CI + a:) , it is ^2.3.4.6 ... r.3»- ^• 

Now here we see that negative factors enter in the num', and 
it is plain that the same will occur in aU cases where the index is 
a positive fracUon. To avoid the awkwardness of writing these, 
we may change the signs of them all, when they will of course go 
on increasing instead of, as before, decreasing, (thus in Ex. 4, 
we may write the num' 7.4.1.2.5...), only we must then prefix, 
as a factor, some power of (-1), according to the original n^ 
of negative factors. Now, if the factors in the num' had been 
originally all negative, the factor in question would have been, as 
in Ex. 2, (-1)*^; but if any even n\ of these negative factors be 
exchanged for positive, the sign of the whole product will not be 
altered, and may therefore still be expressed by (-1)*^; whereas 
if any odd n°. of them be changed, the sign of the whole product 
wiU be altered, and may be expressed by - (- Vf or (- l)***. In 
such a case then we shdl have to prefix (- 1)*" or (- 1)*^', accord- 
ing as the n^ of positive factors is even or odd. 

This modification, however, of the general term will, of course, 
apply only to such terms of the expansion as involve negative factors • 
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thus, in Ex. 4, we may write the tenn, (- 1)'** *' ' ' ' "'^ — ^-^ a?'; 

but this is only true after the third temii and therefore is not, 

strictly speaking, the expression for the general term, as the form 

originally written was. However, we shall still call it the general 

term, with the understanding that it expresses any term of the 

series, as soon as the negative factors begin to enter the num', but 

not before : and of this we shall be reminded by the peculiarity of 

the factors in the num' first decreasing and then increasing. 

p p 

The above will apply to the case of (1+a:)*; but in that of (1-a?)*, 

the general term will of itself by (i) involve (-1)*"; and this factor, 

combined with the above, will become (-1)**' or (-1)*^\ that is, 

+ 1 or - 1, according as the n^ of positive factors is even or odd. 

Hence it follows that, in this case, as soon as a negative factor enters 

the coeff ' the terms of the series will become either all positive or 

aU negative, according as the general term takes the factor + 1 or 

- 1, that is, according as the n^ of positive factors is even or odd, 

t:. « T /t xl .1. 1. • 6.3.1.1.3 ...(2r- 7) _ 
Ex. 5. In (l-ar)« the general term is ^-sr^A-n — hr^> 

l.J.u.4.0 ... 9*.^ 

where the last factor in the num' was originally 5-(r-l) 2, which, 
with sign changed, becomes -5 + (r-l)2 = 2r- 7; and the sign - is 
prefixed because the n*. of positive factors is odd, and all the terms 
after the fourth will be negative, 

Ex. 6. In (a - Zx)^ = a^ |l - — l*, the general term -will be 

J r2^1.4.7...(3r-5) /3x\n^_ ^ r2.1.4 ...(3r-6) g*") 
- ^ I 1.2.3:4'..7r;3''~ \a jj ^ \ 1.2.3 ... r aO * 

Ex. 20. 

Find the general terms in 

1. (1 + ar)*. 2. (1 + a;)". 3. (a-a:)*. 4. (3a:+y)'. 6. {l-¥x)-\ 



6. (1 + 3a?)-*. 


7. 


(l-2a;)-'. 8. 


(1- 


•X) 


'*. 9. (l-a:)-3. 


10. {i-a^yi 




11. (2 - «)-«. 






12. (a + bxy\ 


13. (a"i + 6"V- 




14. (1 + 2x)K 






15. (1 - 3ar)l 


16. (a« - a:«)l 




17. (a* - ir«)"i 






18. (ax^a*)'K 
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95. Ih/indtheffreatesttermof{l-\-xy. 

The (r + 1)^ tenn is obtained from the r^ by multiplying it by 

*i. r * n-r + 1 r» + l ,1 . n + 1 

the factor x, or < 1} x: now as r mcreases, 

r I r J r 

diminishes ; yet as long as the above factor >1, each term continues 
to increase upon the one preceding, and the greatest term will cor- 
respond to the first value of r, which makes it < 1, for then the 
(r + l)ti» term will be less than the r**», and so, afortiorif will all 
the following terms. Hence the r^ term will be the greatest 

for the first or lowest value of r which makes ( — ^^ 1 ) a: < 1, 

or « < 1 + a:, or r > (n + 1) 



(^-') 



1+a? 



X 

If (n + 1) -^ fte an integer, this may be taken for r ; and then 

the r*^ and (r + 1)*^ terms will be equal. 

In the case of (l-x)*, since we only consider here the magnitude, 
not the sigriy of the term, the result woidd have been the same. 

But if the index be negative = - n, then, as regards magnitude, 
the (r + !)'*» term is formed from the r^ by multiplying it by 

xi and now we must take the lowest value of r which' makes 

r 

this factor < 1, whence r is the integer next >(»-!) . 

X "^ X 

Ex. 1. (1 + if I Here r is the integer next > (f + 1) r^ or 1|J; 
therefore the greatest term is the second term. 

Ex. 2. (1 + f)"«: Here r is the integer next > (| - 1) r-^ , 

I "" a 

which, being negative, shews that we cannot here determine the 
greatest term, the series, in fact, increasing continually. 

Ex. ai. 

Find the number and magnitude of the greatest term in 

1. (1 + xy, when x=^\. 2. (1 - «)-•, when a? « J. 

3. (1 + xf, when ar = |. 4. (1 + xf, when a? = 3. 

5. (1 + xy*, when a? = f. 6. (1 - x)'^, when x = \i. 

96. To find the No, of homogeneous products of r dimensions, 
that can be made out of m things, a, b, c, ^c. and their powers. 



&c 
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By common division, we have x -z — =— x ^ x &c. 

1 — ax 1 — ox 1 — ex 

= (l+a«+fl^«* + &c.)x(l+ftaf+5V+&c.)x (l+ca:+c'«*+&c)x&c. 

= l+(fl + 6 + c + &c.) d? + (a*-i- a6 4- 00 + &"+ 5c + 0*+ &c.) «•+ &c. 

= 1 + S^x + 8^ + 8^ + &c., suppose, where 8^, 8^, 8^ &c are 

manifestly the sums of the homogeneous products of one, two, 

three, &c. dimensions, that can be made out of a, b, c, &c. 

To obtain the number of these products, put a = 5 = o = &c. = 1 ; 

by this means each product, of whatever dimensions, will be reduced 

to 1, and the value of 8^, 8^, &c. will now be merely the number of 

such products of each class. But by this substitution, the first side 

of the above identity becomes 

(j4^]"=(l-a:)--l+m« + &o,i .-. 5,=m, 8.= '^^^^ 

and, generaUy. 5, = n,(m^l) ...(m + r- 1) 

19M ••• r 

Cob. Hence we may obtain the n^ of terms in the expansion of 
(o + 5 + c + &c.)''» when n is a positive integer. 

Thus the expansion of (a + b)* will contain all possible com- 
binations of powers of a and b, as a", a"~*6, a''"V, &c., such that 
the sum of the indices in each term may be n, that is, it will 
contain all the homogeneous products of n dimensions that can be 
made out of two things a and b ; the n^ of terms will be therefore 

2.3...(2 + n-l) n + 1 ., r a- /iqa\ 
-> = — — or « + 1, as we found m (181). 

In like manner, the number of terms in the expansion ot 
(a + 6 + c)", will be the n°. of homogeneous products of n dimen- 
sions that can be made out of three things, and will therefore be 

3.4...(3 + »-l) (n + l)(n + 2) , 

:^ ^ = i ~ : and so on. 

12...W 1.2 

07. We will here complete, as far as can be done algebraically, 
the Theory of Vanishing Fractions. Instead of finding the vanish- 
ing factor, as in [30], we may evaluate such fractions as follows. 

Let - represent any fraction which becomes a vanishing fraction, 

when x=:a: put a + A for x, and expand u and v in ascending 

^ IL A *!, ♦ ^1, ^u Ah'+Bh^^ &c. 
powers of A, and suppose that we thus get - « ; ^ 

d6 
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a being the lowest index of A in the num' and a' in the den' ; then 
(i) if o = a', - = sT-i = -rn when « = a or A = 0; 

(u) if a > o', -= — = — ;.= 0, when x^a\ 

(ill) if o < o', - = , — ^. = -— = 00, when ar = a. 

Hence - is zero, finite, or infinite, according as « >, =, or < « . 

.Ex.l. « =?^-Z^-Z 12^20 0, when« = 2: ^ting 2 + * 
t? ar-or- 8a; + 12 

for a;, we find that t* = 9A« + &c., r = 5A» + &c.; therefore, since the 

lowest indices of A are the same in these, - = •= , when x^l* 

V o 

2 V(«' + «' + ' ^)-V(«'-'^ + ^') -0, when x = 0, 
V(a + a;) - V(« ~ ^) ^ 

put a? = + A = A, and expand in ascending powers of A ; 

then u becomes afl + ^ + &c.J-afl- — + &c.J = A + &c., 
and ©becomes V^f 1 + 2i'^^^')"^^[^'' 2i ''' ^^J V« ^ ^*^** 



u 



/. - = Ja, when a? = 0. 
Evaluate 



. 2^-5a:«-4a:+12 
• "?-12a; 



^^+12 , „^ 9 o V(g-t-a?)-V(2a) ^hen«-o 
ri6~ ' ""^ • V(« + 2rr)-V(3a) ' ^ 

a* ^ . (a!*-a*)« +a;-a , 

3 ^ ., when x^O. 4- \, ^' ., . , when a: = a. 

a-VCa^-a:")' (l+a;-a) -1 

a-^(2a*a;-aar) * » 

98. The following applications of the Binomial Theorem deserve 
notice, and will give the Student hints for similar Problems. 

Ex.1. ^3128=V(5*+3)=5(^l + jy=6|l+i.|-3^.J^^ 

= 6 (1 +.000192 -.000000073728 + &c.)=5.000959 &c. 
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The calculation was rendered easy here by the form of the den' ; 
^,133 3.2« 192 

Ex. 2. Let a be an approximate value of V-2V, so that V-2V=af a:, 
ar being very small; then JV* a* + 2(m; + a« = a" + (2a + ar) a: : 

first suppose JV= 0* + 2a«, then x = '?^^, and 2a-i-g=»^'^^'; 

2a ' 2a 

therefore, more nearly, JVa a* + --— - a?, and a? = 2a '^'" ^' , 
andViNr=a.. = a.^. 

More generally, if 7iV= a + a:, it may be similarly shewn, by 
taking three terms of the expansion of (a + «)", that 

V^- a (» + l)-^+(n~l)a" . ^ , 

^^-^ (n^l)JVr4.(n + l)an > approximately: 

putting this =a', and assuming ^/y=a'-^x, we shall get in the 
same way a yet nearer approximation to its value. 

ft « 

Of course if a > viV, we should assume VJV= a- x, 

O"^ X 

Ex. 3. Let —=- be any ratio in which x is small compared with a; 
then {l|f }* = {1 ± f }" = (approximately) 1 ± ^ = ^ . 
Thus (1001)^: (1000)^ = 1001 J : 1000 nearly = 2003 : 2000. 

\a-xj \ a-xj \a-xl 1.2 \a-xl ' 

\a-\-xJ \ a^x) \a+xj 1.2 \a-^x j 

and many similar results may be obtained, by changing the form 
of the quantity originally given. 

Ex. 6. The coeff. of the middle term or terms of (1 + :p)« may be 
expressed as follows. 

(i) If n be even, there is one middle term, the (in+l)th, whose coeff. 

^ [n ^ 1.3.5 ...(»-!) ^ 2.4.6 ... n ^ 1.3.6... (n-1) ^„ 
linlin" 1.2.3 ...i» 1.2.3 ...|« 1.2.3 ..^n ' 

since each of the In factors 2, 4, 6, in the numi^ = 2 x corresponding 
one in the den'. 



or 
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(ii) If n be odd, there vnU. be two middle terms, the (n+l)^^ and 
the (» + 3)th ; the coeflf • of these will be equal, and may be shewn 

• aV ^1- 1.3.5 ••• W nA(n-l) 

m the same way to be = --jr-s 5-7 — r\ ^^ ' 

1,2,0 ••• -g- (9t+ 1} 

Ex. 6. The sum of aU the coeff ■ of (1 + xf s 2** ; and sum of even 
coeflf* = sum of odd coeflT' = 2""*. 
For since (1 ± «)" = 1 ± Ci« + C^ ± Cy + &c., 

.-. (1 + l)** = 2- = 1 + Cj + C, + C, + &c (i), 

and (1 - If = = 1 - Ci + C, + C, + &c (ii)j 

hence from (i) sum of all coeflf" of (1 + «)* = 2"; 

and from (ii) 1 + Q + &c.= Ci + (7, + &c., or sum of even coeflf* = sum 

of odd coeflf", and /. each sum = J (2") = 2*^* 

Ex. 7. Since, when n is a positiTe integer, we have 

(1 + a:f = 1 + C^ + C^« +&C. + 0^*-*+ Cia:""Va:*, 
and(« + l)'* = a;*+Cia:""*+C^*^+&c. + C^ + (7,« +1, 
/. by mult» (1 + xf = «"+ C.x''*^-^- CVr^^'+fcc. 

+ €;«•'■'+ C,V +&C. 

+ Qi:'*"'+&c. 

Now the coeflf. of «* in (Uxf is (as in Ex. 6) h?'^-(^^) ^^^ 

1.2.3«..f} 

and the coe£ of «" in the above product is 1 + C^ + C,* + &c.; 

L 1*^ J 1.2.3 ... n 

By similar reasonings, equating the coeflf" of other powers of x, 
we may obtain the sums of other series, such as 1. Cj+C^. C^^C,, C3+&C. 

99. MuUinomial Theorem: To find the general term of 
(o + 6 + c + rf + &c.)"*. 
For 5 + c + <^ + &c. write 6'; then in the expansion of (a + ft')" 

there wiU be the general term ^i^.zl)^:i(?Ll?l±l) a^^'^h^, or, 

putting a for m - r, - 3_ _^<_._^v _. i ^"i,^, ^^3,^ ^ jg ^^ positive 

iilteger, whatever m may be. 

Now (i) if m, and therefore a, be a positive integer, we may 
write this 

m (m -.!)...(« + 1) a (c-1) ..3.2.1 ,., \m ^^ 
1.2 ...a X 1.2... r l« L^ 
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but 6'=6+c+rf+&c. = 6+c', suppose, and in the expansion of (ft+c'/, 
(since r is & positive integer) there will be the general term 

' — ^^-p- 6'' V, suppose, or r—— 6^c^, if we put /3 for r - » ; 

l!lz_?L* ' '^'^ lj8L» 

combining this with the former, we have the general term of 

I m 

(a + ft + </)"•, when m is a positive integer, . — \^ — —a^b^e"' 

iax[pxi8 

Proceeding thus we get the general term of (a+ft+c+fcc.)* 
when m is a positive integer, to be 



Lm 



I'hPc ..., 



[a X |j8 X L7 X &c. 
where the indices are all positive integers, and their sum 

«+• )3 + 7 + &c. = m. 

Cor. If the given multinomial be (a ■{■ bx + ea^ '\- &c,y*, then 
the general term is 

, , ^"^ , „ a'(bxfioa!>)\..^ .~-}";-^ a^lfic'...^""*^' 
Lax[j3xL7+&c. ^ ' ^ ' |_ax[j3xL7x&c. 

where the Indices are all positive Integers, and a -i- /3 + 7 + &c. « m. 
In order then to find the whole expansion of such a multinomial, 
we should have to give a, /3, 7, &c. all possible positive integral 
values, subject to the condition a +/3 4- 7 + &c. = m. But it is often 
required to find only the coeff. of a certain given power of x 
in such an expansion, as, for instance, of al* : and then we have 
only to take those values of a, /3, 7, &c. which satisfy the two 
conditions a + /3 + 7 + &c. = m, /3 + 27 + &c. = n. 

Ex. 1. Find the coeff. of a? in the expansion of {a-hx- cx^y. 

Here we must take a, /3, 7, so as to satisfy the two equations 
a-i-/3+7=6)^ It will be best to set down first the highest 
/3 + 27 = 5j* value which can be given to 7 in the second 
equation, with the corresponding values of /3 and a, that of a 
being obtained from the Jirst equation; then the next lower 
value of 7, and so on, as follows: 

7 = 2, p = l, a = 3,^ hence the coeff. required is (setting outside 
7=1, ^ = 3, a =3 2, I the common factor of each of its terms, viz. 
^=5, a=l, J [6 = 1.2.3.4.5.6) 



^=1, /3=1, o=-f,% Hence tbe coeflEl reqi 

7=2, a=-fi i in the num' of ea 

<y = l, p=2, aa-|, [ with the index -J, 

/3=4, a=-f, J scending by unity, til 
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100. But (ii) if m be not a positive integer, then we cannot 
modify the fonn of the first result, though all the rest of the rea- 
soning will remain the same ; and the general term wUl therefore 

be - ; ^- . '"^\ a^'b^c',,,, where a+/3+<Y + &c.=m, as before, 

a being negative or fractional, but p, 7, &c aU positive integers. 

Ex. 1. Find the coeff. of a^ in the expansion of (a^hx-ca^-da?)-^. 

Here a + /3+ 7 + i ^~»\ Beginning, as before, with 

/3 + 27 + 3d = 4/ setting down the highest value 

which can be given to ^ in the second equation, and determining 

a always from thej^r<^, we have 

d=l, /3=1, a=-f,^ Hence the coe£El required is (the factors 

each term beginning 
-if and gradually de- 
/S=4, a=-f, J scending by unity, till they end with the 

value of a + 1, corresponding to the term) 

llti^ a" i& (-€?) + -* ^" *^ a "* (- c)« + &c. 

= - ia'ibd + |a"*c« + Ha'il^c + ii\a'h\ 
Ex. 2. Fmd the coeft of a» in (» - i** + iaj* - !«' + &c.)-*. 
Since (x - i«* + i«* + ftc.)' = a?'' (1 - i«» + ia^ - ftc.)', this 
reduces itself to finding the coeff. of «* in (l-Ja*+iaJ*-&c.)'S 
or in (1 - ia^ + ix*)'^, because the terms left out, (in which the 
Index of x is higher than 4,) cannot possibly affect the coeff. of x^ 
in the expansion. We have here then the equations 

a+/3 + 7=-l, whence 7 = 1, a = - 2, 
2/3+47= 4, /3»2, a = -3; 

and the coeff^ required is 

^^ir.(i)+^^^— ^ir.(-iy=-*+i=-A. 

Ex. 28. 

Apply the Multinomial Theorem to obtain the first five terms of 

I. (a + bx-\^c2*y. 2. (a-^x-^ies^y. 3. (l + 2a?-3«»+a;*)*. 

4. (l+2a:+3«»+&c.)-*. 5. (l+ar+a:«+&c.)"i. 6. (a:-Ja:»+ia!»-&c.)-». 

7. (l-ar-«»-far'-i«*)"i 8. (a-6a;-ca:»)-*. 9. (l-2a;+3«»-&c.)"*. 
1 0. Obtain the fourth and fifth terms of {a^bx- ea^)*, 

II. Obtain the third and fourth terms of (a + bx-ca^- da^)'^. 
12. Find the coeff'. of «* and «' in (x - Ja:» + i«* - -^a:' + &c.)-". 
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L06ABITHMS> AND EXPONENTIAL THEOBEM. 

101. Def. The logarithm of a number to a giyen base is the 
index of that power to which the base must be raised, in order 
to become equal to the nufnber: so that, if a* = any number N, 
then X is called the logarithm of N to the base a, which is 
denoted thus, x^log^N, or (if there be no occasion to mention 
the base) x = log N. 

Thus, since 10* =1, 10* =10, 10« = 100, &c., /. logj^ 1 = 0, 
logjolO = l, logio 100 = 2, &c.; and so also, since a^=lf a^-a, 
we have log^ 1 = 0, loga a = 1, whatever a may be. 

102. By taking any positive number (except imity) for base 
we may express any positive number as some power of it 

Thus take a = 10, as above, and let iV = 2 ; then, since 10" = 1 
and 10^ = 10, there is some value of x, if we could find it, 
between and 1, such that lO' = 2 : and, in point of fact, it 
may be shewn that this value is (to five places of decimals) 
.30103, so that log^ 2 = .30103. It would of course be possible, 
though tedious, to verify this statement by expanding 10***" or 

(1 + 9)ioo6oo to a suflicient number of terms by the Bin. Theorem : 
but we shall see below that such would be the case. 

103. If we give N the successive values 1, 2, 3, &c, and 
register the corresponding values of x (which may be found by 
methods to be given hereafter), the table thus formed is called 
a ' Table of Logarithms to the base 10'. 

The integral part of any logarithm is called the Characteristic, 
the decimal part is called the mantissa, or handful, as it were, 
thrown in over and above the characteristic. Of course when 
there is no integral part, the characteristic is 0. 

104. If the base a be > 1, then since a"* = 0, a* = 1, a*'=co, 
we have log^ s - oo , log,, 1 = 0, log^ oo = oo ; and thus the log. 
of any number will lie between and + oo or and - oo , that 
is, will be + or -, according as the number itself is > or < 1. 
Of course, the contrary will be the case if we suppose a to be < 1. 
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105. Although, in reasoning generally about Logarithms, we 
may consider the base to be any positive number other than 
unity, yet in actual practice we shall have only to deal with 
(i) Logs, to the base 10, which are called Common Logs., and 
(ii) Logs, to the base 6, where e denotes a certain number 
2.7182818, (of which more hereafter,) which are called Najpierian 
Logs., from the name of Lord Napier of Merchiston, in Scotland, 
who first invented Logarithms. 

106. It will be seen below that series may be found, by means 
of which logarithms to the base e may be readily calculated. 
Among these will be log^ 10=2.3025850928 ; and we shall now shew 
that, if the log. of any n°. to base e be multiplied by the factor 
1 -r iog« 10 = 1 V 2.302&C. = .4342944> it will become the corre- 
sponding logarithm to the base 10. 

For let x^ y, be the logs, of any number N to any two bases 
a and 6, that is, let a? = loga-2V, y = log3iV, and .*. o^^N^Vx 
then, since & = ai<«a*, we have a* = (a^oga*)!' = flioif,*^, and .*. 
X = log^ 6 .y, or log^ JV= log^ h . log iV. Hence, of course, it 

follows that log, iV=log,10.1ogioiV; or logioiV= — x log, JV. 

This constant multipher, by which the two systems of logs, 
are connected, is called the ModultM of the system to base 10, 
and will be denoted in ftiture by Jf. 

Cor. Log« iV = log^ ft. log, iV= logaft.log, clog, iV=&c., and 
so on, through any number of bases. 

107. We will suppose then that, by means of the Nap. logs., 
we have formed a Table of Common Logarithms, and from these 
we will extract for our present use the following. 

Logarithma, to bass 10, of all Prime Numbers from 1 fo 100. 



No. 


Logarithms. 


No. 


Logarithms. 
1.4623980 


No. 


Logarithms. 


2 


0.3010300 


29 


61 


1.7853298 


3 


0.4771213 


31 


1.4913617 


67 


1.8260748 


7 


0.8450980 


37 


1.5682017 


71 


1.8612583 


11 


1.0413927 


41 


1.6127839 


73 


1.8633229 


13 


1.1139434 


43 


1.6334685 


79 


1.8976271 


17 


1.2304489 


47 


1.6720979 


83 


1.9190781 


19 


1.2787536 


53 


1.7242759 


89 


1.9493900 


23 


1.3617278 


59 


1.7708520 


97 


1.9867717 
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108. Now the following are the properties of logs, which make 
them of singular value in diminishing the labour of Arithmetical 
calculations. 

(i) Log (mn) = log m + log n, or the log. of any product s the 
sum of the logs, of the factors. 

For if m=a', and n=a^, then mn=a***', and /. log (mn)-X'^y 
= log m + log n. 

Hence also log (mt^) » log (mn) + logp = log m+ log n+ log/9, &c. 

(ii) Log — = log m - log n, or the log. of any quotient = the 
ft 

rem' obtained by subtracting the log. of the divisor from that 

of the dividend. 

For — = — = o*^, and .*. log f — J = a: - y = log m - log n. 

Hence log — s log 1 - log m = - log m, since log 1 s 0. 
m 

(iii) Log m** = n log m, or the log. of any power of a number 
is obtained by multiplying the log. of the niunber by the index 
of the power. 

For m** = (a*)** = a*", and /. log (m") = nx = n\ogm. 

By means of the above results, all Arithmetical operations 
of Multiplication, Division, Involution, and Evolution, may be 
converted into Addition and Subtraction of Logarithms. 

Ex. 1. log 6 = log 2 4 log 3 = .7781513 ; 

log 5 =: log 10 - log 2 c= 1 - log 2 = .6989700. 

Ex. 2. log 100 » log 10* = 2 log 10 » 2, log 1000 = 3, &c. 

Ex. 3. log 4 = log 2' = 2 log 2 = .6020600 ; 

log 18 « log 2 + log 9 = log 2 + 2 log 3 = 1.2552725. 

Ex. 4. log .07 = log rSo = log 7 - log 100 = .8450980 - 2, which 
is written thus 2.8450980, it being imderstood that in this position 
of the negative sign, it belongs only to the characteristic 2, and 
not to the mantissa, which is still positive. 

Ex.5. Iog2.4 = logf$=log3 + log8-ls.4771213 + .9030900-l 

= .3802113; 

log .0023 = log nSftro = 1.3617278 - 4 = .3617278 - 3 = 3.3617278. 

Ex. 6. log A = .4771213 - 1.9867717 = - 1.5096504, which may 
be written thus, - 2 + (1 - .5096504) » 2.4903496. 
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109. It vill be seen from [108 Ex. 6] how to convert a log. 
which is wholly negative into one tiiiat shall be negative only in its 
characteristic, viz. by increasing the given negative charaeterititie 
by unity, and subtracting from unity the given mantissa. 

Thus, generally, if - (C+ m) represent a log. in which the cha- 
acteristic (C) and mantissa (m) are both negative, then 

- (C+ m) = - C- m = - (1 + C) + (1 - w), 

where the mantissa is now positive. 

The decimal thus obtained by subtracting another from unity 
is called its Arithmetical Complement, and is most readily written 
down in practice by subtracting its last figure from 10 and the 
others from 9. A log. thus modified we may call a Complementary 
Logarithm, and denote by colog. 

By the use of Comp. Logs, the Subtr". of a log. may be turned 
into Add" : thus log A = log 3 + colog 97 = .4771213 

+ 2.0132283 

= 2.4903496, as before. 
But it is necessary to notice some peculiarities which occur in 
the use of such logs., whose characteristics only are negative, 
and of which instances are given in the next examples. 

Ex. 1. log A + log A = log 2 + colog 17 + log 3 + colog 19 

= 0.3010300 

+ 2.7695511 ^^^^ ^^^^ ^^ ^° integer + 2, arising from the 

+ 4771213 "^"'^ ^^ ^^® positive mantisssB, which, combined 

+ 2 7212464 ^^h the sum of the characteristics - 4, leaves 

2.2689488 - ^ or 2. 

Ex. 2. log (hY = 3 log A = 3 colog 13 = 2.8860566 

o 

4.6581698 
Here there was an integer +2, arising from the product of 
the positive mantissa by 3, which, combined with 3 x 2 = - 6, 
leaves -4 or 4. 

Ex. 3. log %/i\ = ^ colog 71 = ^ (2'.1487417) = f. 7365345. 

Here it was necessary to imagine the log. thrown into the 
equivalent form ^(7 + 5.1487417), so that the negative charac- 
teristic may become a multiple of 7. 
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Ex. 4. Find the log. of {VJ y^/i■T Vf}'*. 
Here logi= colog 2 = 1.6989700 ; /. JlogJ= 1.8494860 

logf =.3010300+1.5228787=1.8239087 ; /. ilogJ= 1.9413029 
- i log f = + i log f = i (.6020600 + 1 .5228787) = 0.0312346 

1.8220225 
and, lastly, -f xf.8220225= J(3-2.4660675)=a(.5339326)=.1067865 

Ex. 24. 

Obtain the logarithms of 

I. 8, 9, 12, 20, 25, 60. 2. i, }, f, .03, ,\, .0033. 

3. 1.8, 140, 1.44, .0625, i-g^b. 4. 1.05, 10.6, 4J, 4f, .0111. 

5. VH, Vlh V.1, V.02, (1.2)». 6. ^. 1.^^. 

^.123 (2.01)^ 

8. (l)',iVU,(.069)?,(3J)-3. 9. VjxVWJ. 10. V{iV(f Vj)}. 

There are, however, two observations to be made, which greatly 
facilitate the finding of Common logarithms. 

110. (i) In the Common system having given log N, we can find 
immediately log (Nx 10") or log (iV^ 10"), n being an integer, 
that is, we can find the log. of any number, which differs from N 
only in the position of the decimal point. 

For log {Nx 10^) = log JV± n log 10 = log iV+ n, and .'. , since 
n is an integer, will differ from log N only in the characteristic, 
which will be increased or diminished by n, while both logs, will 
have the same mantissa. 

Thus, suppose that we have given log 1362 = 3.1341771 : 

then log 136200 = log (1362 x 10*) = log 1362 + 2 = 6.1341771, 

log 1.362 = log (1362 v W) = log 1362 - 3 = .1341771, 

log .001362 = log (1362 4- 10") = log 1362 - 6 = 3.1341771. 

111. (ii) In the Common system, the characteristic of the log. 
of any number may be written down at once by inspection. 

For if the No. lie between 1 and 10, that is, between 10® 
and 10^ its log. must lie between and 1, and .*. its charac- 
teristic will be 0; so, if it lie between 10 and 100, that is, 
between 10' and 10*, its characteristic wiU be 1 ; if it lie between 
100 and 1000, that is, between 10" and lO', its characteristic 
will be 2; and generally, if it have n digits, that is, if it lie 
between 10**'' and 10", its log. will lie between n - 1 and n, 
and its characteristic will be n-1. 
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Again, if the No. lie between 1 and .1, that is, between 1 and 
i^ = 10"*. its log. must lie between and - 1, and .*. (with 
positive mantissa) its characteristic wiU be' 1 ; so, if it lie between 
.1 and .01, that is, between 10~' and IQr*, the characteristic will be 2 ; 
if it lie between .01 and .001, that is, between 10~* and 10^, the 
characteristic will be 3; and generally, if it have n-1 cyphers 
after the point, the characteristic will be n. 

It will be seen that both cases are comprised in the following 
Rule : Reckon the distance of the first sigpificant Jigure from the 
uniU-place: if it be n places to the left, the characteristic will 
be + n ; if n places to tiie right, n. 

112. Hence it appears that, in the Tables of Common Logs., 
it is only necessary to register the mantiiMBf corresponding to 
certain sequences of figures, which look like numbers but are 
not reaUy so, because the place of the decimal point is not 
fixed in them. 

Thus in the Table given below, we have, opposite to the value 
3570 for N^ the mantissa 6526682, where 3570 is no number, 
but merely a sequence of figures, and the Table shews that for 
all such sequences, wherever we insert in them the decimal point, 
the mantissa is still 5526682 : thus, determining the characteristic 
in each case by [111], we have log 3.570 or log 3.57^.5526682, 
log 35700 = 4.5526682, log .00357 = 3~ 5526682. 

113. The mantissffi of logarithms are registered in the best 
Tables to 7 decimal places, corresponding to sequences of 5 figures, 
as in the lines below, extracted from Button's Tables. 



N. 
3570 





1 
6804 


2 
6925 


3 
7047 


4 
7169 


5 

7290 


6 
7412 


7 
7634 


8 


9 


D. 


Pro. 


5526682 


7666 


7777 






71 


7899 


8020 


8142 


8263 


8385 


8607 


8628 


8760 


88718993 


122 


2 


sr 

«9 


72 


9115 


9236 


9358 


9479 


9601 


9722 


9844 


9966 


6087|d209 






61 
78 
ft A 


73 


5530330 


0452 


0673 


0695 


0816 


0938 


1069 


1181 


1302 


1424 






98 
110 



Thus, to find the mantissa for the sequence jYs 35725, we 
look horizontally along the third column for 3572, and vertically 
down under the figure 5, and thus find it to be 5529722, in- 
cluding the figures 552, which, being once printed (as in the 
first line) at the beginning of the line in which they first occur, 
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are understood to be repeated before each mantiflsa, until (as 
in the fourth line) they are replaced by 553. This change, how- 
ever, actually begins with the last two mantisssB of the third line, 
where the dotted figures are introduced to mark this: thus, the 
mantissa for 35728 is 5530087. 

In some books, instead of a dotted figure, a figure with a line 
above it, as 5, or a smailer figure, is used to mark the point 
where this change begins, if it happen not to be at the beginning 
of a line. 

114. Although the mantissie are only given in the Tables for 
sequences of five figures, yet they may be readily found for se- 
quences of six or seven figures by the followiag considerations. 

It will be shewn hereafter, that when the difference of two 
numbers is small compared with either of them, the difil of their 
logs, is very nearly proportional to the difil of the numbers. 

Now let m, m^D, be the mantisste for two consecutive numbers, 
iV^ and N+ 1, each of five figures, m +d the mantissa for a number 
N-i df lying between them, that is, having the same integral part 
as K, but one or more figures after the decimal point Then, 
since the three numbers have all the same number of integral 
digits, they will have all the same characteristic, and so the diff. 
of their mantissas will be the same as the di£ of their logs.: 
hence, by the above statement, 

1) : i :z I I d, or i = jDrf, 
by means of which result we may find i when d is given, or 
conversely, d when d is given. 

Ex. 1. To find log 35.7235. 

Here JV^= 35723, iV+ 1 = 35724, iV+df= 35723.5, and .-. df=A; 
and 2> =, the Difference of the mantissa of 35723 and 35724 s 122 : 
hence for 35723.5, d » ^^^ of 122 = 5 x 12.2 = 61 ; and thus, the whole 
mantissa for 35723.5 being 5529479 h- 61 » 5529540, we have 
log 35.7235 ^ 1.5529540. 

So for 35723.57 the diff (d) is f^o of 122 = 67x1.22 = 69.54 = 70 
nearly, and /. log .003572357 = 3.5529549. 

Ex. 2. To find the number corresponding to the log 2.5528797. 

Here the next lower mantissa is that for 35717, viz. 5528750, 
and .'. d = 47 : hence, since the Diff. (2>) between the mantissas 
for 36717 and 35718 is 121, we have rf=«4-2>= M =.38, (it being 
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useless to go beyond two decimal places, for a reason that will 
appear hereafter;) and so if the number of five figures, referred 
to as iV in the proof, be 35717, the number N+dwM be 35717.38 ; 
from which we see that the given mantissa corresponds [112] to 
the sequence 3571738, and /. the given logarithm (the characteristic 
being 2) corresponds to the number .03571738. 

115. But the' columns headed D. and Fro. (Proportional Farts) 
are intended to facilitate the calculation of such logs., and the 
converse operation of finding the corresponding number from the 
given log. The column D shews that the prevailing Diff. between 
two consecutive mantisssB in this neighbourhood is 122, as will 
be seen at once to be the case by looking at them, the DifL being 
sometimes 121, but generally 122: further back in the Tables, 
it would have been 123, 124, &c., and further on, 121, 120, &c. 

Now for each value of 2) there is formed what is called a Table 

of Froportional Farts, by multiplying ~ , that is, in this case 

12.2, by 1, 2, 3, &c. successively, which give 12.2 = 12 (nearly), 
24.4 = 24, 36.6 = 37, &c., (as in the extract on page 68), the integer 
only being retained in each product, but increased by unity when 
the rejected decimal part is not less than i or .5. The use of this 
will now be apparent : for since d ^ Dd, let a, p, &c. be the 
figures in order of the decimal d; then 

VlO 100 T/ 10 '^ 100 
Now, in the Table of Fro. Farts, the first colunm contains the 
successive values 1, 2, 3, &c. which a ox p might have, and the 

second contains the corresponding values of a^. In order, 

therefore, to find <^ Ttv} we have only to glance at the Table and 
take down the number opposite to the value of a; and in order 
to find p — -, we have only to take down ^^^ of the number, 

opposite to the yalue of /3. 

Ex. 1. To find log 357.2367. 

Here we have mantissa for 35723 - 5529479 

diff. for 5 = 61 
diff. for 7 = 8.5= 9 

and /. the log. required is 2.5529549. 5529549 
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Ex. 2. To find the number corresponding to the log 1.5529789. 

Here the mantissa next below the given one being that for 
35725, viz. 5529722, we have ^ = 67, from which taking 61, which 
we see, by the Table of Pro. Parts, gives the sixth figure 5, 
we have still remaining 6, which, being ^^ of 60, shews that 
the seventh figure is 4 (nearly 5) ; hence the seqtience required is 
3572554, and the number (the characteristic being I) is .3572554. 

Ex. 25. 

In these Ex. the Tables in pp. 64, 68, are to be consulted. 

1. Find the logs, of 35.70925, .3572739, .003571246, 3.572804. 

2. Find the Nos. whose logs, are 

3.5528742, 1.5530895, 4.5527777, .5530199. 

3. Given log 2000.1=3.3010517, construct a Table of Pro. Parts; 

and find log 20.00094, and the No. whose log. is 2.3010489. 

4. Given log 31.001 = 1.4913757, 

find log 3100023, 31000J, and 31^-^o- 

5. Find the value of V2i x ?/3J x ^4^ x ^/5J, 

given log 4.4985 = .6530677, log 4498.6 = 3.6530774. 

6. Find the value of V357.1328 v ^35712.75, 

given log 57.386 = 1.7588060, log .057387 = 2.7588135. 

116. We shall now explain the method of calculating logs, to 
the base e. 

Exponential Theorem.'^ To expand a* in a series of ascending 
powers of x. 

«-={l+(<»-l)}"=lW(a-l)+*-^(a-l).+ fM^)(a-l>'+&c. 

= 1 +« {.4 + 5a? + (V + &c.} suppose, 
where Af the sum of those terms within the bracket which are 
independent of x, is easily found by putting x = within the 
bracket, when there remains 

(«_l)+:^(a_l).+(z^||) (a-l)»4&c., or (a-lH(«-l)"+i(«-iy-&c. 

which is therefore the value of A. 

Hence, a* = 1 + Ax + Ba^ + Cfc^+ftc, where A, B, (7, &c. are func- 
tions of a, altogether independent of x, and will therefore remain 
the same for the same value of a, however we change that of x. 
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Hence a'"* = 1 + ^ (ar + A) + -B (a? + A)* + C(x + A)» + &c.: 
but a'"* = (^.a^ = {1 + ^a: + -Ba:» + Gr* + &c.} a*; 
therefore, equating coeff* of a; in these identical values of <f , 
wehave^ + 25A + 3CA» + &c. = ^a* = ^{l + -4A + -BA« + (7A* + &c.} 

hence, equating coeff* of different powers of h in the aboye, 

A* JLB A* 

wehave2-B=^«, 3C=-4-B, &c., or-B = :r-;r, C*-^* r-^r^,&c.; 

so that we have a* = 1 + -4a? + -=-ir + rTo +&^> 

where ^ = (a - 1) - }(a - 1)« + A(a - 1)» - &c 

117. Since the above result is true for all values of x^ take x 

1 i 11 

such that Ax = li then « = -j , and a^ = l + l + T-^ + 7^^ + &c., 

^ 1.2 l«2*o 

= 2.7182818 &c., which number it is usual to denote by e; hence 
i_ 

a^ = e, or a = e^, and therefore A = log^a, and so we have 
a* = 1 4- (log, fl) a? + (log,a)* — + (log,a)» j-^^ + &c.: 

whence also, writing e for a, we get, since (101) log«6 = 1, 



*'=*+*^4^ii+*''- 



118. We have 



{•*3"- 



_ a:n(n-l)a*„ , n-l«* „ 

1 + n-+ \ ^ . -- + &C. = l+a: + . T-7r + &c. 

n 1.2 n' n 1.2 

\ n/ 1.2 \ n)\ n) 1.2.3 

1 2 

Now, as n increases, - , -, &c. decrease, and tend, each of 

n n 

them, to zero, as their Limit: hence we see that, as n increases, 

(•F\** aj* aj* 

1 + -I isl + a: + r-;: + TTrii + &c. or c*. 
n} 1.2 1.2.3 

119. By [116] we have («"-l)** = (a: + ia* + &c.)* = a!^ + &c. (i): 
but we have also (e* - 1)" = «"* - n c^"^'*' + Jn (n - 1 ) e**^* - &c. (ii), 
in which each of the quantities «^, e^*^*^*, &c. may be expanded 
by [116], so that the whole coeff. of «** in (ii) will be 

1.2. ..r 1,2. ..r' '^ ■'l.2...r 
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but in (i) the coeE of ^e' is zero, if r<n, and it is 1, if ran; 
hence, since the two expressions for (tf - 1)" must be identical, 

fir - n(n - ly + Jn(n - 1) (n - 2>' - &c. = 0, if r < n, 

and n^'-nin- 1)*+ in (» - 1) (n - 2)" - &o. = 1.2.3 ... n. 

120. In the value of log,a = -4 = (a-l)-f (a- iy + &c., 
"write 1 + jp for a, and .'. :p for a - 1 ; 

then log«(l + «) = «- JiT* + J^ic* - {«* + &c (i), 

Hence we might proceed to find the logarithms of n^^nI)ers : 

thus log,2 = l-i + i-i + &c., = 1:2 "^ 33 "** 5:6 "*■ ^*^' 

but the series thus obtained are not sufficiently convergent, as it 
would take very many terms to obtain the logarithm accurately to 
6 or 7 decimal places. 

121. A more convergent series, however, may be obtained as 
follows from the above. 

Since log,(l + «)=» a? - ia:* + ^a:* - Ja;* + &c., 

.*. log, (1 -«) = -«- Ja:»-Ja:»-Jar*-&c., writing -» for «; 

1 +« 
and .-. log, (1 + «)-log, (1 -a?) or log, = 2 {« + Ja:» +|«* + &c.}. 

In this series w^te — ^ — for «, and .'. — for z ; 

* m + n ft l-x* 

/. log,-a2-{.-— - + 5 +- I ) +&c.y (a). 

a series, from which the logs, of low primes may be found. 
Thus log,2=2|i + 5 J, + ^. ^ + &c.} = .6931471806, 
as may be seen by taking nine term of the series. 

122. Again, if in (a) m » n + 1, we have 

log.2ii-log,(«+l)-log.«-2 {^ + 1. ^-^+&c.} .„ (7). 

a very convergent series, by means of which, having S^T^ the 
logarithm of one of two consecutive numbers, n and n + l, we 
may find that of the other. 

PABT II. E 
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Thu8 log,9-log,8 = 2 log,3-31og,2=2|^ + ^ + &c|; 

and by means of four terms of this series, having given log, 2 
above, we may find log,3 = 1.0986122884. 

And log,6 - log,4 = log,5 - 2 log,2 = 2 |g + ^ +&c.|. 

by taking Jim terms of which series we get log, 6 = 1.6094379122, 
and adding log« 2 to this, we have log, 10 = 2.3025850928, and 
thence, by common div", the modulus JIf = 14-log, 10 =.4342944819. 

123. Once more in (7) write n^ for n+1, and /. 2aj"-l for 2»+l; 

tlien log# jr:Y = 21og,a?-log,(«+l)-log,(a;-l) 

a very rapidly converging series, by means of which, having given 
the logs, of any two of three consecutive numbers, n + 1, n, n-1, 
we may find that of the other. 

Thus, taking the numbers 5, 6, 7, of which the logarithms of 
5 and 6 (= 2 x 3) are now known, we have 

2 log, 6 - log, 7 - log, 5 = 2 |1 + g-^ + &c.} , 

whence we may find log^ 7, &c. 

Or the same might be found by (7) as follows : 

log, 50 - log, 49, or (log, 2 + 2 log, 5) - 2 log, 7 = 2 {h + &c.}. 

124. By means of the above (or other similar formulse) a table 
of Napierian logs, may be formed; and then these may be con- 
verted into logs, to the base 10 or to any other base, by multiply- 
ing each by the proper modulus. 

Thus logio 2 = JIf log, 2 = .4342944819 X .6931471806 = .3010300 ; 
and so we might find, if desired, log, 2 = (1 4- log, 3) x log, 2. 

Or having once obtained log, 10 and, by means of it» the 
moduiust we may write at once in (a) 

and so we get, corresponding to the formul® (/?), (7), (d), above, 
log„m = 2Jlf 1^ +&c.}, log^(n+l)-log„n = 23f 1^^ +&c.}, 

and 2 log,^* - logwC* + 1)- logjjar - 1) = 2Jf j^jii j +&c.j , 

and thus may calculate inmiediately the conmion logarithms^ with- 
out finding the Napierian. 
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125. We are now able to prove the statement made in [114]. 
For 3«log«,(iV+iO-log,JV«log„^ = Jflog,(l+^) 

= by (i) J^^ji" ^®7 " JV" ^ ^^^^* 

when d is small compared with N: that isi iced, or the increase 
of the log. is proportional to the increase of the number. 

AIm) D - log^ -^- => JIf log, (l + jjr) * jy ^««ly 5 

now 3f= .43 &c., and is .-. < i, while iV, if a number of five 
pkces, is > 10000; hence it follows that D < ^^ < .00005 in 

every case, and /. — — - would at the utmost only have its first 

significant figure in the eighth place of decimals, and so 7 ..^ 

(see [115]) could only, if at all, afiect the seventh or last figure of 
the mantissa, but would not generally a£fect it at all : thus to 7 places 
of decimals the logs, of 35714.23 and 35714.232198 &c would 
probably coincide, the difil appearing in the 8^ and following 
places. Hence with Tables which give mantiss® only to 7 figures, 
we can only expect to find the numbers which correspond to given 
logs, correct in their first seven figures. 

126. Equations of the following kind, in whidi the unknown 
quantity oceans in the form of an index, are called Bxpaneniial 
Equations, and usually require logarithms for their solution. 

Ex.1. a« = 6. Herexloga-log6,or^ = j??^, 
Ex.2. 2". 5**^» = 4»«. 3^". °^^ 

Here &rlog2 + (2x-l)log6s 5rlog4 + (x-pl) logS, 

a lOar log 2 + (0 + 1) log 3 1 
or x{2 log 5 - 7 log 2 - log 3) « log 3 + log 5, 
1.1760913 1.1760913 ^^ 

Ex. 26« 

1. ay = c. 2, «*' = c. 3, 5* = 800. 4. (7«T»*^- 

5:ifl^ = e, my^nx. 6. (a + i)" (a« - ^r* = (« " *)•*• 

7. aJ* -«-*=: 3 (1 + x-^, 8, (2jr x 5»« - (Hr' x (IJ)*-. 

9. «» = /, «- = y*. 10, a** + a«' = a^ 11. i^ + a-^^b. 

b2 
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CHAPTER VIII, 



DOTATION, INTEREST, &C. 

127. A No. hfx any scale may be multiplied by any power of 
the radix of that acale, by annexing as many cyphers as th»e are 
units in its index. 

For if N^ay + a^i*^* + &c. + o„, 

then iV.fP = «„r*«*» + a^^r^^p^ + &c. + a^, 

where the c^eflT* qf Tf'\ r^-^ &c. being wanting, we shall have 
cyphers in the places of the corresponding digits. 
This is, of course, the case in Arithmetic with any power of 10^ 

128. The greatest No, that can he expreued with n digits in the 
scale qfr m r* - 1, M« least is r*"'. 

For N will be greatest, when p^^ p^^^ &c. have each of them 
their greatest possible value, i.e. r - 1 ; so that 

iV= (r - 1) (r^»+ r*^ + &c. + r" + r + 1) = r» - 1 ; 
and least when p^^ = 1, and p^,^ p^^ &c. aU vanish, so that N= r^\ 

Ex. The greatest and least Nos. that can be expressed in the 
scale of 7 with 7 digits, are 7'- 1 and 7*, or 82354^ and 117649, 
which, expressed in the scale of 7, are 6666666 and 1000000. 

129. Since 10 is div. by 2, 10* or 100 by 4, 10» or 1000 by 8, 
&c., it will be seen that whenever the No. expressed by the last 
one, two, three, &c. digits of any common No. is div. by 2, 4, 8, &c. 
the No. itself will be so divisible. Thus 28456 may be written 
23 X 1000 + 456, and is therefore div. by 8, since 456 is so divisible. 
(See Arithmetic, p. 20, Note.) 

Generally, any common No. is div. by ^, if the ^o. expressed 
by the \astp digits be so divisible. 

130. It follows from [9] that if N = p^^ +i?»V^*+ &P. be 
divided algebraically by r - a, the rem^ thus obtained, or Ji^ will 
be p^^c^ + p^/C"^ + &c. Hence 

(i) if a = 1, then R = Pn.x^ Pn^-\^ &c. » the sum of the digits; 
and therefore (supposing a = 10) any common number and the 
sum of its digits, when divided by 9, wiU leave the same rem' : 
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(ii) if a « - 1, then ± B = J*«_, - J*»., + &6i} and, therefore) any 
Common numher and the di£ of its digits in odd and eten places, 
yrhen divided by 11, will leave the same rem'. 

Hence any common No. will be divisible exactly by 9 or 11, 
if the sum of its digits in the one case, or the difil of its odd 
and even digits in the other, be so divisible. The former of these 
statements manifestly comprehends a similar statement for 3 as 
well as 0. (See ArUhmeUc, as before.) 

131. Hence we may prove the common process of oaiting out 
«l«nes, in order to test the truth of a sum in Midt*'. (ArithmetiCf p. 6.) 

For let P and Q be any two Nos.; and let P = 9p + a, Qb 9; + /3, 
where a, ^, the rem^* upon dividing P and Q by 9, may be foimd 
[130] by adding theJSgures of P and Q, and dividing the results 
by 9. Set these dovm in the upper and lower angles of a cross, and 
then, dividing a/3 by 9, set dovm the rem' in a third angle of the 
bross^ 

Now PQ « 81p^ + daq + 9 ftp + a/3 ; and, therefore, the rem' upon 

diVidiilg PQ, the product of P and Q, or [130] the sum of the 

figures in PQ, by 9, will be the same as that left on dividing a/3 

by 9. Set this rem' then in the fourth angle of the cross: it 

should be the same as that just before set dovm in the third. 

This method, however, only shews when we are wrong, but not 
always that we are right, in our sum ; for if we have omitted a 9, 
or any multiple of 9, or misplaced figures, &c., these errors would 
hot be detected by it. 

132. So too we may prove a sum in Division. {Ari^imehe, p. 9.) 

For let 2) be the dividend : P, Q, the divisor and quotient, R 
the rem'i then D « PQ + JS, and D - J2 = PQ: hence D - J2 is 
the product of P and Q ; therefore, by [l3l], cast out nines from 
P and Q, and let the rem'* be a, /3 ; then cast out nines from a/3, 
and from D - J2, and the rem'* will be the same. 

The method will apply also to cases of Involution and Evolution, 
observing in the latter to subtract the rem' (if any) from the given 
number, as in the case of Div** : thus if 2) be the given number, 
Q its square root with rem' R, then D- R- Q"; therefore, cast* 
ing nines out of Q with rem' a, and then out of cm or a*, the rem' 
from the latter will be the game as from D- B. 
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133. It k plain tliat the same tents may be similarly shewn to 
•{^ly in any soatei upon jcasting out tbe coriei^nding value of r - 1* 

jr^- <""^ " *' >|. ^- »i^. ^' 

wbere (i) for 68 x 71 ■« 4378 {tmd.) we cast out the teiu: 
(ii) for 82 X 86 « 7823 (mom.) we cast out the eijihUt 
(iii) subtracting first the rem% 

for 93^340 7^14 = 310 {quin.) we cast out the^r«/ 
(It) substituting first the rem% 

for 1^2024 = 252 f 252 (sen.) we cast out ihejkea. 

134. Hitherto we have spoken only of integral Nos.; but we 
may extend the process to Jractional ones by introducing negative 
powers of the index, that is, we may express any No. whateveri 
by means of any given radix r, in the form 

where ^^ q^ &c. are used to express the digits to the right of a^ 
each of which, like the others, will be < f . We need only con- 
sider the case of a proper fraction; for the integral part (^ any) 
of a given No. may be expressed as before. 

Let -r be such a fraction, and = fi'i + t > ^. = ^t + t » &c. 



Qv ?■' ^^ being the integral quotients, and r|, r^ &c. the re- 
mainders, obtained by dividing axr^r^^^xr, &c., successively by h : 
then, since a, r,, &c. are each ^ 6, .*. ^i, 9,, &c. are each < r, and 

d r r 6 r r\r r hi r r r h ^^ " 

Ex. Express 56,^^3 in the nonary scale. 
Here 56 = 62 (nonary) ; and for f^ we have, as above, 
7x9 ... 11x9 ^. 8x9 _- 7x9 .... 

after which the same quantities will evidently recur continually : hence 
56A = 6x 9 + 2 + 4x9-» + 7 x9^ + 5x 9^ + 4x9-* + &c. 

or, as such a quantity is usually written, « 62.47547^ &c. = 62.47i^, 
the dots being used both after the units-figure, and to express the 
circulation, just as in common decimals, which, it is plain, are only 
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a particular case of the above, when r = 10. And all such quan- 
tities may be dealt with in Addition, &c., exactly like common 
Decimals, only taking account of the yalue of the radix. 

135. We may, in &ct, operate upon ^ just as we do to bring a 

Vulgar Fraction to a Decimal, if we express first its num' and dem 

in the nonary scale : thus f-^ » f^ in the nonary, (observe, not i, for 

14 is not here fourteen,) with which we proceed as below. 

14) 7*0 (.475 It will be seen that we here multiply the original 

^7 num' .and each rem' successively (just as in the case 

120 of a Vulgar Fraction) by 10 (that is, precisely in 

_- accordance with the foregoing rule, by the radix r, 

iji in this case nine;) and then the figures in the quo- 

-M tient, being the successive iniegral-quotiente, are the 

digits in order, as before. 

Ex. Express ^^ and .5 in the scale of 7. 

Here ^ » i^^ (septenary) « .142 : and for .5 we may use 
either of the methods, which have been above given : 
thus .5 » J- (denary) » ^ (septenary) « .333 &c.; or thus, .6 
which gives the same result, taking for digits the integral * 
figures 3, 3, &c.y obtained in this process, which, it is easily "^-^ 
seen, consists in multiplying (according to the rule) the num' — . 
of the original fraction f^ and each rem' by 7, and dividing '^ 
by the den' 10, the division being indicated by the decimal point. 

136. It will be seen that the results of (190-193), in which, 
from their being so commonly in use, we have spoken expressly of 
decimal fractions, may be applied to fractions in any scale whatever 
by considering 10 to stand for 1 x r + 0, that is for any radix r. 

The ekKtement, however, of (193) must be modified for other 
scales, though Reproof holds good for all : thus in the scale of 4, 
10> - 1 will be expressed by q threes, in that of 8 by ^ sevens, &e. 

137. The last result might hare been proved as follows : 

-Z + ^ -l?Ln46^-:?.+ ^_ ^(10*.P+Q)-P 
""lOP 10iH<*10«-l^ '"lOi' 10«>(10«-1) 10p(10«-1) ' 

where it will be observed that, in the ntun^ lO^.P + Q is the same 

quantity as was expressed in (193) by PQ, 

Ex. 2.5X.03 (senary) =.123, *0725 (nonary) = ,Vo^©=eVA(denary> 
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138. 2b shew that in the ease €f an inredueUde fraetumt the 
Jtgttres of the equivalent decimal must return and the nunAer of 
figurss in the period must he less thtm ike denominaiori 

For [134] if lli^ = yi + J,!i^-g. + J, &e., then the 

integral quotients q^^ q^ &c will be the suoceBsiTe figures of the 
decimaL Now here, whenever any one of the tern'* is repeated, it 
' is plain that the following quotient and rem' will also be repeated, 
and therefore the following again, and so on; that is, the period 
will begin : and, therefore, as the rem", (the divisor being &,) can 
only be 1, 2, 3, &c (b - 1), it follows that there might be 6 > 1 diffe- 
rent rem**, i,e. there might be & - 1 figures in the period, but no more. 

139. If 6 be prime to 10| the period willbegin immediately after 
the decimal point. 

For suppose the same rem' r^ to come over again, so that 
*•»«= r^ ; then 10r^i= bq^ + r«, lOr^j- hq^ + r«; /. since r^ = r^ 
we have 10 (r^^ ^ r^^ a h (q^ ^ q^ which equation (since h is 
prime to 10) can only be satisfied by the quantities, r^| ^ r^|, 
9m '^ 9n» being either each zero, or equimultiples of h and 10. 
But each of the rem" must be < the div' 5, and each of the quo- 
tients [138] must be < 10; hence r^^^^r^y must be <&, and q^^'^q^ 
must be < 10, and .*. we must have each of these differences = zero, 
that is, r^i = r^^, q^ = q^ 

Hence, in like manner, we shall have also r^, a r,^^ r,^ « r^g, &c, 
till we come back to a « ^n^\ so that the original ntmi' is re- 
peated, and the period begins with the first digit after the point, 

140. If 6 be of the form 2"'5% then the period will'begin after 
the m^ or n^ decimal place, according as m or it is greatest, and 
will consist of not more than c - 1 figures. 



For (Supposing m > fi) we have rr « ' ■; now -^ may be 

converted into a decimal, in which (since e is prime to a, and also to 
10, and therefore to 6"*~") the period will begin immediately after the 

point, and will consist of not more than c - 1 digits ; and in ' ■, 

the effect of the additional factor in the den' will be only to carry 
the decimal point m places to the right. Similarly, if n > m. 
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N3. ^This assumes that if -^ should be a mixed No., the 

c 

num' of the proper fraction it contains will still be prime to c, 

lAace it is only to this fraction that [139] refers. This is easily 

seen ; for let any fraction t "= 9 + r , and suppose ? reducible, so 

t^at r and h have a common measure, d; thett (63) d will also 
divide qh-hr or a, and therefore a could not have been prime to 5. 

141. It is plaul from (194) that in the scales of Oy 7, 8, &c. all 
fractions can be expressed With terminating digits, whose den" are 
of the form 2*^3'*, 7"*, 2"^, respectively. This shews the advantage 
of taking a comjHfsitef No. as radix, since it alloWs of more fractions 
being expressed with terminating digits. Moreover,- it is plain that 
wiOdn given Umits more Nos. will be^ foimd of the form 2"'3'*, than 
of the form 2"*5" : hence 6 would have been preferable to 10 in this 
respect, but would be inconveniently small 88 tf radix for expressing 
large Nos. Tlie radix 12, however, whidh'is composed of the same 
small &ctors, 2 and 3, is not liable to VM tome objection ; and is 
perhaps the best that could have been chosen. Almost all nations 
however, probably from reference to the fingers, have chosen to 
reckon by a decimal notation. 

142. Since 1 ft = 12 in./ this suggests the employment of the 
duodecimal scale, in the calculation of lengths, areas, and solids. 

Ex. Find the aires of a floor, 30 ft. 3 in. long by 18 ft. 7 in. wide. 

26.3 Here the length and breadth, expressed duo*- 

\ / ^^*^ decimally, are 26.3 ft and 16.7 ftj^ and to prove 

/\ ^^"^ ^ *^® result, we have cast out ehvena by the side. 

/3\ ^1^^ Since 3tt (duod.) = 562 (den.), and .19 or ^^-^ 

o^T-jo (duod.) = 1V4 (den.), we may write the Answer 

(noticing that 1 sq. in. = y^ sq. fL ) 562 sq. ft 21 in.; 

or we may denote it thus 562. T. 9'', wher^ T, 6'^, (read 1 minute, 

9 second^ denote Z^, -rf^, respfectively. 

£s.- ay. 

]■. fixptess and multiply* together f , 2 £^2, Z^ m th^ senary scaler 
2^ Ei^ress .04$ (quinary) ftfid .26^1 (septenary) as fractions. 
3. Express 23.32 in l&e quat, oct, and duodenary scales. 
4 J Express i^ in the biaary, ternary, and undenary scales. 
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ff. Express }f, 2}|^y ff^ in the senary and duodenary sades: 
multiply th^m together ill eadh scale, and transform each result to 
the oth«r scale* 

6. Keduce .06Ji to a Tulgiar fraCtioDy supposing it to he a numher 
given in each of the first four scales which employ the digit 6. 

7. Find the area of a floor 20 ft. lOuL long by 13ft. 4in. broad, 
and find the sMe and diagonal of a square of the same dimensions. 

8. How many yards of matting, 2ft« 3 in. wide^ wiU be wanted 
for a square room, whose side is 18 ft. 9 in.? 

9. What is the length of a room, whose breadth is 11 ft. 11 in*, 
and which it takes 17 sq. yds. 2 ft. 131 in. of drugget to cover P 

10. How many cubic ft of water may be contained in a vessel 
with square base, whose side is 6 ft. and height 1 ft 5 in.P 

11. Find the solid content of a beam of timber 15 ft long, 
2ft. 3in. wide, and 1 fL 2iin. thick. 

12. What is the length of a room, whose width is 10 ft. 4 in^ and 
height 10 ft. 6 in., and which contains 3038 cubic ft. of air P 



143* If two Nos., P had Q, have p and q digits respectively, 
their product PQ will have either |» + ^ or j9 + ^ - 1. 

For by [128] PQ < »*. r« and > rP-K r«-\ that is, < r?** and >f*^'*; 
and therefore will have^ -^qorp + q-l digits. 

So, if R have r digits, then PQR < r^H^ > r^*' s, and therefore 
will ha.\ep + j + r, or^ + j + r - 1, or j? + y + r - 2 digits. 

And, generally^ if there be m Nos., the sum of whose digits 
1> 4- g + r + &c. = n, then their continued product will have from 
!• to n - (iti - 1) digits. 

144. On the same supposition, P -t Q will have p - q ot 
/> - 9 + 1 digits. 

For P T < r** 4- r«-* and > »*■» 4- f«, that is, < H*-*** and > H*-*-*, 
and therefore will have/^ -gor/^-g + l digits. 

N.B. The preceding reasonings will evidently hold, if any of 
p, q, &c. should be negativet in which case there would be no digits 
in the corresponding No. to the left of tho point t thus if a number 
i^ begins with q^ the third right-hand digit, then N< r~'> r^, and 
the above reasoning would apply, by taking - 2, for the No. of 
digits in If, that is, by considering it to> hare as many digits 
negativ^^ as it has cyphers After the point 
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145. Hendr (r a No. Nhuve n digits, N' will have 2n or 2fi- 1, 
jys will have dn, 3n - 1, or Sn ~2, &c.; and, generally, iV"* will 
have from mn to mn - (m - 1) digits. 

Again, if ^NhAye x digits, then iV will have 2a; or 2x - 1 ; .*. fi is 
either 2d? or 2d; - 1, and dp = |^ n or |(fi + 1), whichever is integral. 

So if v^iV'have x digits, then n is either Zx, or 3d; - 1, or 3d; - 2 ; 
and d; = I n, or |(fi + 1), or |^ (n + 2), whichever is integral. 

Aft Ai I 1 

And, generally, if V^ have x digits, then d; = — , or , &c. 

tn tn 



^ *, whichever is int^pral. 



or 

m 



It will be observed that the above values for d;, in the case of the 
square and cube root, correspond, as they should, to the No. of 
dots obtained hj pointing (51, 55). 

146. In (198) if the Int be paid half-yearly, then J2 == 1 + ir, 
and the No. of payments is 2»; .*. 3f = P (1 + ir)**: or, if it be 

paid every m^ part of a year, M^P f 1 + — j , which=Pfl*^ [1171 

if m be supposed infinitely great, or the Int. paid every moment. 

147. To find the Amount of an annuity (A) for n years, (i) at 
Simple, (ii) at Compound Interest, 

(i) The !•* Ann. bears int for (n- 1) yrsj .-. M=A{l^r{n-l)}; 
2nd ..... (»-2) . . =^{l+r(«-2)}; 
&C. 4 .... . &c. . • =&c. 
Ifth . . =^5 

/. whole amount = »i^ + {1 +2+&c. + (n-1)} r^ « «^ + Jn (n - 1) rA. 
(ii) The Whole amount = -4 (1 + J2 + &c. + i2^') = A . ^^- . 

148. In practice, it is most common to reckon as the present 
value of an Annuity that sum, whose improved value for the given 
time would equal the amount of the Annuity at the end of it 

If this be r, then (i) F(l+nr) = n^ +in(n-l)r^; 

(Ii) Vir^A.^^^,or r=^.^i^-:^(i-jr). 

Hence, if P be the fine on renewal of a lease for n years, it may 
be converted into rent: for if ^ be the additional rent, then 
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If the annuity be perpetual^ (as, for instance, if it be the rent of 

a freehold estate) then, putting n = oo , we have F^ — . 

r 

If it be a revenumary annuity, that is, one to begin aftei" a ($Mdin 

number of jrears^ m suppose, then F=s F. - F^, =— . {Jf*- jS^}* 

r 

or for a tiei^etuity, ss F^ « — . 2^* s — . -. -. . 

r r r(l + r)** 

149. £tut nCiW suppose lire estimate it otherwise, as follows, by- 
calculating the present Taluir c^ 0adh Annuity as it becomes pay 

able. Thus we haTe 

A A 

V^ s present yalue of 1*^ Annuity = (i) , or (ii) •= , 

1 + r A 

&c &c &c. . . &c. 

/. F= present valiie of whole Annuity « ^i + ^ + &c. 

:^(i) A [^ + ^ +&C.+--L.) , or (fi) 4 . ?=? = - (i-JT*)* 
ll+r l+2r l+»rj ^ 'It J2-1 r ^ ' 

It appears then that at Compound Interest, (which is the case^ 
usually met with in aetual practice) the present value of an 
Annuity, on whichever hypothesis we calculate it, would be the 
same; but not so, at Simple Interest It is easy to shew the 
reason of this, and, in fact, to see that the latter it not a correct 
mode of estimating the Present Value of the Annuity. 

For, V^ {Simple Int.) is indeed the present value of a sum P, 
payable at the end of a year, but not if afterwards P is to be 
continued at interest for any time ; since, though V^ + its in^ for 
a year = P, yet as the Int is not added to the principal/ it would 
still be only Fj that was besffing Int. in the one case, whereas 
it would be P in the other, that is, in the actual case of the 
Annuity. Of course, this is not the case at Comp. Int., in which 
at the yelar's end F| with its Int, or P, becomes the pcinciiMd for 
the second year. 

100 1 Squation of Payments. A sum P is difer dt- the end of 
time t, alid P at the end of time f; to find the time at which both 
sums shchild be paid together, at SiitrpI^ Interest 
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Let X be the time; then the interest on P, which is paid after 

ife time, should s the discount on P*, which is paid before its time ; 

P'r (If — x\ 
or Pr (x-t)^ ^ — ^. — ' , from which quadratic x may be found. 

In practice, however, it is usual to reckon the interest instead of 
discoimt in the latter case ; when we shall have 

F(x - <) = F(^ - «), or x(JP + P) = P« + Pf. 
Generally, if there be n sums Pff P„ &c. due at the end of 
times t^f t^ &c., and if « be the equated time, on this latter sup- 
position, for payment of the whole sum P^-^ P^-^ &c. or 2 (P), 
then the amount of S (P) for time x ought to equal the sum of 
the amounts of the separate sums for their separate times, that is 
2(P){l+raj}=«P,(l + r*J + P,(l + rg + &c. = 2(P) + rS(P«); 

/. af.S(P) = 2(P«). 

if, however, we wish to get the strict result in this case, we 

P P 

fi(hall have the present value of P^ = ^ — i^, of P, = ^ — "- , &c.; 

let S=awoa. of these ; then 8 should = present v&lue of S(P), due 
at the end of X years : .*. 2(P) = /S' (1 + tx), whibh gives x. 

151. In the solution of questions on Interest, Logarithms are 
often required, as in some of the following Examples. 

Ex. 1. Find the amount of £100 in 50 years, at 5 per cent 
Comp. Int. 

Here 3f= PIT; .-. log Jf=logP+« logii=log 100+50 log (l.Oo) 
= 2 + 50 X (.0211893) » 3.0594650^ (where we obtain log 1.05 from 
the Table in p. 64, by observing that 105 s 3 x 5 x 7,) which being 
log 1146.74, we have M= £1146 14s lOd nearly. 

Ex. 2. In how many years will a slim of money increase m-fold 

at Comp. Int.? 

Here Jlf = mP = P22"; 

.*. m » J2", log m s >i log S, a&d fi s log iM -f log IL 

Thus to find when a sum* will double itself at 5 per cent : 

i. o T> , /^x A log 2 .3010300 , , ^ 

here m = 2, ii = 1.05 ; and n = ^^^ ^ ^^11893 = ^^'^ ^^^ 

Ex. 3.' How many years^ pure^Mse should be given for an estate. 

Money making 5 per cent.? 

A A 
Here [147] r= -= ~ =20^; fhiit k, the estate is worth 
*■ r .05 

20 times the rent, or, as it is said, is worth 20 years' purchase. 
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Ex. as. 

1. In what time at 6 per cent Comp. Int will £100 amount to 
£1000? 

2. What will £50 amount to at 5 per cent Comp. Lit, in 10 yrs, 
interest paid half-yearly? 

(Given log 8193 = 3.9134430, log 8.1931 « .9134483.) 
8. How long will a sum take to douhle itself at 4 per cent, 
(i) at Simp. Int, (ii) at Comp. Int? 

4. What is the amount of a farthing at 6 per cent Comp. Int for 
100 yrs ? (Given log 8836=3.9462567, log 8.8361 «. 9462606.) 

5. A leaves B £1000 a year to accumulate for 3 years at 4 per 
cent Comp. Int: what sum will B have to receive ? 

6. Find the present value of the above legacy. 

7. How many years' purchase should be given for a freehold 
estate at 4 per cent, Comp. Int? 

8. What is the present value at 9 per cent of an estate of £1000 
a year, (i) to be entered on immediately, (ii) after 3 years ? 

9. The reversion of a freehold estate of £882 per annum, to 
commence two years hence, is to be sold: find its present 
value at 5 per cent, Comp. Int 

10. A banker borrows at 3^ per cent, interest payable yearly : he 
lends at 5 per cent, interest payable quarterly, and gains 
thus £441 in a year: how much does he borrow? 

11. The rent of a farm is £^, and a fine of £P- is required for 
a lease of n years: what ought to be the fine for one of 
(w + n) years? 

12. An annuity of £1000 fcnr 4 years is left between A and B 
in the proportion of their ages 25 and 16, and they arrange 
accordingly that A shall have it the first two years, and B the 
other two : find the present value of each legacy at C!omp. Int 
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CHAPTER IX. 



COMTDTOED FRACTIONS. 

152. Eyery expression of the fonn a±~-^ , or, as we shall write 

h d ^ - ^^' 

it, a ± —7 — - o f is called a Continued Fraction, and is said to be 
e±e± &c. 

rationat or irrational, as the n^ of its terms is^ni^ or infinite. 

The Fractions, however, of this kind with which we have com- 
monly to do, and to which the following remarks will be restricted, 

are of the form a + 7— 1 oro+r ^ , where a, h, c, &c. 

+ — 7" « + c + ofc. 

are 2XL positive numerical integers, 

153. To convert any given fraction to a continued firaction, 

tn 
Let — be the given fraction : divide m by n, with quotient a and 
11 

tern' p, nhy p with quotient b and rem^* q, and so on, as in the 
process for finding the o. c.lf. of m and n : 

, m P n I 9 P ^ o J*'* 1 1 
then — =«+^,- = ft + -,- = c + -, &c. and — = a + r ^— , 

n n p p q q n 0+c + &c. 

where, of course, if m be less than n, the first quotient a will be zero. 

Now since, by following the process for the O.C.M., we must 
always come at kst to a rem' zero, it follows that any commensu- 
rable fraction may always be converted to a terminating, or, as it 
has been called above, a rational continued fraction. 

Ex. Reduce ^3^^ and f^ to continued fractions. 

389) 1051 (3 „ ,., 1051 , 1 , ,111 

OQT Here iii =3 + — 1 ^=3+ -; 

^87 ^"^^329 ''^s+^l 5+7 + 9' 

64) 329 (5 7 + 9 

^ .... 329 1111 

»)^(^ ^"^-osT'r+r+r+S' 

T\ o t€% ^® ^^ quotient being zero* 

Ex. 09. 
Reduce to continued fractions 
1. «. 2. W. 3. m. 4. W. 5. H. 6. -1^^. 7. A*,. 8. JH* 

9.«f 10.HW. n.Ktt- 12. «a^. 
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154. To eonvert a quadratic aurd to a continued fraetion, 

A Burd cannot, of coime, be expressed as a terminating con- 
tinued fraction $ since then, by the mere labour of performing the! 
operations, this might be reduced to the form of a conmion fraction, 
or the surd be expressed as a commensurable quantity. The 
method, howeter, of conyerting a quadratic surd to an irraUtmal 
continued fraction, may be best seen by the following example, the 
steps of which are explained below. 

fix. V^=3.(V7-2).a.-^.^^U^ = U^, 

V7 + 1 J.V7-1 8 V7 + 1 ,^V7-2..^ 1 . 

^~ — =» V7 + 2 = 4 + -T= — jr, by taking the value ot V7 
from the first step, after which the same quotients will be repeated ; 

.•.V7.2.A * ' ' * 



l + l4l + 4-t'l+&e. 

^Explanation, In the first step, 2 is set down as the greatest 

integer in V7> and then the quantity V^ - 2 is both mult and diy. 

/7 + 2 3 

by V7 + 2; in the second step, ^—x — is the reciprocal of -^= — ^,- 

just obtuned, 1 is the greatest int. in . , which =1 + f ^^-- 1 J 

/7 — 1 /7 — 1 

= 1 + '^ " ; and then " ^ ~ — is both riiuli arid div. by V7 + 1 ; 
o o 

and so on.] 

It will be obseryed that the quotients begin to recur, as soon as 
we have come to a quotient double of the first : this, we shi^ shew 
hereafter, will always be the cafe. 

Ex. ao. 

Express as continued fractions 

1. V^. 21. V6. 8. V8- -*• Vll^. 5. Vi2. 6. V13. 

7. VI»- B. V21. 9. V22. Id. V23. 11. V33. 12. V6«. 



165. We shall now explain certain x^emarkable pr^)ertie8 6f the 

tontinued ftiEUstioif x^a-^ r" . » ^ » 

6+ c + &d. 
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^e fractions fonned by taking one, two, three, &<L of the quo- 
tients a, by e, &C. 

. a I oft + l . 1 e o^e + a + c a v 

(a.«- j.« + 3= -j-,«. + — j- + j^j- -j^^^.ic). 

e 
are called converging fractions, because, as will be seen, they 
approach more and more nearly to the value of x. At present, it is 
tgA once plain that they are alternately less and greater than the 

true Talue of xz thus a is too small, a + -s is too great, because 
part of the den' is omitted, a + «— v is ^^oo small, because 5 + > is 
too great ; and so on. e 

If acheless than 1, we shall have a sO, and the first convergent will 

be ' . If we begin to reckon with t or - in all cases, we may state 

the above Law as follows : The convergents of an odd order are all 
lesM and of an even order greater than the true value of the fraction. 

156. From a given continued fraction to obtain the corresponding 
eeries of converging fracHone, 

If we consider the first three convergents in [155], we shall 
see that the num' of the third fraction o&c-f a +e, -c (a5+ l)+a, 
that is, it may be formed by mult the numr ot tne second by the 
third quotient, and adding m the num' of the^s^ .* and similarly 
for the den'. 

Let then - , ^, ,•£, , be any three Consecutive Contergents, with 
9 9 9 
quotients m, m', m'% and suppose the above Law to hold good for the 

«'" 
last of these, so that|i* = my +p, g^ = mY + ?• Now—: differs 

from^ only in taking in another quotient m"", and may therefore 

be obtained from-^ by merely writing in it m"+ —- for m"; hence 

9 *» 

^^ 1..,. J^- T ^iiir)^^^ _in-(my + j9)4y n^y±p' 
we nave ^, (,1^ + i. W - - " '^""^'^V + ?) + ff' »»'V + 9 ' 



^9 



that is, the Law still holds good; and, having been shewn to be 
true f(»r the third convergent, it is therefore generally true. 
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Ex. 1. In [153 Ex. L] we have quotients 8, 5, 7, 9, oonTCVgentt 
h ¥> W> ^¥; ^here the first two are formed from 3, 8 + Jj 

and then the third = = — - — — , and the fonrth « -^ — ^s — =-. 

7x6 + 1 9x36 + 5 

In (ii) we have quotients 0,8, 5, 7,9, convergents i,i, f-^, ^^f ^«\. 

We might have set ^ in each ease as the^<^ conyergent, (that 
is, hefore f or f respectively,) since it would be found that the third 
convergent would still be formed from the^«^ and second, accord* 
ing to tlie Law above stated, upon which fact alone the reasoning 
of this Art. depends. TVe shall not, however, give ^ or f in the Ans^*. 

Ex. 2. In [154 Ex.] we have quotients 2, 1, 1, 1, 4, 1, 1, 1, &c 
convergents J, ^, f , f , f , fj, f f , f}, \^, &c., which fractions are 
all nearer and nearer approximations to the value of V*^, and 
alternately greater and less than it* 

Ex. 31. 

Obtain the converging fractions to the value of 

1. AS. 2. fff. 3. m. 4. «?. «. ««. 6- im- 

Obtain the convergents, with only two figures in the den% which 
approach nearest to the value of 
7. VIO. 8. V14. 9. V15. 10. Vn. 11. ^/lS. 12. V20. 

P p' 1 P P' 1 

157. ff~9 — „ he eanseeutive convergents, then t.^£.^ — -, 

q q q q qq 

or pq' ^-^ P'q = !• 
We see that this Law holds with the first two fractions, -r , — ^ — : 

assume that it holds with ^,^i 

9 i 
thenji^j^ ^1>V' = (my +/>) ^^^ (wY + ?) = W?' '^l^'fi' = 1 ; 

that is, the Law still holds, and will therefore be generally true. 
In forming a series of converging fractions, this is a useful test 

to try the accuracy of the work, being so very easy of application. 
Thus in [156 Ex. 2] 

3 5^2. ^ ®-li ® ?? J- ?! 1!? -1 & 
1 2 1.2* 2"3''2.3' 3""l4*'3.14' 14 "" 17 "^ 14.17 ' *^' 

Cob. 1. Hence every converging fraction — is in its lowest 

terms : for if p and q had any common measure, it would also (68) 
be a measure of jp^ '^P9 oi" unity. 

Cor. 2. Hence we may always (when possible) find one solution 
of the Indeterminate Equation of the first degree, axJ^hy^e. 
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For convert ? to a continued fraction, and let^ be tke con- 
vergent last but onej then aq^hp^l, or acq ^ \c]^ « e, bo that 
''"±<^»y = T<sP' isasolution, and may be used for a and /9 in (138). 

Ex. ISjc •«- 7y => 127. 
7) 18 (2 Here we have quotients 2, 1, 1, 3, 

^ convergents J, f , f , f , V» a^^d 18.2 - 7.5 = 1 : 

4) 7 (1 hence 18 (254) - 7 (635) = 127 = 18« + 7y ; 

\ .M8 (254 - a:) = 7 (y + 635), 

*>*^^ and264-a? = 7<, or«»264-7< = 2l j. 

r)3(3 y + 635 = 18^ y = 18^-635 = 13/ "^'^''• 

The above is a useful method, whenever the value of e is smaU: 
otherwise, as in the above instance, it leads to large numbers. 

158. ITie successive cotwergents approach more and more nearly 
tQ the true value of the continued fraction. 

Let -,^>^» be consecutive convergents to the value of x. 

Now X differs from ^, only by taking instead of ml* the complete 
quotient m" + -=--= Jf suppose, which is always greater than unity ; 



&c. 

■^"mV + j' "" ""' M^ + q 



smce -^ « ,f, . » we nave x = ^ , , ■ -| 



p Mj p^^pfq) M pi _ 1 

Now 3f>l, and g'<a'; .*. on both accounts, - /-»a:>a:*-/"^, that is, 

'^ is nearer to x than - is, one being > [155] and the other < than it. 

CoE. Hence also it follows that - x ^ , >«", accordmg as ^ ^ a:: 

far,(155)if ^ >«, then^ : »>a? :-^', or^ >«■; 
J J q qq 

and, if ^ < «, then - ix<x:^, or^ < «*. 

159. 2%e error iwa<fom^Mw'P/orxfttf«66ftwen — ,^^Z7ZTZ^ 

^q^ qq q(q^"q) 

Forri581-*^««-r¥r:: — r=— —, and w .'.<--; but > - .. ^ .. 
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COB^ 1 . Since ^ < g^, we hare also, aforiiorif the error <^ -^ , > -^^ » 

which limits, dn accouilt of their simplicity, are preferable in practice. 

Cob 2. If we wish to find a conTergent ^, differing from x in 

Talue by a quantity less than any given quantity 1 f a, we must con-i 
tinue the series uiltil we come to one. Whose den^ q ^ V^ 

Ex. ixL [156 Ex. 2] If = 2.645161, being one of the emn fractions 
is lew than V? ; and the error made in taking it tor tne tr^e value 

" < (3l7' =* 2W' *^ " "" 9SI' > 4^' ""^ " ■^'*^^' 

< -^r;;;; o^.DOl, > "TKir^ ^^ 0002, from wMch WO SCO that it will riot 
900 oOOO 

affect the third place of decimals, so that V7 - 2.645. 

160. Those convergenU tohich immediately precede large quotiente 
are near approximations to the true value of the continued /huHon. 

For[157]£w-e'=-l, ^--J^-^.^and^-mY + ^iandis 

therefore much greater than q if m" be large^ that is, -r-p, is much 

less than — ^, or^ differs much less from^ than it does from ^: 
q^ q' ^ ^ „ « 

and therefore x^ which lies between -^ and ^, and also between 
-2. and -?-, ( ^ and ^ being both greater, or hiOh less, than ^, and x\ 
must be much nearer to ^ than to — . 

161. Any convergent ^ approach more nearly to the value of z 

th4in any other fraction whatsoever, whose detC is less than q. 

Let - be a fraction intermediate in value between ^ and x t 
s q 

if this fraction be one of the convergents, the proposition is already 

, , r p 

proved by [158] : but, if not, since- lies between tl and x, it Kes, 

-J • 9 

a fortiori, between— and ^-^ since x lies between them: hence 

- '-''?.<•? ^^ < -— , or rg^ ^p's < -, which is impossible if « be 
s ^ q q q^ q 

less than q, since r, «, p\ q' are all integers^ 
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162. The following examples of the use of Continued Fractions 
are also noticeable. 

Ex. 1. To approximate to the roots of«*-fo-3B>0by Con- 
tinned Fractions. 

Here x^i{5± V37) : taking first the upper sign, we may pro- 
ceed as in [154], 

V37JJJ V37-^ _6_ 

2 ^2 ^vii'+« 

and shall find thequotients 5, 1, 1,5, 1, l,&c., and d?=f ,f ,^s^,f |,{f ,&c 
Again, taking the lower sign, -x^i (V37 - 5), with which we may 

proceed as before, ^ q" = + -j^ — - , &c, getting the same 

« V o7 + 

quotients (except the first) as above, so that -^^O, ^, i, i^, j^, &c. 
Ex. 2. lb ioke the equaUon 2" = 3 6y OonHnued Fraetiom. 

Find in such a case the integer next lower than x, that is, in 

• 1 - /3 y 

the c^se before us, 1 ; put x^l-^-i then 2.2^ » 3, or (- j « 2 : 

find now the integer next lower than y, which is in this case, also 1 ; 

1 i 1 

puty = U-5 theni(5)«=:2,or(|)»=i:put« = l + -,-then(f)«=l: 

putf?s2+ — ,&c.; then we have«=l+r— 7— s— &c.=i,?-,i,l,&o.5 
w 1+1+2+ 

and the error made in taking f » 1.6 for :b is < ,^5 « .04, or x lies 

between 1.56 and 1.6. 

Ex. 3. m Let « = — 5— = ; /. «• + ;>a: - 1 = 0, 

and««-J/i+iV(;»^ + *)- hence}V(;'^+4)=ar+ij»=ij»+ — 



J J /l+|? + &C. 

Putp = 2 ; then V2 = 1 +-;r- s — zr-> ""d so in other cases. 
-^ ^ 2 + 2 + &c. 

r\ T * 1111 11 
(u) Let X m 5— = ; 

|?+5 + p + ^ + &c p^- q^x 
then , as in Ex, 2, « » - J ^ + ^ V( /^J* + 4w) : 

Putp=2, 5^ = 35 then V15 = 3 + 2|^^ j^-g^jjandsoon. 

Ex.4. Let«aV[a+V{a + V(a+&c.)}]»V(«+«); .•.«=i + V(a+J). 
Put a s 2; then V[2 + V{2 -*- V(2-*- ^^^O}] * 2 ; and so on. 
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Ex. 82. 

1. The ratio of the circumference of a circle to its diameter 
being 3.14159 : 1» shew that this is nearly that of 22 : 7, more 
nearly that of 333 : 106, and still more nearly that of 365 : 113. 
Find to ho^ many places of decimals each of these may be de- 
pended on as agreeing with the true value. 

2. Two clergymen having to make up together the income of a 
common schoolmaster, and the net values of their livings being £297 
and £685, shew that they should pay nearly in the ratio of 10 : 23. 

3. The lb. Troy weighs 22.8157 inches of distilled water, the 
lb. Av. 27.7274 inches : shew that the two lbs. are nearly in the 
ratio of 96: 79. 

4. The height of the great Pyramid being 479 ft. and of St. Paul's 
404 ft., shew that they are nearly in the ratio of 13 : 11. 

6. Find the value of 1 + -^ — - — =— accurately to within .0001. 

3 + 5 + &c. ' 

6. Shew that the ratio of the diagonal of a square to the side 
may be nearly expressed by 99 : 70, and that of tiie diagonal of a 
cube to its side by 97 : 56. What is the Limit of the error made 
in taking these fractions for the respective ratios P 

7. Mercury makes its revolution in 88 days, Venus in 225 days : 
shew that, in the time taken by Venus to make 9 complete revo- 
lutions, Mercury will also have made very nearly a certain num- 
ber of complete revolutions. 

8. Two scales whose zero points coincide are placed side by aide, 
and the space between consecutive divisions in the one la to that 
in the other as 1 : 1.06577 ; shew that the divisions which most 
nearly coincide are 15 and 16, 61 and 65, 76 and 81, &c. 

9. Find x correct to two places of decimals in the equations, 

(i)3a:*=7, (ii) 3a:* - 2« + 1 = 0. 

10. Find a; by an equation when 

... Ill .... ^^111 1 

^+r+5r + &c. ^ ^ ^ 9+r+«-fr + &c 

11. Find X correct to two places of decimals in the equations, 

(i)2' = 5, (ii)(fr = ^ (iii)3'-}, (iT)(tr = i. 

12. Find « by an equation when 
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163. Letabetliegreate8tint6gerin^iV[154]:thenV^'=a4(V^-<>) 

=<» + -Tifr — , if r = iV-fl*, where -p., — < 1, since ^N-a < I ; so 
*/jV+a ViV + a 

r r 'JN^af^ r 

(the quotients 69 Vt &c. being all j^osiifeVtf tin^0r«, since the fractions 

I- , — - — , &c. are all > 1,) and so on, until, as will be 

shewn, we shall at last arriTe at a den' tmti^, which gives the 
last quotient in each period. 

The above formuliB, af^rh-€k,rf'^N-€i^ might be applied to 
find a' J 1* from a, 6, r, imd then o^, r^, from a', h\ t', &c., without 
going through the actual calculationa in any case : but the method 
itself in [154] is very easy of application; and the above is rather 
given by way of introduction to the following remarks upon it 

164. (i) The quantities a', a", Sfc. r', i^', ^. art aU positive integers. 
For let -'9^9^, be consecutive convergents to ^N, corre- 

y y y 

sponding to the quotients h, V^ V'\ then, since instead of 5", the 
wmplete quotient is ^ — , we have, as in [158], 

whence, equating rational and inatiooal parts, we have 

d'^^r"p^iN, ord"(i^-^l/)=i?p'-jSf'iV; 
d'i\r"q^p\ r"(ii2'-gry) = j^iV-^'«: 

but J9J'' - 2p' = + 1 or - 1, according as^ > ^, and /. according as 

^N>^ox ^N>p'^, and also [158 Cor.] vA^>Notp^>ii^Ni 

hence it appears that of and r^' are positive integers, and similarly 
for any other pair of these quantities, except the ^rst two pairs, 
which are assumed to be positive integers in the above proof, (in 
which we take for granted the f(xrmation of the first two convergents,) 
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and for these we may take (0, 1) (a, r), respectiTelyy ooxresponding 

to v-^^ , » . 

1 r 

(ii) The extreme limit of the vdkie ofei^ 9!\ 4^. w a. 

For f'/' s= iV- <f*, and r' f" are positive integers; .•. ^N> €f\ 

but a is the greatest integer in ^N\ .*. the limit of a" is a. 

(iii) The extreme limit of the vahe of r, r', ^. or of hf h% ^e, is 2a' 
For <^ + <^ a t^i^, and t^ and 6' are positive integers, and by (ii) 
<^ + a" cannot exceed 2a ; .'. neither r' nor d' can exceed 2a. 

Cor. Hence, since the values of a" and r" are limited respec- 
tively to a and 2a, the same values of a" and r^' must recur together 
within 2a* terms, that is, the series of quotients must recur. 

(iv) If any quotient b' = 2a, then r' e 1, and a' = a" = a, 
as appears plainly from the reasoning in {m\ 

(v) The recurrence begins with thejiret complete quotient^ 

Suppose the quotients- to be 6p &„ &c. corresponding to a^, a^ &c, 
r,, r„ &c.; and let the quantities a^ r.^ b^ recur, so that, after n-m 
terms more, we get a^ = a^ r,, s r^* &m = &«• > then, since a„^i + a^^^ 
= Krm = *«»•» = «».i + «•» and a« = a^ we shall have alsa o«hi=«»-i5 
again, since r^jr^ « iV- o*^ = iV- a% = r„_ir„, we have also r,„.j = r,^.i: 
in like manner, a„^ « a^^, r„^ a r^^ &c.y and so on, backwarda» 
until we come to a » a„^, r » r-^,^ that is, the recurrence will 

begin with the first complete quotient ^ . 

(vi) The kut integral quotient wiU be always 2aL 

For let the last complete quotient be-^^^^^ — — S: then, since this is 

foUowed by "^ ^, we have a = rjb^ -a^r^ — ^^— , from the 

last of which we get r^«l, (since r^N-t?^) and .'. b^^2a (iii). 
165. IfiVbeofthefomai(i)a^+l, then V^«a + {V(a^ + !)-«} 

= « + ,,m, IV . « « + ij—T o — nr" > a^d *^® period will consist 
V(<r + l) + a 2a+2a4-&c. '^ 

of one term only. 

If JVbe of the form (ii) a^- 1, or (iii) a^ + a, or (iv) a<- a, it will 
consist of ^ico terms, as will be easily seen on trial, the quotients being 
for (ii) a - 1, I 1, 2 (a - 1) I &c., for (iii) a, | 2, 2a, | &c, 
for(iv)a-l, |2,2(a-l),|&c 
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166. I7ie equation x' - Ny* = 1 can ahoaye he solved in positive 
integers, where N represents any integer not a square. 

For [164 i]/?*-jyj* = ±r'»±l [164 iv.]> '^ - correspond to 
the last quotient 2a, + or - according as ^ ^ y/N. 

Now all the convergents in even places are > V^» and in odd 
places < ^Ni and if the No. of quotients in the period be even, all 
the fractions corresponding to 2a, will be in even places ; but if odd, 
then the second, fourth, &c, fractions corresponding to 2a will 
be in even places ; and therefore it is always possible to find an 
infinite No. of solutions for ^ > JV^ = 1, by converting yJN to a 
continued fraction. 

CoK. 1. ic* - Njf = - 1, is always possible, in an infinite number 
of ways, when the number of quotients in the period is odd, 

Cofi. 2. Hence s^ - JVy' = ± a^ may be solved (subject to the 
above limitations) by first solving p* - N^ = ± 1, and putting 

Cob. 3. If a be found among the values of r, r', &c., then 
s^ - iV^ = ± a may be solved in integers, subject to limitations as 
above, by means of the equation p* - JVj* = ± r'. 

Ex.1. «»-7y«=l. 
Beferring to [156Ex. 2] we have the quotients 2, 1,1, 1,4, 1,1,1, 4, &c. 
convergents \, f , f |, fj, ff , |f , ^^, &c.j /. (the n* of terms in the 
period being even) we have (8^ - 7 (3/ = 1, (82)»- 7 (31)» = 1, &c.: 

or a? = 8, 8(12, &c., y = 3, 31, &c. 

The equation ^ - 7y* = - 1 is impossible. 

Ex.2. (i)a:»-7y«=-3, (ii)a:»-7y« = 2. 

It appears from [154] that the complete quotients for V7 ^^ 

den" of the first, third, fifth, &c. of these, and 2 in those of the 
second, sixth, &c., the equations above given are possible, and the 
solutions are (referring to the convergents in Ex. 1), 

for (i) « = 2, 5, 37, 82, &c., y = 1, 2, 14, 31, &c., 
for (ii) « a 3, 45, &c., y = 1, 17, &c. 

Ex.33. 
1. a:»-3y«=l. 2. a^-8y«=-l. 3. «*-23y«=2. 4. a:«-.23y«+7=a 
5. a:»-13y"+l=0. 6. «*-44y«+8=a 7. a:*-44y"=4. 8. a:*-61y*=±5, 
PABT n. F 
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167. To find expressions for the general values of x and y in 
^ - Ny^ = ± ly we must first solve (when possible) the auxiliary 
equation j^-N^ = ± 1 : then, since (a; + y V-^) (^ - y V-^) - i 1» 
and (p + s' V-^)"* (/^ - ? y/N)^ = ± 1, (m being taken even or odd, 
as the case may require), we may put 



;} 



x-y^/N={p-q^NrJ (p^q^NT-{p-q^Nr 

which values of x and y are evidently rational and integral. 

168. Again, in the cases where j9* - N^ = ± a is possible, as 
determined in [166 Cor. 3], we may find the general values for 
a? - ivy's + d, by obtaining also the values of m and n in equation 
m«-iVn» = + 1; for then (p« - iVg*) (m« - iVh«) = ± a = «» - iVy« ; 
but (j9« - iV^) (?«• - NfC^ = (pm ± Nqnf - iV(jw» ± ^)«; 
.*. X =pm ± Nqn, y=pn±qm, where the values of *n and n in 
general terms are those given in the last article. 
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CHAPTER X, 



INBETSBMINACB COEFFICIENTS, PABTIAL FRikCTIONI^ 

AND SERIES. 

169. In any series a^ + ti^x + a^ + &c., any term a^a^ may be 
made > the sum of all that follow it, by sufficiently diminishing x. 

For let k be the greatest coefil in the whole series; then the 
extreme case will be when the terms following a^ are all positive 
and have their coeff" each » k^ in which case their simi becomes 
kar'+kar*^&c.=kar'{l+x-^&c.)^kar'^(l-xyi£xhetak&[i<l: 

nowa^-> — -,if«»>i — -,orifa:<--f^. 

CoK. If d; be taken < — ^ » the^r»^ term will be > sum of all 

that follow it; and, since a^ may here have any value whatever, we 
see that, by sufficiently diminishing x, any series a^x + a^ + &c. 
may be made less than any assignable quantity whatever. 

170. If a + 6a? + ca:* + &c. = a' + J'a? + c'«* + &c. for all finite values 
of X whatever, we must have a = o^, 6 ^ i', e = e', &c. 

For a - a' = (6' - 5) a; + (c' - c) a^ + &c. for all values of x what- 
ever ; but if a - a' be finite, we have seen that, by taking x of proper 
value, we may make the series (6^ - 5) a; + &c. <a-al\ which is 
contradictory : hence a - a' = 0, or a = a'\ and then hx-{-ca?-\- &c. 
= Vx + da? + &C., or 6 + ca? + &c. = 6' + dx + &c. for all values of x 
whatever; .'. h^zlf^ and so on. This Proposition we have, in fact, 
assumed as almost self-evident, in [116]. 

Cor. If -4 + ^a: + Gr" + &c. = 0, for all values of a;, then -4 = 0, 
-B = 0, &c. 

171. JfA-^-assB + fif where A, B represent contitant and a, /3 
variable quantities, which may become each at the same time less 
than any assignable quantity, then A = B, a = fi: for, if not, 
le/t A=B±C; then a^ fi^C, and therefore a, p cannot be both at 
the same time <C, contrary to the hypothesis. [This result is some- 
times employed in proving a main Proposition in Trigonometry.} 

IS 
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172. The following are applications of the aboTe. 

Ex 1. To expand -= .-^ in ascending powers of a?. 

a* + Vx 
Assume =-; = -4 + 5x + Cjj* + 2)«* + Et^ + &c. 

when A^ B, C, 8ec., as yet unknown, are called Indeterminate Coeff*; 
then a' + 6'« = -4 + ^« + Ce* + 2>«* + JEr* + &c 

+ flL4«+ fl^x" + cCj:* + a2>4?* + &c. 
+ Mar* + 65a^ + bCji^ 4 &c. ; 
hence, equating coeff% we haire A -ofyB^aA^V^ C-¥ aB + 5^ = 0, &e. 
BO that A^al,B = V ~ai^,C-^-aB'hA^€?af -aXZ-ha!, &c., 

and -^-Li^ . a' + (5' - Art') « + (fl«a' - oi' - W) «• + &c. 

Ex. 2. Given ysaa; + &B' + e2' + &c to express x in terms of y. 

Since, when y = 0, we have also a; = 0, it is at once plain that the 
series required for x cannot contain any constant term A ; for then 
when y s 0, we should have x^A: assume then 

x^ Ay ■{- B'^ + Cy + &c.; but y = ax + 6«* + c«* + &c^ 
/. X = Aax + ^5x* + Ac^ + &c. 

+ Bfj^te + 2BdHM^ + &c .-. 1 = ^a, = -45 + ^a", 

+ Ca*x* + &c. = -4c + 2^a6 + Co", &c. 

hence -4s-, i5 = --^, C= r — , &c. andxsfl. -^t&a 

Or thus : since y = ax + 6x* + cz* + &c., and « = Ay + 5y* 4 Cy" + &c. 
/. y =s <L4y + aJPy* + aCy* + &c. 

+ My + 26-45/ + &C. /.l = a^,0 = a-B + 6^«, 

+ c-4y +&C. = aC+ 26-45 + c-4»,&c. 

whence the values, as before, of ^, 5, C, &c. 

The above is an instance of what is called JReverewn of Series. 

fix. 3. Revert the series y = ox + (x* + ex* + &c. 

Here, since by changing the sign of x we should only change the 
siyn, and not the value, of y, it is plain that x must be also of the 
form X s -4y -f- 5/ + Cy + &c.; in fact, if we assumed as in Ex. 2^ 
we should find the alternate coeff* each zero. Making this assump- 
tiouj and proceeding as before, we shall obtain 
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Ohs. If the series to be reTerted in any case be of the form 
y = of i^ ax ■\' ha^ -k- &c, we must put jf - a' s 2, and express x in 
tenns of s and its powers. 

Ex. 94. 

Expand in ascending powers of x to fire terms, by Ind. Coeff*. 

Reyert the Series 

5. y = « + «* + «* + &c. 6. ye«-2a:* + 3a^-&c 

7. y = «-i«* + i«*-&c 8. y = «-ia;' + J«*-ia;'+&c. 

11. y=«+i«*+/ia'+»Jio«'+&c. 12. y=«- J«'+,'«ir»-TSJo«'+&c- 



Ex. 4. To resolve 7 — ^^7 — sv uito separate^ or partial, fractions. 

(a: -!)(« + 2) r » ^ 

A 1 = -4 + 5, S^2A-B, when ^ = |, J9 = - J; 

and ^ + 3 4 1 

(ar- l)(a; + 2) " 3 (« - 1) "" 3 (ar + 2)' 

Or thus : assuming as before, multiply by each factor of the den' 
in turn ; then 

(i) ^^=i4 + -i~^\ where put«-l=^^ thence: f; 

(u) ii|=f^i^> + ^, «+2=:0,or«=-2;thenJ9=-J. 

This second method, besides being more simple, enables us to 
find at once the nimi' of any one of the partial fractions, without 
finding the others, by merely multiplying by its den% and then 
patting this multiplier -0: or, without so much trouble, we may 
set down at once the partial fractions in such a case as follows. 

V R 2a? + 3 2a? + 3 -4 + 3 2-1-3 

^^ 9» + x-2 * (a? -I- 2) (a? - 1) " (a? + 2) (- 3) "*" (1 -h 2) (a: - 1 ) 

1 5 



3 (ar -}- 2) • 3 (a; - 1) ' 
where to form the first fraction we put a? s - 2, derived from 
a; -i- 2 a 0, and to form the second xs^l, derived from a; - 1 » 0. 
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Ex. 6. Let —. 5^, = — + -, TTi + 7 75 + r , which 

a? (a? + 1)' « (a? + ly (« + 1)^ « + 1 

assumption we are obliged to make, because, when these fiactioiis 
are added togetheri their common den' will only be the same 
as that of the given fraction, and therefore it may have been 
composed of such as these : 

^, . T? e 3a: ^2 2. (-8) + 2 C B 

then, as m Ex. o. — : — r-i = — + — ^ — + + 

' ' ar(a: + l/ a: ^ (-1) (a: + l)»^ («+!)« ^ « + ! 

^2 \ C B 



i and now, before we can find C and 2), we must subtract from the 

other side ; rrs, which leaves —. ^^, where the num' is 

(ar + lf a;(4?+l)" 

now divisible by a;+l : striking put this factor from num' and den% 

2 _2 C D 2 2 D 2 2 2> 

a:(a:+l)«""5'^(a:+l)«^ar+l'5^(-l)(a:+iy'^a?+l"i"(a:+l)«'*;a?+l' 

2 2 4- 9'»» 

again, subtracting - - — r^ from the other side, we have 



(aj + Vf ** ~^"' "" ""'" a: (a: + !)• ' 

where numerator and denominator are again both divisible by a;-^ 1 : 

, 2 2.2)2 2 22 

hence — ; rr = - + — =- = - + 



a; (a? + 1) x « + 1 x (- 1) (« + 1) x x\V 

, 3ar + 22. 1 2 2 

and .•. — t jt:= = - + 



a?(a: + iy a? (a:+l/ (a; + l)« « + !' 

Perhaps, however, the simplest way of obtaining the partial 
fractions corresponding to ^ power in the den', is as follows. 

T 3aj + 2-4 P 2 P 

■'^®^ ~i i^ = — + r r5 = - + 7 rs as in Ex. 5; 

a?(a? + l)* a; (a: + 1)* a: (a? + 1)* 

P 3^ + 2 2 2«' + 6a:* + 3a: 2a:»^-6a: + 3 



(a: + l)» a:(a; + l/ a: a?(a:+l)» («+l)' ' 

. , i* 2(«-l)»-».6(«-l)+8 
now put a;+l=«, orar = «-l5 .% ^ 1^- ^^ \^ — -^— - 

2^+2a-l_ 2 2 1 2 2 _1 

" ? "s "e«^«»""ar+l"(;»+l)«"^(a;+iy' ^ «^®'«- 

N.B. In all the above cases, it is supposed that the given fraction 
is a proper fraction, that is, with num' of lower dimensions than 
the den' ; otherwise it must be turned into a mixeA quantity, and 
the above method may then be applied to the resulting fraction. 
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Besolve into partial fractions : 
, «+l „ ar+l ^ ax+2 . «-3 - 2x 



(a:+2)(a:f3)' ^ x{a:-2) ^ »•-! " ^ «(x+iy (x-iy(ar+l)' 
g»-g + l ,- 2a^+l jj 3ic^l o l-g~a^ -^ «» 

^ af'ix^-iy '• :c\gf i)' '"'gXxuy' M a^-iy (S+wiiiy 

Ex. 7, Besolve —-3 ^-^ . In this case the roots of a"+a:+l=0 

being impossible, a, /3, suppose, we can only separate 2^ + a; + 1 
into impossible factors (x-a) (x-fi) : we might do this and assume 
as before, but the following method is preferable in such cases. 

«(«• + «+!) a? ar + «+l a: «*+«+l ' 
Ex. 5, (where the latter fraction may be considered as arising from 
the addition of the two with impossible den** :) now to obtain B 
and C, multiply by «*+«+l, and then put «*+«-i-larO, or x's-r-l ; 

then we hare -t — I_J or — ^ = J9a: + C; 

« X 

.•. 2ar-2 = J9 (-«- 1) + Oc, and, (equating coeflf*) J9 = 2, C=4. 

Ex. 8. Let 

2«» + 3«* + 4 ^«+5 . Gc + D ^ + F Gx^ir 



(«•+!) («»-ar + iy ««+l "(a:«-ar + l)»"^(a:*-«+l)" a^-x-^V 
(the reason for which assumption b plain from Ex. 6;) then to 
find A and J?, mult by a* + 1, and put «* + l = 0, or a^=-l; 

,«. — - — _ — or tsAx-^By 

(- xy X 

whence -2x+l=-- A-\- Bx, and -4 = -l, ^ = -2: 

to find C and D, multiply by («*-«+ 1/, and put «■ - « + 1 = 0, 

. , ^, 2x(ar-l) + 3(a;-l) + 4 3a: -1 ^ ^ , 
or «• = «-!; then — ^^ ^ ^^ ^ — or. = Ox^D, 

X X I 

.*. 3« - 1 = C(«- 1) + 2Xr, and C^ 1, 2) = 2j and now, before we ' 

Cx + D x-k-2 

can find E and F, we must subtract -—= :r-. or 



from the first side, and then shall be able to strike out of both 
numerator and denominator the factor o^ - a; + 1. 

Ex. 86. 

EesoWe into partial fractions, 
- 2a:-3 x-2 «» + l 2x»-.l 

^'xWTiy ^'STTi' ^'irn- *-^nt- 

« 1 ft 3?-2_ 7 3x^ ^ a:* + 3 ar* 

''•a;(a:»-l)' *"• i»(x«+iy' '•«(«•-« + 1/' ^-(x^-iy' 
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Def. A series is said to be eomoergent or dkergent^ aceordiiig as 
there exists or not a UmU to the sum of its terms taken admfimtwn: 
thus 1 + i +i 4 &c for which 2 «= 2, is convergent ; but l-f-2+4-l-&o. 
is divergent. 

173. Any series is convergent, in which, after some finite No. of 
terms, the ratio of each term to the preceding becomes < 1. 

For let iS^+ a + & + e + &c represent the series, 8 denoting the 
sum of that part of the series before the point in question, and 

which will of course be finite since the No. of its terms is finite; 

h e 
and let each of the ratios - , ? > &c. be < 1 : suppose X; to be > the 

a o 

greatest of them; then b<ka, e<kb< J^th &c., 

and 2<S + a(l+A; + *' + &c.)</S+Y^, 

which is finite since h<l. 
Ex. The series for e [117], via. 1 + 1 + -- + -— - + &c. is 

convergent, since the ratios in question are 1, ^, ^, && 

174. The sum ad inf, of any series, such asa-&-i-c~<^+0- &c, 
where the terms a, 5, e, &c. continually decrease, as before, and 
are alternately positive and negative, lies between a and o - 5. 

For S = (a -i) +(c " <Q + &c., in which the terms are all pasiUvCf 
and is, therefore, > a -i j but 2 = a - (6 -c) - (rf- «) -&c., in which 
the terms are all negaUve, except the first, and therefore is < ii. 

Ex. 2 = 1 - i^ + J - J + &c lies between 1 and ^ 

175. If 12, 8, be the greatest and least ratios formed by dividing 
each coeff. of the series a + 6a: + cz* + &c. by the preceding coefiL, 
then, as in [173], the sum of the series lies between 

a(l + J2ar + K?a^ + &c.) and a{l + & + fif*«» + &c), 

or, when :Rx (and therefore iS^) is < 1, between , ^^ and — ?=-* 

\-Bx 1-& 

Hence if in any case IRx< 1, the series will be convergent; 
if Rx > 1 but 8x <1, the series may or may not be convergent 
but if 5'a; > 1, it must be divergent And it is plain that this 
statement is also true when JR, iS, are the greatest and least ratios, 
formed as above, after any finite No. of terms of the series. 

Ex. 1. In the series for (1 + «)", the inverse ratio pf two con- 
secutive coeff* is 5-:ir±i «5ll . 1; hence 12 = (n + l)-l =11, 
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tfnd iSfs - 1; 80 that, when fia;<lord?<l-rn,tlie value of (1 + xf 
will lie between and 



1 -fM? 1 +«* 

Ex. 2. What error will be made in taking the first three terms 

of the series 2(1 + J)* as the value of \/40? 
The fourth term is .0015 ; hence the sum of the series after the 

third term lies between =-^— i — r ^"^d \ — -, that is, between 

l~ix J i+i 

•0015 &C. and .0012, which are therefore the limits of the error. 

176. A recurring series is one in which any term is the sum of 
one or more preceding ones with constant coefficients, or in which 
an equation of the first degree tcitk constant coefficients exists 
between any given number of consecutive terms, 

Ex. 1. In the Geom. series 1 + 2:b + 4bE* + &c., each term is 
formed from the preceding by means of the constant factor 2x, 
so that if tiy, u,^^ denote the r^ and (r + 1)^ terms, u^^ = 2xur, 
or Uf^i-2xu^-0f in which equation the sum of the coeff' or l-2a; 
is called the Scale ofHelation of the series. 

Ex. 2. In 3 + 11« + 31iB* + 95a:* + 283«* + &c., it will be found 
that any three consecutive terms are connected by the equation 

u^ = 2a»«r4t + ^^n or u^^ - ^xu^^^ - Sa^r = : 
thus 31^ a 2x.lla; -t- ^.3, 95ai^ s 2d;.31d:' + 3a:*.llrr, &c.: 
and here the scale of relation is 1 - 2j; - 32*. 

177. In any given case of a recurring series it will be generally 
easy to find by trial its scale of relation, as it will probably consist 
of very few terms. Thus in [176 Ex. 2], since we see at once that 
the scale cannot consist of two terms only (for then, as in Ex. 1 1 
the series would be in Q. p.) we may assume it to be of the form 
1 + 02 + 6^; then we shall have the equations 

(i)31+lla+36=0, (ii) 95+31a+116=0, (iii) 283+ 95fl+ 315=0; 
and since the values as- 2, &s-3, obtained from (i) and (ii), 
also satisfy (ill), we conclude that the scale of relation is of the 
assumed form, viz. (as above) 1 - 2x - S^*. 

Of course, if we had found that the values of a and b obtained, 
from (i) and (ii) did not also satisfy (iii), it would have shewn that 
our first assumption was wrong, and we should have had to begin 
again by assuming the scale to be of the form l-^ax-\-ba^+ ca?. 

f5 
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178. Series of the above kind will always result from the 
expansion of an algebraical proper fraction, the denominator 
itself being the scale of relation^ 

Thus we haye seen [172 Ex. 1] that 

1 + ac + 6ar 

where A and B are giyen by the equations ^ • a', B^aA^V^ 
and then, for the other coefficients, 

C+a5 + 5^ = 0, D + flCf ftJ? = 0, JSf+a2)+5CaO, &c; 

that is, A^Bx^ Co? + &c. will be a recurring series, whose scale 
of relation is 1 f «u; + h:?, 

179. Conversely, we may sum o/i ii^fbiUwm any such series, or 
restore it to the form of its generating fraction. 

For let ^ + J9a; + Cc* -i- &e. be a recurring series, and let its 
scale of relation^ found as in [178], be l+ad;4&E*: assume 

--?-t^ =^ + 5a? + (V + &c.; then [172] cf^A, b'=B^aA; 

J ^ T, ©. J ' jf ^ A^(B+aA)x A{l+ax)^Bx 

•^ 1 -^-tixi-bar l + ar + MT 

Similarly, if the scale of relation had been 1 + ox + &^ + c^, we 
should have fouad X= ^(l±f?±f^)±4-ajL^^±^. 

Ex.In[177Ex.l],5 = jAj=:^; 

ir.v^ 9 5 ^a + «g)-^-Bg _3(l-2g)+ng $♦&> 
""^"^^^ *' l + ox+fcr* 1^2aj^8aj'^='l-.2d;-3aj»' 

180. Tofindf generaUyf the Sum of a recurring eeries. 

Let the scale of relation be 1 -i- PiX -¥ p^ •\' &c» p^f and the 
series u^ + fij^p + u^ + &c.; and let ^^ iS^ &c. denote the sum of 
ime, tiDo^ &c terms, S the simi oi^ v^mium* 

Then we have «» +jPi«m».i +l>f«*M^ + &o. ^p^fi^u^ «» 0> 

^ &c ■ ftc; 

.-. , adding, (2 - S^) ^p^x (2 - S^;^ + j»^ (2 - iS^) + &c +^1^ 2=0, 

l-\-plX ^PiP? +&C 
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161. The general term of a recurring series, and its sum to 
IS terms, may be easily found, whenever the scale of relation can 
be separated into simple factors. 

Thus, if 1 + OB + 6a:* + c«* = (1 + oj?) (1 + fix) (1 + 7a:), 

of + h'x + c'«c* 
then the fraction -^ -, — -3 (which may represent the sum 

ad inf, of the series for which l+ox-i^+ca:* is the scale of relation) 

ABC 

may be separated into the partial fractions + - — rr- + -z ; 

and these, when expanded, will produce three georhetrical series, 
the stun of which to n terms will give that of the recurring series, 
and the sum of their n^ terms its n^ term. 

Ex. In [177 Ex. 2], we have 

«3 + 6x S^6x 1 1 

2 = — 



l-2x-3a* (l-3«)(l + «) 2(1-34?) 2(1 + «) 
= i {1 + 8« + {dxy + &c.} -i{l -« + «■- &c.}, 
the nth term of which is J {7.3'^» - (- 1^*} «*"», 

and the sum of n terms ^ . ^-^ — z- + s • - --»— • 

2 3a;-l 2 je + I 

The above method may of course be employed whenever the 
den' admits of separation into simple &ctors : but the result would 
appear in a complicated form if the factors be not rational. 

182. In other cases, if we can succeed in finding by any means 
the n% or general, term of the series, we may, by using this to 
obtain the (n + 1)^^, &c. terms, obtain the sum to n terms as 
follows. 

Let S denote the sum to n terms of the recurring series, 
ul + J?a: + C2c* + &c. + NoT^ + P«* + QjtT' + &c., 

whose scale of relation is 1 + <» + ha^, and S' the sum ad inf, 
of the same series q/ter the first n terms : then since the latter 
portion of the given series, viz. Pa^ + &c, is also a recurring 
series, with the same scale of relation 1 + oo; + 6x*, we have 

^ _ _, {A(l + ax)^Bx]-{P(l+ax)+Qx}x^ 

l-i-ax + bar 
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Ex. In 2-fl;+a^-2d^+&c.9 we shall find the scale of relation 
to be 1 + 2a; + a:*9 and therefore 

= (2 + 3«) (1 - 2» + 3«« - &C), 
and .-. P = coeff. of a^ = (- 1)" {2 (n + 1) - 3n} = (. !)• (2 - n)> 
andQ (putting n + 1 for «) = (- 1^ (1 -n) «(- l)r(n- l)t 

j^^^ ^^ {2(l + 2a?)-a;}4-(-ir{(»-2)(l + 2ar)-(n-l)a:}g^ 

1 + 2a: + a:* 
_ (2 + 8a;) + (- 1)* {n - 2 + (n - 8) a;} a* 

l + 2a: + a:* 

183. If a mere numerical series be given, as l-f5+ldi2946l4&c.» 

then we may first sum the series 1 + 6a(+ 18a;* f&c, the n^ term 

of which we shall find (as aboye) to be (4.2^'-8)af~', and the 

(2xY - 1 «* - 1 
sum to n terms 4 ^^ — 8 — -—y ; whence putting a? = 1, 

(and first striking out from num' and den' of the latter fraction 
the vanishing factor a; - 1) we obtain fbr the n^ term of the given 
series 4.2*^^ - 3, and for its sum to n terms, 4 (2* - 1) ~ 8ii. 

In this case, however, it might have been noticed that the 
l«t term of the given series ^4-3, the 2iuis4.2-d» the 3"^ =4.4-3, 
and so the general term s 4.2*^' - 8, and the sum of n terma 
= 4 (1 + 2 4 4 + &c* + 2-0 - 8« = 4 (2" - 1) - Sn. A similar artifice 
may be used to sum other serie^r of this kind. 

Ex. d9. 

Sum ad infinitum the recurring series 

1. l + 2ar + 3a:» + 6a:* + 8a:* + &c. 2. 1-f 6a; + 9a:*-27«*-&c. 

3. 1 + 3a: + 7a^ + 13a^ + 26a;* + 61a;» + 103a;* + &c. 

4. 1 + 4« + 6a;* + 11a;" + 2da;* + 63a* + 181a;* + &c 

Sum ad infinitum^ and find the general term of the series 

6. l-3a;+5a;'-7a;*+9a;*-&c. 6. l+S»+16a;*+31a;'463a^-f81d;*+116a^4&c 

Sum to n terms the series 

7. l+6a;+12j:«+48a;»+l20a;*+&c. 8. 2-6a;+9a;*-19a»+37:^-&e. 
9. 1 + 3 + 7 + 15 + 31 + &c. 10. 1 + 2 + 6 + 14 + 41 + &c. 

11. 1 + 3 + 6+11 + 21+&C 12. l + 2 + 2H2f+2if + &o. 
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184. Certain series may be summed by the following method. 

Ex. 1. Letfi^*:a + (a + 6)a? + (a + 26)aj»f&o. + {a + (n-l)6}a:^'; 
then Sx=» axr (« + 6) «• + &c. + {a + (n - 2) 6} a;^'* 

+ {a+(n-l)6}a:"; 
€Uttd S(l - a?) = a + &c + &B* f &c. + ia^* + ftos* - (a + «ft) ai", 

= a (1 - a;^) + 6aj . -^ n&c*; 



-> 



a; 
bx 



••■»-fc^<r^,}<'-')-S 

and 2 (found by putting n = oo , or «* = 0) = ^ . 

In the above result are included all series, in which the terms 
consist of two &ctors, proceeding one in A. P., the other in G.P. 

Ex.2. Sum -; rr-+;^ re-, n,v+&0. 

a(ja + b) (a + 6)(a + 25) 
Let i8"= - + -i-r +&C.+ A-^, + ^ 



a a + 6 a + {n-l)b u^nb* 

.\S' — =» r + -T +&C.+ 



a a + 5 a + 25 a+n6' 

hence - = —z yr + =-r-z .r-T +&0.+ , Z TvtTT « + 



a a{a-{^b) (a+5)(a+25) {a+(n-l)5}{a+n5} a+n6 

= 5^+ j; .-. iS« —, 2= -7 — ^----o--, whenneoo. 

a + ra5 a(a+n&) a(an'-l-o) ab 

So too we may sum -^ — ^-. 7 — jr^r + ; — ^-7 — ^^rr-, — ^rz + &c., 
' a<a+6)(a+25) (a+5) (a+25) (a+35) 

and, generally, any series of such fractions, in which it will be 
observed that the den** are formed of fiictors in A. P., by as- 
suming 8' to represent » + 1 terms of a similar series, wanting 
the last factors in the den^*. This method also (called the method 
of Subtraction) will be found to succeed in some other instances. 

Ex. 3. To sum the series 1* + 2* + 3* + &c. to n terms. 
Assume iS=l*+2»+&c.+»*=-4+-Bn+C5n*+l>»"+&c.: 

then, writing n + 1 for n, we obtain 

l«+2«+&c.+n»+(n+l)»=^+-B(n+l)+C(n+iy+D(n+iy+&c.; 
.•.aubtracting, (n+iy=-B+C(2n + l) + D(3n«+ 3« + l), 

[where we have stopped with I>, because there are no terms on 
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the first side with n\ &o.> and therefore th@ coeff* E, F, &c. on 
the second side would have to be equated to zero :] 
hence, equating coefficients, 1~32>, 2«2C+32>, l^B^■C^D, 
whence we get I> = i, C=i, B^h and i8^=-4 + Jn + J»* + |n*: 
put » = 1; then /S^ or 1' » ^ + i + i + i, whence we find that A^O, 
and, therefore, iS = {« + Jw* + J«' = in (» + 1) (2n + 1). 

Since when n « 0, the sum of the series ought to reduce itself 
to zero, we might have seen at once that there would have been 
no constant term, and might have assumed, therefore, 

Ex. 4. Similarly, it may be shewn that l'+2'+3'-|-&c to it terms 
s {in{n + 1)}« = {1 + 2 + 3 + &c. to « terms}*. 

185. We may sum many series by the method of Increttients. 
Def. The increme9it of any quantity, depending upon n, is that 

quantity by which it is increased (or diminished) when for n we 
write n+ 1. Denoting this increment by 2), and the two values of 
the given quantity, which is called the integral, by 8^, 8^^, we 
have 8^^ - 8^» D, 

186. Now (i) if JD s ^, a constant, then the integral to which it 
belongs, or iS„, « An + C, where C may be any constant whatever. 

For iS^i = ^ (n + 1) + C; .'. 8^^ -S^^An^D. 

187. (ii) If D can be expressed in the form AMyU^.,.u,^yU^ 
where ti„ «„ &c u^ represent m factors in a.i>., and such diat, 
when n is changed to n + 1, they become each changed to 
the consecutive factor (as, for instance, when JDsn(f» + l)t or 
= (n-l) «(n + l), or =(2ii + l) (2» + 3), &c.,) 

A 
^®° ^" ^ (mVV)h **••**»•"« • •• **«»-»•«*«. + ^» 

where u^ represents the factor immediately preceding «„ and h the 
common difference of the fectors. 
For thus we should have 

188. The value of the constant C may always be determined in 
any given case, as follows, where 8^ will represent the sum of 
n teims, and therefore 2>, the {n + 1)^ term. 
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Ex. 1. I+2 + 3 + &C.5 here 2> = »4-l, and 5„ = }n(n+l)+C: 
to find C, put fisl; then 8^^ or 1, >=l-f Q and CsOj .*. S^^lnin-^l). 

Ex. 2. 1* + 2' + 3«+ &c.; here D = (n + 1)P = n (n + 1) + n + 1 ^ 

.*. iS; = } (n - 1) n (n + 1) + Jn (n + 1) (C =0, as in Ex. 1.) 
^^n{n^ 1) (2n + 1), as in [184 Ex. 3]. 

To save trouble, we shall express the value of C, thus found, in 
a bracket, as [|-] ; unless it be zero, when we shall omit to notice it. 

Ex. 3. Find the sum of n terms of 1.3 i 3.5 + 5.7 + &c. 
Here 2> » (n + l)tb term « (2n + 1) (2» + 3); 

where the &ctor 2 in the den' arises from the common diff. 5, 
which in this case is 2. 

Ex. 4. Find the sum of n terms of any order of Figurate Nos. 

Figurate Nos. are formed as follows, the n^ term of each order 
being the sum of n terms of the preceding order. 

l»t order 1, 1, 1, 1, &c. Now for the 1»* order, S^ = », and 

2nd 1, 2, 3, 4, &c. this is the n^ term of the 2nd order; 

3rd 1, 3, 6, 10, &c. .-. D for 2nd=n+l, and S^^\n{n^l)\ 

hence D for 3^ order = <^V 1~^ «»d S. = '^J^J^>, 

and generally for r^ order, <S„ = — ^^ To^ — . 

Ex. 5. To find the sum of n terms of any order of Polygonal Nos. 

If in the exjHression <$= n + in (n - 1) 5, whidi is the sum of n 
terms of an ar. series whose first term is m»%, we give h thevalues 
Oy 1, 2, &c. successively, we get the general term of the Ist, 2nd, 
3rd, &c orders of Polygonal Nos., and firom these the Nos. of each 
order are found by giving n the values 1, 2, 3, &c. Thus we have 

\^ order, for which the n^ term = n 1, 2, 3, 4, &c 

2ndorder> =in(n+l), 1,3, 6, 10, &c. 

3^4 order, =n*, 1,4, 9, 16, &c. 

4tii order, =§n(3n-l), 1, 5, 12, 22, &c. 

The Nos. in each row have received respectively the names linear , 
triangular i sqiMre, pentagonal, &c. and generally o{ polygonal "Nos, 
firom the fact that (putting a dot to represent each unit) the Nos. of 
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each kind admit of being arranged in the fonn of the coxrespondiiig 

polygon: thus {i)Unear, &c^ {li) trianffulart • .*. .v.&c^ 

(iii) sqtiaref • :: ::: &c 

Now the general term of the t^ order will be n+fnCn-l) (r-lX 
and, therefore, JD«(n+l) + i(r-l)n(n-|-l)9 and £f,,«in(n-}-l) 
+ i(r-.l)(n-l)n(n+l) = in(n + l){(r-l)(n-l) + 8). 

Hence for linear numbers S^ ^ in{n + 1), for triangular 
Sn ^in(n - 1) (n -f 2), for square iS„ » in (» + 1) (2ii -»- 1) &c 

N.B. The above results may be applied to calculate the No. of 
cannon balls piled in a pyramidal heap. Thus if the base be 
triangular and one side of it contain 30 balls, the No. of shot 
in the pile will be in{n + 1) (n f 2) when ii:=30, that is, 4960. 

If the pile be not pyramidal, but formed of horizontal rectangular 
courses, finishing by a single row at the top, then, if / be the length 
of the top row, the length of the (n + 1)^ course from the top 
will be / + n, and the breadth n + 1 ; 

hence D = (I + n) (« + 1) = n (» + 1) + l(n + 1): 

/. Sn = }n (n* - 1) + i/n (« + 1) = in (n f 1) (3^ - n + 1), 

where r^l-^-n-l = length of lowest row, and n~the breadth. 

If we suppose the pile, in any case, a broken one, the first 
m courses bemg removed, then the No. of balls <» <S» - S^ 

Ex. 6. Find the sum of n terms of 5 + 9 4- 16 + 26 + 39 + &c 

If we set down this series and take the differences of each two 
consecutive terms, and then the differences of these, and so on, 
we shall at last arrive at a row of diSierences all identicaL 

Thus 5, 9, 16, 26, 39, &c Now in any row of these differ- 

4, 7, 10, 13, &c. ences, the n^ term is the increment 

3, 3, 3, &c. of the nth term of the preceding row ; 

hence3 = D„ and the integral of this = 3n + [l] = (3n + !) = />, ? 

the int of this = J(3n -2)(3n + 1)+ [V^] =i(3n«-n + 8)«jD^ 

s the n^ term of the given series ; hence the (n + 1)^ term, or 2), 

^ i (3n» + 6n + 1 0) = f (n» + |n + ¥) « f {n (n + 1) + f (n + 5)} ; 

.-. 5'„ = i(n-l)n(n + l) + i(n + 4)(n + 5)-[10]=in(n« + n + 8). 

It will generally be easy to throw the value of D into the form of 
factors, as above; if not, we can always do it by Ind. Coefficients: 
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thus, if 2> s n* + 1| put n' + 1 b An(n + 1) -i- J?i» + C, and equate 
ooeff*. But here we might^ have written n' + 1 s n (n - 1) -i- (n + 1), 
which is at once of the proper form. 

N.B. The above method may be applied, whenever any order of 
differences becomes at length composed of the tame quantities. 

189. Generally, let it,b9e,df &c. be any series, and let d„ d^ &c. 
be the first terms of the 1>S 2^^, &c. orders of differences, found 
as Above : suppose that in the 3'^ order the differences become 
identical, and each « <^; then we shall have I>j ^d^ D, » nd^ 4- C: 

but (putting M = 1) rf, = £^ + C; .'. JD, = (n-l)rfg+i^: 
hence J[>,B^(n-l)(n~2)i^+fu^'f C, and (as before) c^^bc^i+C; 

.'. JD, = |'(n-l)(n-2)i^ + (n~l)d', + <^i; and, in like manner, 
y,_ (n~l)(n-2)(n-3) (n-l)(n-2) 

ss n^ term of given series : 
..D.inUy^t^^a,nd,,-J^d,,-J^ 

^ 1.2 *^ 1.2.3 «^ 1.2.3.4 » 

A similar formula for S will evidently hold, whatever be the 
number of orders of differences, that is, of the quantities d^, d^ &c 

Ex. In [188 Ex. 6] 

fif = 6n + 2n(n - 1) + in(n - 1) (n - 2) « in (n« + n + 8). 

190. (iii) If 2) = - ^ — , then 8^^^ -, r^r^ + C 

For ^>.i=" , ../^ \C^ :. S^.-Sn^ r-Avi^^^^^ =^- 

*** (m-l)6.t4,.ti,...tt^ *^^ * (m-l)^j.«j...a^ 

^'^- A^^sS^^*^--- ^ = (2;iTi)V^T3)' 

•••'^-•-2i2^)-^t« = 2;^ 

Ex.2. J^+^+4., + &c.:JD= '•^^ 



1.3.5 3.5.7 5.7.9 (2n + 1) (2n + 3) (2n + 5) 

J (2 » + 5 - 3) _ 1 3 

(2»fl) (211+3) (2n+5) ** 2(2»fl) (2n+3) ~ 2(2n+l) (2n+3) (2n+5)' 

1 3 

4 (2n + 1) 8 (2n + 1) (2ii + 8) ^*-" * 
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Ex. 38. 

Sum to n terms, and, when possible, {x<l)(id inJMbam. 
1. 1 + 2a: + 3«* + 4«» &c. 2. 1 + 4a: + 7«" + 10a:" + &c. 

3. 1 + 3.2 + 6.2« + 7.2» + &c. 4. 1 - f + i - 1 + &c. 
5. a + 2(a+a:)+4(a + 2a?) + &c. 6. a-(a + l)a: + (a + 2)a:*-&c 
7. 1.2 + 2.3 + 3:4 + &c. 8. 1.3 + 2.4 + 3.6 + &c. 

'•n^i-^^^^^- ^^-143^245^3^5^^^ 

11. — + — + — + &c* 12. + — - 4- + &C. 

1.3 2.4 3.6 ^ 1.2.3 ^ 2.3.4 3.4.5 

13. l«+3« + 6* + &c. 14. l* + 2* + 3* + &c. 

16. 1» + 3« + 6» + &c. 16. 1».2 + 2».3 + 3«.4 + &c. 

'^•2^ + ^6 + 6^^^^- '^-els^iei + CT-^^^- 

io 1 . 1 1 «. «A 1-4 2.5 3.6 . , 

1.3.4 2.4.5 3.6.6 2.3 3.4 4.5 

21. Find the No. of balls (i) in a triangular, .^) in a square pile, 
each aide of the base containing 25 balls. 

22» Find the No, in each of the above cases, if the piles be 
incomplete, 10 courses having been removed. 

23. Find the No. in a rectangular pile, the length and breadth of 
the base row being 60 and 24. 

24. Find the No. in (23), if the pile be incomplete, half the whole 
number of courses having been removed. 
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CHAPTER XL 



PROPEBTIES OF NUMBEBSy AND DIOPHANTINB PROBLEMS. 

191. If n be any No., then any other No. JV may be expressed 
in the form J^snj» + r, where p is the integral-quotient upon 
dividing N by n, and r the rem' will be less than n. The No. n 
in such a case, to which the other is referred, is called the Modulus: 
and, to any given Mod. n, there are evidently (including the case 
of r = 0) n different Forms of numbers, with different values of r. 

Thus, to Mod. 2, any No. whatever will be expressed in one 
of the two forms, 2p, 2p + 1 , according as the No. is even or odd ; 
to Mod. 8, in one of the three forms, 3p, 8|» + 1, 8p + 2, or 3p, 
3p ± 1, (since 3p 4- 2 may be expressed as 3 (j» + 1) - 1 or 3p' - 1) ; 
so also to Mod. 4, in one of the /our forms, 4^, 4p ± 1, 4/? + 2 ; and 
generally, to Mod. n in one of the n forms, np, np ± 1, np f 2, &c., 
as far as ftp -}- ^ n or np ± } (n - 1), according as n is even or odd. 

We may apply the above to the following Examples. 

Ex. 1. Shew that the product of two even Nos. is even, and 
of two odd Nos. odd ; and hence that N* ±N\a always even. 

(i) 2p X %/» 4pp', which is even: (ii) (2p + 1) (2p' + 1) = 4pp' 
-)- 2 (j» +i/) + 1, which is odd: hence, by induction, the product of 
any No. of even Nos. is even, and of odd Nos. odd : hence (iii) 
N* is even or odd according as i\r is, and .*. iV " ± iV is always even. 

Ex 2. If JV be odd, shew that (N* + 3) (JV«+ 7) is divisible by 32. 

ForletJV(beingodd)=2p+ljthen(i^»+3)(^«+7)«(4p"+4p + 4) 
(4p« + 4p + 8)=:16(^+ii + l)(/^+|?+2): but (Ex. l)^ +/i, and, 
therefore, jn* +j9 + 2 is even : hence the given quantity is div. by 32. 

Ex. 39. 

1. The sum or difference of any two odd Nos. is even ; and the 
sum of two consecutive odd Nos. is divisible by 4. 

2. The product of two consecutive Nos. is even ; and the pro- 
duct of two consecutive even Nos. is divisible by 8. 

3. The product of any three consecutive Nos. is div. by 1.2.3, 
and of any four, by 1.2.3.4. 
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4. If an odd No. divides an even No., it will also divide its half* 
6. The difference of the squares of any two odd Nos. is div. 

by S, and the stun of the squares of three consecutive odd Nos. is 

of the form 12p - 1. 

6. If n be even n (n* - 4) is divisible by 48 ; and if n be odd, 
n (n* > 1) is divisible by 24. 

7. Every even square is of the form 16p or 4 (4p + 1), and every 
odd square of the form 8/9 + 1. 

8. Every No. and its cube, when div. by 6, leave the same rem'. 

9. Shew from (7) that, if the simi of an odd and even square be 
a square, then the square is divisible by 16. 

10. The product of any two odd Nos. is less than the square of 
the middle No. between them by the square of half their difference. 



192. A prime number is one that admits of no divisors but unity; 
all others, being composed of factors, are called composite Nos. 

The following are elementary propositions on prime Nos. 

(i) Jpfsi be prime to b, t?ien a ± b is prime to each of them* 

For, if not, let a±b and a have a common factor, then (63) 
{a±b)^ a, or b, has the same common factor, which is absiurd, 
since a ia prime to (. 

(ii) J)r a dd prime to b, then a + b is prime to a - b, or eke they 
have onJy the common factor 2. 

For, whatever common factor a-^b and a-b may have, the same 
(63) vnll their sum or difference, 2a and 25, have ; and these, since 
a is prime to 5, can have only the common factor 2. 

(iii) ijf a be prime to b, and a = nb + r, then r is oho prime to b. 

For if b and r had any common factor, then (63) nb-^-r^ and 
.*. 0, would have the same. 

(iv) Ifskbe prime to each of b and c, then a ie prime to be 

For let c be the least ftu;tor, prime to a, which will make be 
div. by a, and let c s ita + r, where r<ai and (iii) is also prime to a' 
then be - bna + br\ and, since be and bna have a common factor o, 
/. by (63) br has the same, that is, there is a factor (r), Use than i> 
which makes br divisible by a, which is absurd. 

Conversely, if a be prime to ^, it is prime to each of ( and c. 
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. (t) Hence, if a be prime to (» c, <( &c. it is prime to bed, &c.: 
and, conversely, if a be prime to any number, it is prime to each 
of its factors. 

(vi) Hence, if a be prime to 6, we have also ax a or a* prime 
to 5, and .*. also a" prime to (, and, generally, a^ prime to h; 
and, since a"* is prime to h, therefore a"* is prime to 6 x 5 or &^ 
and .*. also to 6*, and generally to h*, 

(vii) Since a fraction can only be reduced to lower terms, by 
dividing both num^ and den' by a common factor, it follows that, 

if a be prime to ft, ?, and, generally, r;^, is in its lowest terms : 

• c 

hence also, if-? (a fraction in lowest terms) « any other fraction -, 

then c and d must be equimuUiplea of a and b. 

ft 

(viii) Hence also, if a be an integer and y ^ & proper surd, it 

cannot be expressed as a fraction - : for then we should have a-^, 

or an integer s a fraction, which is absurd. 

Now every proper surd (112) may be expressed with its mxm' in 
the above form; and therefore no such surd can be expressed 
either as a fraction, or as a terminating or circulating decimal, 
either of which might be reduced to the form of a fraction. 

193. If in either of the expressions a^ + x + lly 2a^ f 29, 
2* + x + 41, we give x successively the values 0, 1, 2, &c., we shall 
find that 17 terms of the first, 29 of the second, and 40 of the 
third, are prime numbers : the same is true for 31 terms of 2^ + 1, 
if we give to x the values 1, 2, 2*, &c.: but after these points the 
expressions no longer give primes, and it is easy to shew that 
no euch formula can give prime numlere only. 

For let P = a + 6* + cic* 4 &c. =a-\-x(b+cX'^&c.)-a-\-mx suppose, 
and let P be a prime for a certain value jb' of ^ : for x write x' + nP; 
then we have the new value of P or P = o + m (x' + nP) = P (1 + mn), 
which is no longer a prime. 

194. The No, of primes is infinite. 

For let Pj, P„ ^c. P„ be prime Nos. in order of magnitude : 
then the product Pi,P^,.,P^ is divisible by each of them, and 
/. Pj.P,...P„ + 1 by none of them: hence this No. must be 
either itself a prime, or divisible by some prime > P„ ; and in 
either case it follows that P„ cannot be the greatest prime No. 
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195. The student should here refer to the proof in [71], that if 
a be a prime to by then each of the quantities a, 2a, Za, &o., {h - 1) a, 
when diyided by h, will leave a different positive rem'* 

196. J[fn he a prime No,, the coeff, of every term of (1 + xj*, 
exc^t thefirti and kut, is divisible by n. 

For [92 Cor. 2] n(n- 1) ... (w -r + 1) is divisible by 1.2... r: 
therefore, if n be prime, and r <n, the product (n - l)...(n - r + 1) 
must be div. by 1.2... r; and hence the coe£ of every term (except 
the first and last) will contain a factor n, and be divisible by it. 

The same is obviously true of the coeff. of (a + 5 + e)", when n 
is a prime No.: since {(a + 6) + c}* = (a + 6y + Ci(a + 6)*"* e + &c., 
where the coeff* of (a + ft)**, as well as Cj, C„ &c., come under 
the preceding case, and those of (a + by"\ &c are all integn^; 
therefore the coeff of every term of the expressi(m, except o^y h% c^, 
is div. by n : and similarly for any such multinomiaL 

197. Fermafs Theorem, If n be a prime No,j and N prime 
to n, then N""* -I is a multiple ofn. 

For [123] (a + ft 4- c + &c.y - (a* + J" + c* + &c.) is div. by n: 
suppose there are N quantities a, 6, c, &c., and put each of them = 1 ; 
then N^' N= N(N^~^- 1) is div. by n: but N is prime to n; 
. jy-ji-i _ 1 ig a multiple of n, or JV""* is of the form np + 1. 
Upon the above result we may make the following remarks. 
(i) N may be any No. < n, since each of tiiese will be prime to n : 
(ii) N^ and N, when di^ded by n, leave the same rem' : 
(iii) N*'^ is of the form nj» + 1, if JV be prime to n, and of the 
form npf if iV be not prime to n, since in this case (n being prime) 
iVmust be a multiple of n; thus N^ is of the form SporSp-i- 1, 
according as iVis a multiple of 3 or not : 

V^iv) Since n is prime, n-1 is even; and therefore N*^-i 
= (JV4(»-i)+ 1) (A-io."*)- 1): hence, if ilTbe prime to «, one of these 
two factors must be div. by n, and therefore N^^*^^ is of the form 
np or np ± 1, according as iV is a multiple of n or not; thus N* is 
of the form 6p or 5p± I, according as iVis a multiple of 5 or not. 

198. Sir J, WihofiCs Theorem. ^ n be a prime number, then 
1.2.3.. .(n - 1) + 1 M a mult^ ofn. 

By [119] it is seen that 
1.2.3...(n-l)=(n-.l)*-»-(«-l)(n-2)*-»+J(n-l)(n-2)(n-3)*-'-&c.j 
but [124] each of (n - 1)*^*, (n - 2)"^, &c, is of the form np-^1; 
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hence 1.2.3...(n-l)a(8uppo8e)nP+l-(n-l)+i(n-l)(»-2)-&c. 
= nP + (1 - 1)""* - 1 (since n - 1 is even) « nP - 1 ; and therefore 
1.2.3... (» - 1) •{- 1 is a multiple of n. 

Upon this result we may remark as follows. 

(i) 1.2.3... (» - 1) = 1 (n - 1) 2 (n - 2)... {J (n - 1)}», since n - 1 is 
even, which is manifestly of the form nP±Qf where Q=l".2"...{J(*i-l)}*, 
and the sign will be 4- or - according as ^(n - 1) is even or odd, 
that is, according as it is of the form 2p or 2p - 1, orn of the form 
4^ ± 1 ; therefore, by the Theorem, nP ± Q + 1 is a multiple of 
n=^nP suppose, and .*. Q = n (P'-' P) T 1, or 1*. 2«. . . {J (n - !)}• ± 1 
is a multiple of n, according as n is of the form 4|> + 1 or 4p ~ 1 : 

(ii) When n is of the form 4p - 1, 8incel*.2*... {J (n - I)}* - 1 is 
a mult, of n, it foUows that one of its two factors, 1.2...^ (n - 1) -)- 1 
and 1.2... ^(n - 1) - 1, is a multiple of ». 

Ex. 40. 

1. If a No. consisting of two parts be prime to one of them, it 
will be prime also to the other. 

2. If m be a prime No. and a and b integers prime to m, then 
a'""* - IT'^ is div. by m. 

3. The square of any No. is of the form 5p or dp ± 1, and that 
of any No. prime to 4 is of the form 4p + 1. 

4. Every cube No. is of the form 4p or 4p 4 1, and every fourth 
power of the form 5p or 5p + 1. 

5. Every cube No. is of the form 7p or 7/> ± 1, and every sixth 
power of the form 7p or 7p + 1. 

6. If n be a prime No., then 1*^*+ 2*"* + &c + (n - I)*-* is of 
the form np - 1. 

7. The diff. of the squares of any two primes, > 3, is a multiple of 24. 

8. If iV be odd and prime to 5, iV* - 1 is divisible by 80. 



199. Tojind the No, of dwieors of a composite number. 
Let a, 5, c, &c. be the prime factors of any No. N] which may 
therefore be expressed in the form tfbkT &c.: then the different 
divisors of N are evidently comprised (and no others) in the terms 
of the product 

(1 + a + a» + &c. o^) (1 + 6 + 6» + &c. 60 (1 + « + c* + &c. O &c., 
the Nb. of terms in which is(p+l)(^ + l)(r+l) &c., including 
as divisors both 1 and N, 
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Thi]8 360«2*.3P.6,andad]nitBQf4.3.2==24divi8Qn$ 400»2«.5', 
and admitB of &3 a 16 divisors. 

From the above we may infer as follows : 

(i) The No. of divisors of N, containing a, is evidently the No. 
of terms in the product (a + c^ -h &c a"*) (1 + ft + &c.) &c.y which 
i8ii(£+l)(r + l)&c: 

(ii) Hence the No. of ways in which N can be divided into 
two factors is ^ (j» + 1) (^ -I- 1) &c, except when iVis a aqttare No., 
and thenp, 9, r, &c will be all even, and (p -1- 1) (9 + 1) &c. will be 
an odd No.; here the No. required will be ^{(p + l)(9+l)&c. + l}, 
and the two &ctoi8 will be equal in one of the products : 

(iii) The No. of ways in which N can be resolved into factors 
prime to «kA other, will be the same as if we wrote a, h, c, &c. 
for a\ M, c^, &c in the above, and will be therefore ^.2.2. &c. » 2*^\ 
if II be the No. of the prime factors, a, b, c, &c.: 

(iv) The nan of all the divisors of JV is 

tr'-i ft^'-i c^-i p 

a-1 6-1 e-1 
200. ToJSnd the No. of mtegers less than N, and prime to it 
First, let N=€^i then all the Nos. from 1 to i^ are a** in num- 
ber ; but, of these, the Nos. a, 2a, 3a, &c d^^.a are multiples of a, 
and therefore not prime to N, and these are a^ in number; 
therefore the number of Nos. less than N and prime to it is 

<^ - 4r-> = aF-> (a - 1) = iV. 2-^ . 

Next, let N - tFh* : then, as before, among the Nos. less than N, 
there are 0*^*6* multiples of a, a^^~' multiples of h ; but among 
these are some which are conunon to both sets, viz. those which 
are multiples of aft, in number a^ft*'S therefore, subtracting 
these from one of the former sets, we have on the whole, among 
the Nos. less than iV, af"*ft* + a'ft^'*-a'***'^, which wre not 
prime to Ni hence the number of Nos., less than N and prime 
to it, is o^ft* - oT'ft* - oTft'-' + a^ft«-' « oT^ft*-* (a - 1) (ft - 1) 

. y . 1=^ . ^: and simikrly, if iV= a^lfiff &c. 
a Q 

Ex. 1. 100 = 2\ 6*: hence the No. of integers, which are iess 
than 100 and prime to it, is 100 . i . f - ^0. 

Ex. 2. The No. of forms for primes to mod. 20 is the same 
as the No. of integers less than 10 and prime to it, viz. 10.J.|=4 : 
these are evidenUy 2Qp ±1, 20|p ± 3, 2qp ± 7, 2()p±9. 
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Ex. 41. 

1. Find the No. of diyison of 60, 90, 144, 240, 300^ and 1000. 

2. How many of the aboTe divison in each case contain the 
foctor2P and how many contain 4 P 

3. In how many ways may the fint three of the preceding Nos. 
be divided into two fiieton P or the last three into faotors prime to 
each other P 

4. Find the sum of all the divisors for the first three Nos., in 
each of the three cases of Ex. 1 and 2. 

5. Find the No. of integers less than each of the given Nos. 
in Ex. 1, and prime to it 

6. How many forms of prime Nos. will there be for ^ach of the 
six Nos. in Ex. 1 P Write them down for 60. 



201. DiOPHANTiNE Problems. These are so called from Dio- 
phantos, who first treated of them about a.d. 360. 

The problem is to find such values of a; as shall render a given 
function ot x a square quantity, which we shall denote by a or 
by sP. it must be observed, however, that many of the questions' 
which occur in this part of Algebra are of considerable difficulty, 
and require more than ordinary skill and judgment for their solu- 
tion. The following hints will suffice for most, of those which the 
Student is likely to meet with in actual practice, and wiU shew the 
method of treating such questions. 

202. I. Given ttB* + &r + csi^^ 
(i) If a be a square ^f^, 

putp^^ + »* + «-(/« + ^J, wheDoe • - j^i^t 
(ii) If e be a square ^]^^ 

put aa* + to +y a ( — « + pV, whence x « — ^ r^i 

(iii) Ify-4acbeas9tMr», then [66] aaB^-f&af+c«a(»-o)(«-/5X 
where a, /3, are rattonal ; 

put (x - a) (* - ^>b: ^ (op - of, whence*- ^^4—^- 
in which three results, fjti and n may have any values whatever. 

(iv) Ifa«*+to+ccanbeputintQtheform(eap+/)r+(^+A)(*«+0» 
put it » {{ex +/) -f — (^jT + h)y, whence* may be easily fou^d. 

PABT n. Q 
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(▼) If any one solution, as « s r, can be found in any way, either 
by rule or by guess, put af=y+r; thai tf{y+r)*f *(y+r)+ceaf 
:> a/ + (2ar •\-h)y + j^, (if ar*+ 5r + e^f^,) so fiiUing under (ii) : 
or,otherwise, a(a^-r*) + 5(«-r)+jii^c:ji^asja^ + (ap-r)(«p+ar + *), 
so falling under (iv). 

N.Bi Ca8es(i)and(ii)inelttdethoseofa«*+&B"a^and&rie = s^, 

by supposing |)«0, that is, by putting aa^-^he^ -y a^,&r + ca-j-. 

Also ox* + 5xy + €^ » if is included in the above by putting 
x^vy, and dividing by the squar0 quantity y*, which leaves 

Ex.1. Given 4a!»-3a?-2«D = (2«-2y«4a!»-42« + !^. 
/. « e :; o-f = 3, if m = 1, » = 1. 

Ex2. Given6ap» + 9 = a«f-« + 3V = ~«» + 62« + 9; 

\w / IT n 



m' 



Ex. 3. Given 2«* + » - 6 = a = (2* - 3) (« + 2) = -^(« + 2)» j 

2n* - m' 
Ex.4. Given2«*+«-20=:n«;iP»+{a!«+«-20)«4f+(ap-4)(«+5) 

«{:r+J{:r-4)}«by(iv) = *« + 2^a:(«-4) + J{*-4)-w 
..., + 5-22:r+!!^(x.4X :r= .^^-+ ^" , .24, if m-1, n=2. 

Ex. 6. Given 3a^-2ay + 8y» = ii?, or (putting « « ly, and di- 
viding by ^,) 3f7^ - 29 + 3 a a : since this admits of v . 1, put 

• «t* + l; then 3«» + 4ii + 4« a «(-ii+2)-, orii=~^^"!"^\ 

where we may write - m for m, which only amounts to assuming 

(- -ii + 2)« instead of (-fif2)«, and then ii-* ^7**^^^; i^ 

X 

m = 2, n = l, then fisl2; .*.« = 13 »-, and any pair of values 

of X and y, taken such that x <a I9jf, will be a solatifHi, as «<• 13, 
y-1. 



AND DIOPHANTniE PROBLEMS. 128 

But we may obtain more general Tslues for x and y as foUows : 

we have u = , ^ , , v = 1— ot— ■= -8 

we may therefore take «« m' + 4mn + n', y sm'-3n', and give any 
values we please to m and »: thus if ms3, n^l, then d;»22, 
y = d, &c 

In like manner, if in any case aa^<f&ry+€y*«if, or oo^+fto+CBQi 
admits of solution, we may always find integral values for x and y, 
by taking for them the numerator and denominator respectively of 
the general value oft?. 

Also if any solution x^r, y «« be found, then X'^pr, y-p»t or 

T 8 

x^^f y » - 9 are manifestly solutions, whatever p may be, since 

if <w^ + 5r< + ea^ » a, so ako 

flpV + 5pV» + cp*«* ^p^(af* + ifs + M^) a D. 
Hence in the above Ex., since a; » 22, y « 6 is a solution, so 
also is ^ s 44, y s 12, or ^ » 11, y s 3, &o.; that is, any pair of 
equi-mtiU^tiea or stdhtnuU^les of the first. 

203. The equation aa^ + hx^if may always be solved iaponttve 



m' 



in- 



integers; for if oaf* + 6« = —y a^, then x = — ^ ^ . Now by [166] 

it is always possible to solve m'~ a»*s 1 in integers, and, putting 
in the numerator the value of n thus found, we shall have x a 
positive integer. 

But the equation aa^ - &p s jf may always be solved in integers, 
but not always in positive integers, since this would require 
m* - an* = - 1, which [166] is not always possible. 

Also cases (ii) and (iii) can always be solved in positive integers: 
for the den' in each case being m^-an*, we can put this = 1, and 
solve it in all cases, and then we can take positive or negative 
values for m orn in the numerator, according to circumstances, so 
as to get a; positive. 

And Case y may be treated thus : 

tf{a^-r«) + 6(a;-r) = j^-y«(a?-r){a(« + r)+5}5 

put «+j? = — (a:-r), «-j> = — {fl(a: + r) + 5}j 

n n 

then, eliminating, 

(in^ + an*) r + 2mnp + M 2amnr f (m* •¥ ofi^p ■¥ h mn 

m* - an* * m^- an* ■ 

02 
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whence, sohing the equation n? ^av^^ 1, we may get poeitiTe 
integer values for x and s, taking «• or n (or p, since it originally 
enters in the fonn of p'^) positiye or negative, as we please. And, 
of course, any value of x thus found may again be substituted 
for r in the numerators, (retaining the same vi^ues of m and n) to 
find new solutions, and so on. 

Ex. If 8t^ - 2i^ + 3 « if (as in Ex. 6), where r^l, 

then 3(c^-l)-2(t?-l)-i?-4«(t?-l)(3t? + l)5 

.-. « + 2 = -(t?-l), «-2=-(3ofl), »ndp« ^1,3^1 > 
as before. 

Here then we must solve f»"-3«"==l : now V3»X + |T ol TZS~ • 
and the convergents are 1, f, f, {, &c; 

.*. m a 2, » a 1, or m s 7, « = 4, &c.; 
/. t?» 13, or vs 177, &c.: and, of coinrse, we might start ag^in, 
taking r s 13, and so on. 

N,B. The above method includes the case of5=0Qradf-l-«»<f, 
which may be similarly treated, and can always be solved in positive 
integers, if one aolution^ x^r, he given, 

Ex. 42. 

Find values for x (when possible, in positive integers) which 
shall render square the following quantities: 
1. 4a:«+29. 2. 7a:« - 6a: + 1. 3. 6a;« +^ - 1» by (iii). 

4. 2a:«- 1, by (iv). 6. 2(a*- 1), by (iii). 6. 2««+ 2, by (iv). 
7. lOa^ + 7a: + 1, by (ii). 8. 6« + 11, given r = 1. 

9. 2a:* - a:, r = 1, 10. 6a:* + « - 1, r = 2. 11. 2«* - 1, r « 1. 
12. 2a!» + 2, r = l. 13. 6-13a;+6a;', rs2, 14. 6a:*-3« + 7,r « I. 

15. 2(a^~l),r = 3. 13. 7a!»-3,re 1 or 2. 

F^id p<)6itlTe integral values of x andy to rationalize the expressions 

17. VCUa* + 7ay + y«). 18. VC^** + ftry + 6y»)- 

19. V(6«" + 7ay - 3/). 20. V(fi«* - 8ay + 2/)« 



204. II. (i) Given ax-^h-o^ ex-k-d-Ut for the same values of «: 
put aa;-i-&=x^, and substitute the values of ar from this in ex-{d=Uf 
which will now become of the form a'lf i&'sO, and will &11 under i. 

(ii) 0iven cu^ -^hx^Q and ex* + d^r = a; put ~ for x\ then 
a f 5y s a» e + (?y s Qy which falls under the last case. 
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Ex. 1. Given 2d;-6aa^8dP-l-7«xa: from 2:^ - 6 » i^, we get 
« = i (i? + 6), whence 8* + 7 becomes f («• + 6) + 7 «= d, or (mult 

by 4, a 8quarelX6.) W+64«d«(~jb + bY = ^*«P+16 - « + 64; 

16mn \» / n » 

.-. «=s-i i»16ifma2, mbI, and .-. « = K«^ + 6) = 131. 

Ex.2. Given x + Ss^^d^ 9« + 6««aD: for « put -, then 

y 

13 

-+ -% = a, ^ (mult by ^) y + 3 = aoi^, and y^i^^S; 

BoOy + 5 = fe»-22 = D = f3«--\«W-6~« + ~5 

•\««^!-^^=V,ifm-2,»»l,andy=«'-3=tJ5 /.« = «. 

. 205. m. (i). Given m; + ifty s q s j>% ed; 4- <ly - q « 9*, then 

* ~ ^ — ^ ' ^ ""^ — i • '^^ ^^ *^^ ^ ^ taken any multiples 

of (id -he, q^ch as |) = tn (ad - he), q^n {ad - he), then x and y 
will be obtained in integers. 

(ii) Given ax-^hy^ a, cd? + cfy » d, ex -vfy « D i 
put ax-^-hysjf, ex^dy^f, whence, substituting for x and y, 
«c+^ = fl'iJ^+6'9*= □, or, putting f=jfs^, and dividing by the 
square jf, cr' + W = d. 

Ex. 1. «+2y=a=;i*, 3«+4y=D=5^; .% a:=j*-2p^, y=i(3p^-9'), 
whence, if j>s2, j'sS, we have «=1, y=lj; or, if j>=3, q=^6, 
dien :ps7, y = l; or ifji = 2m, i^ = 2n, then « » 4 (m* - 2n'), 
y = 2 (3m« - »•). 

Ex.2. jP+2ysQy 3d;+4y=a» 7:r+6ysa: taking the general 
values fo¥ x and y found in Ex. 1 from the first two equations, we 
have 7« + 6ys5 45*-&?*=D, or (putting q^pz, and div. by j?*) 

mal, »=1; hence^sfp, and:r=:^-%9*si>*, y=J(8p^-S'')=ljP'; 
if j>«4, then a;s4, y = 6. 

206. The above solutions iu (l, li, in) are all general ones, 
by means of which we may obtain an unlimited No. of different 
values for x, all satisfying the conditions of the Problem, though 
they may not all be integral: but in the following (excepting 
the first) the Solutions are limited, generally to one only, the 
values of m and n being fixed by the steps taken. 
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207* lY. GiTen aa^-^-hc^ + ex-k-d'^ ui 

(i) If c = 0, J = 0, put ar»+W-ffiV; 

(ii) If cf «j^, put a«' + &c.s(ffi«+|))P, end then put 2n^^e. 

(iii) In no other case can rules be given, except when a solution 
z^r ctm be found in any way, when by putting x^y f r, the 
case will fall under (ii). 

Ex.1. 2«* + 3«*=D=mV; /. ««i(m*- 3)e 3, if m-S. 

Ex.2. 2«*+3«*+64P + 4=s(»M:+2)'=mV+4ma?+4; put4f»i»5, 
then 2jf + 3^»mV, or ^x-^S^H, and x^-H, which solution 
we might put =r, and employ as in Ex. 3, to find another. 

Ex.3. 2d^-3jE^-f6dp-daa has a solution «a 2: put d;=y 4- 2; 
then 2y« + V + 17y + 9 = a = {my + 3)" = my + 6my + 9 j 
put 6fittsl7; .%2y+8em'aW, andya^; /.«ay + 2a4$|. 

208. y. Oiyen lu^ + io^ + eic' + cZr + tfBa. 

(i) If a ^jff put a** + &c. o (pa^ + hm: + n)*, 
and then put 2mp a 5, 2njp + m' s c, which giyes m &nd n; 

(ii) If 0=1'', put aa;*-i-&c.e(fii«*+fM;+jp)F, and then put 2iip8<i» 
2mp -^-n^^Ci 

(iii) If aB|i^, ts^y put adE!*-i-&c.B(/KB'+mjr+9)', and then put 
either 2mp^h or 2m^Bc( by which we get two d^erent solutions; 
or put aa^-^&Q.^(jM^-\-fnx-'qf, and proceed as before, by which 
we get two other solutions, which, howeyer, we may obtain from 
the former by merely changing the sign of q. Also, since this case 
comes under both (i) and (ii), we may by the methods there given 
obtain two other solutions, that is, six in all. 

(iy) Lastly, if a solution x^r ia known, we may put xmy^rp 
as before. 

Ex. 4^-3jEP + 22:'-2d;-|- Is a: this comes under (iii), but will 
enable us to illustrate also (i) and (ii). 

By (i) put 4«*- 8«»+ 2aj»- ac+ 1 =(2«»+iiMr+n)P 

s 4a;S 41110^ + (4n + m") ^ + 2miM; 4 n' ; 
put 4#» ■ - 3, 4» + m* « 2 1 .'. m - - f, nm s|.. 
and now -2« + l«2m»F + n««=-i%ap + /ft)i; .-.asafff}- 
By (ii) put 4a!' - 3«' 4 2x* > 2d; 4- 1 « (m«» ^nx^lf 

e mV 4 2mna^ 4 (2m 4 »•) « + 2fi« 4 1 ; 
put 2nB-2, 2m-i-n*»2; .*. na-l, ms|. 
and now 4^-3«'BmV42mfi«', or4«-3ai;c-l; .•.^a^. 
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By (iii) put 4d^- 31^4- 2a:«- 2a?+ 1 »(2a^4-m«± 1)" 

B4fl^^4fiM^-f(m'±4)a;'±2m«+ls 
put4m = -3; .'. ma-f, and 2«»-2«a(m»±4)«»±2maf; 
.-. with upper signs, 24? - 2 « (^^^ + 4)a; - f, whence « « - A, 
with lower signs, 2a: - 2 = (^ - 4)« + f, whence « = ff | 
or put ± 2m = - 2 ; /. m = - 1 or + 1, according as we take the 
upper or lower signs ; 

and -3a» + 2«« = 4m«« + (m*±4)«*, or -3d; + 2s4mjB+m'±4; 
.*. with upper signs, -3x + 2=:~4« + 5, whence « = 3, 
with lower signs, -3d;-H2a 4«~3, whence a; >= f . 
Lastly, since 4? s 3 is a solution, put « = y + 3 ; 
then 4y* + 4V + 191y* + 361y + 266 » d, 
which is of the same form as the given one, and, being umilarly 
treated, Would yield other solutions. 

209. yi^ Given aa^-i^bsi^^ex-^d-tk perfect cube: 

(i) If a =jf, put aa? + &c s (px + m)P, and then put Sm^ » 5; 

(ii) If d =/)^, put ox* + &c. a {mx -Ypfi &nd then put 3m/i* » e; 

(iu)If asjf", rf=3^, put (U^-{'&c^{px-¥q^\ 

(iv) If jTBf is a solution, put d;=y +t*. 

Ex. 4a. 

Solve the Diophantine equations 

1, « + ll=D, «-13=:a. 2. «* + «=sn, «•-«=□• 

3.2« + jr»D>«-2y=a. 4. 2«* + a:=:D, 3a:* + 2af=D 

5. ll«»+3iB* = 8?. 6. a!»-2«* + 2a? + l = «'. 

7. a!»-3af + 8«i?, r«l. 8. 1 -2ir + 3««-2««+«* = a». 

9. a*-2«» + 3 = i?. 10. 3a:«+12a;-8=:«*. 

11. 7«»+l=:iJ", r=l. 12. 6-3«' = ««, r = -l. 



Pbob. 1. Find the general values of a;, y, and a^ in ox'+^ssP. 

Here put « = «!y, then atj^+ 1 = a = (— t?- 1)*, c = — i s = - : 

*^ ' n mr - arr y 

.*. X = 2mn, y = ni^" an\ « = !»• + an*. 

If a=l, then«* + y* = «*, anda;-2mn, y==fn*-n\ % = m*-^n*. 

Hence the fraction •-: « is such that the sum of the squares of 

its num' and den' is always a square. For m write » + 1 ; then 

this fraction becomes -5 — -r- « « + ^ — --=■ , from which, by giving 

sin + 1 *9t + 1 
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n the luecessive valuei 1, 2, 3, &c, we get the Mowing curious 
Beries of fractionB, li, 2f , 3f , 4f , &c, each of wHch possesaes 
the aboTe-mentioned property. 

Pbob.2. Find three square integers in a. p. 

Let «■, y*, I? be the numbers; then a5* + i^=2/, or if x^p-qt 
z^^p + Qf then >* + 9* = ^ : now by Prob. 1 this is satisfied by 
p = m*-n\ qt^ 2mn, and y^m^-^-n*; .*. the three quantities are 
(m* - n* - 2m»)*, (m*+n«)*, and(m'-n* + 2mny, where m and n 
may have any values. If m a n a 1, these are 1» 25, 49. 

Pbob. 3. Find a number x such that «* + ojt and a^-ax may 
both be squares. 

Let ^^ax=]^i^\ .'. x^ ncj > "'^ g*-gg« rti»~l)* "" i?Ii " °^ 
whence 1 - Q)*- 1) = 2 -|>"= d =i? suppose: 
.-. s'-Ih:!-.^: let« + l=^{l-;i), «-l = £(l+i^); 

m*-2mn~»' ^^ i ^^'n{n*-n^ (n^^nfya 

•'•^" »••+»• '^'^^•"^""(m'+^T "• •'• 4mn(n«-m*)- 
If msl, ns2, then «affa, which evidently satisfies the question. 

Pbob. 4. Find three integers in a. P., so that the sum of every 
two may be a square. 
Let there be x, xi-y, d;+2y; then 

2«+y=D, 2iP + 2y=D, 2« + 3ya a: 

let 2x + y=jf, 2af + 2y=:j«; /. 2x^2^-^, y^^-p^t 

and 2« + 8y=25*-jj^aa: hence 2©'-laaP, or i?-c*=3C*-l: 

let, + »--(r-l). .-» = -(« + !), ....o^jrr-g-— .-J, 

/. j'sffi'fn', ji=m*-2mn-n*, ^~j^=(q^p) lq-p)~ifnn {m*-n*)i 

/. 2a:=|>"+(/>«-j0 = (»»*+»*)'-8mn(m«-n*), y « 4iiin (m* - n*)» 

where, in order that x may be integral, we must have m and ft 
both even or both odd. If m-9, n»l, d:a482, y b2880, and 
the numbers required are 482, 3362, 6242. 

Pbob. 5. Find two numbers such that if to each and also to 
their sum a given square^ a* be added, the three sums shall be 
squares. 

Let the numbers be a:" - a*, ^ - a*, by which assumption the first 
two conditions are satisfied : then c*-!-^-!^ Bi^y ors^-y'^c'-i^: 
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let «+yss — (a:-a), «-y« — (op + a): then x^^ :— , , 

y - ^^ i — i > where z may hare any value. 

If m » 2, n = 1, then « = J (3a + 4«), y « i (3« - 4fl), and if 
a=2y s = ll, then a;»10| ya6» and the numbers are 2*-a^:=96, 
y» - a* = 21. 

Pbob. 6. Find three square integers such that their sum may 
be a given square. 
Let «* 4- / + <f a o^; then this is satisfied by putting / = 2d»; 

.*. t'\'t=a^ and y*=2aae2a«-2a^=D = — «■ suppose: 

2n*a m'a 2mna 



• m« + 2n*' m« + 2n«' ^ m« + 2n** 

K m=l, n=l, and o=3, then a:=2, y=:2, jb=1, and 2*+2*+l*=3»; 
if m=l, n=2, and a=9, then x^S, y^^, z=l^ and 8'+4'+l*=9*. 

Ex. M. 

1. Find a number x such that j; + 1 and x - 1 shall be squares. 

2. What is the least number of terms of the series 1, 2, 3, &c.» 
whose sum is a square i 

3. Find two squares, whose difference shall be a ; and apply the 
result to find integral squares, when a » 15, and when a = 16. 

4. Find the least two integers, whose difference is a cube and 
sum a square. 

6. Find the least two integers such that, if the square of each 
be added to their product, the sums shall be squares. 

6. Find two numbers such that their difference shall be a given 
square; and apply the result to find two integers, whose difference 
shall be 441. 

7. Find the least two integers whose sum and diff. are squares. 

8. Find two numbers such that, if their product be added to the 
sum of their squares, the result shall be a square. 

9. Divide a given square into two squares. Ex. 225. 

10. Find the general values of x, y, and s, in 2* - ay* « s^. 

11. Find two numbers such that, if each be added to their 
product, the sums shall be squares. 

12. Find general expressions for converting a number, which is 
the sum of two squares €? and i^, into the sum of two other squares. 

03 
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CHAPTER Xn. 



PBOBABILmES. 

210. If an event maff happen in n ways, each equally poasible, 
the probability that it wiR happen in any g:iTen one of them 

ig properly represented by - , if we represent certainty by unify. 

For let X represent this probability. Then, since the ev^it must 
happen in some one or other of the n ways, the sum of aQ their 

separate probabilities must be certainty; hence fM?= 1, and x^ -r^^ 

n 

80 also the probability of its happening in any one out of m 

specified ways is the sum of m such separate probab^ties, or — . 

n 

Ex. If there were 20 tickets distributed to as many persons, 
the holder of one of them to be entitled to a prize, then, since 
it is, a priori^ equally possible that any one of them may hold the 
fortunate ticket, the probability of success for each person is ,\ ; 
and if any one person held seven such tickets, he would have the 
same probability of success as seven different persons, widi their 
separate tickets, would have between them, that is, f-^. 

The fraction in each case is called the Mathematicdl chance^ or 
simply the chance of the corresponding event happening, and 
represents, as we have seen, the probability of this, on the sup- 
position that certainty is represented by unity, 

211. If there axe a-th occurrences, all equally possible, a of 
them favourable to a certain event and h unfavourable, the chance 

of that event happening is — 7 , and of its &iling to happen, — -• . 

For the chance that any one of the a-hh occurrences will happen 

is r ; and therefore — r , r , are respectively the chances 

tf + 6 a + 6 a + 6 "^ ' 

that some one or other of the a fevourable ones or of the b 

unfovourable ones will happen; the former then is the chance 

of the event itself haj^ning, tiie latter of its failing to happen. 
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Or thnsi tt is plain, from the hyp., that the ohanoe of Ihe event's 
happening : chance of its failing : : a : 5; .'. chance of happen- 
ing : chance of happening -i- chance of failing ti a i a^hi 

but chance of happening + chance of foiling « certainty b 1 ; 

.'. chance of happening a , and chance of foiling « ; . 

a + a + 

In this case the odds are said to be a to 5 upon the erent, the 
odds being in the ratio of the chances for and against it If we 
denote the former chance hyp and the latter (or 1 ^p) by q, then 
the odds wOl he p : q on the event, in Us favour or against it, ac- 
cording as ji > or < ^. Ifa^h, the odds are even, and p^i^q* 

If we have the chance of an event in the form of a fraction, we 
may obtain the odds at once by taking the num' from the den' : 
thus, if the given chance be f, the odds are 2 : 3 against the event, 
this being the ratio of the chances •}, f , for and against it. 

Def. The chance then of any event is represented mathema- 
tically by the fraction, whose den^ is the No. otposeibh occurrences 
and ntMf the No. of ihem favourable to the event in question. 

Ex. 1. If there be 10 balls in a bag and one be drawn, the 
chance of its being one of three marked ones is ^, there being 
here 10 possible occurrences and 3 favourable : if two be drawn, 
the chance of their being two marked ones is ^ ; for there are 
here 45 possible occurrences (since the 10 balls may be drawn, 
2 together, in 45 ways) and 1 only is favourable: the chance of 
one only of the two drawn being one of two marked ones is ^; 
for each of the two marked ones may be drawn with either of 
the 8 others, making altogether \^ favourable cases. 

Ex. 2. In a bag are four white and six black balls: find the 
chance that, out of five drawn, two and two only shall be white. 

There are here 252 possible occurrences, since 10 balls can be 
drawn, 5 together, in 252 ways; and for like favourable ones, each 
two of the four white balls (which can be taken, 2 together, in 
6 ways) may be drawn with any three of the six black balls (which 
can be taken, 3 together, in 20 ways), making altogether 6x20=120 
favourable occurrences : hence the chance required is \^ = if. 

Ex. 3. Find the chance in Ex. 2 of two at least being white. 
Here we must find the chances that two only, three only, and 
four, out of the five drawn, shall be white : these will be found to 
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be respeetiTely if, A, /,, and their Bam, f i, is the chance 
zequirecL 

212. In all the abore and similar instances, if we subtract firom 
umtff the chance we have obtained, we shall get the chance that 
the event in question {A suppose) will not happen, or, which is the 
same thing, that some other, which may be caUed mipplementary, 
erent {S suppose) will happen. 

Thus, in Ex. 3, the chance of not drawing as many as two 
white balls, or the chance of drawing at least four black balls, 
is 1 - ii B Hi <^d ^c ^^ "^^ be 11 : 31 against this event. 

This may be often applied to simplify the calculation of chances ; 
since it may be easier to estimate the chance for the comple- 
mentary event, than for the given one. Thus in Ex. 3, the chance 
of the complementary event is the sum of only two chances, viz. 
that of drawing four black balls (s /^) and that of drawing five 
(- Mt whereas we had before to find the sum of three chances; 
and now A + A = Ji, 1 - Ji = }«> «» before. 

213. In like manner, if the No. of equally possible occurrences 
be a + 5 -I- 0, and a of them be fitvourable to an event A, h to B, 
and c to C; the chance that A, B, or CwiU happen respectively is 

1: — , » — , r , which if we denote by p, ^, r, 

then J? + gr + r = 1. 

The complementary chance to any one of these, as ^, is the 
sum of the other two, since l-p^q-^-r, and it is plain that if A 
does not happen, either B or C mU. Hence the odds upon A 
are a:5 + c ot p:q-\-rj and similarly for any No. of events. 

Ex. 4S. 

1. The odds being 1 : 2}, 2} : 1}, 2^ : 3}, find the correspond- 
ing chances, and compare them. 

2. One of two events must happen : given that the chance of the 
one is f rds of that of the other, find the odds upon the first 

3. On the same hypothesis, given that the odds upon the one 
are 2^ of those upon the other, find the chances of each. 

4. There are three events. A, B, C, one of which must happen : 
the odds are 3 : 8 on ^, and 2 : 6 on ^; find the odds on C, 

6. In a beg axe 3 white and 6 red baUs: find the chances tln^t , 
MM bemg drawn, it shall be (i) white or (ii) red; or two bebg 
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drswiiy lihey shall be (i) both white, (ii) both red, or (iii) white 
and red. 

6. In a bag are 3 white, 4 red, and 6 black baUs; if one be 
drawn, find the chance of its being (i) white, (ii) red, or (iii) black; 
if tufo be drawn, of their being (i) white and red, (ii) both black, 
or (iii) one at least red ; if three be drawn, of their being (i) one of 
each colour, (ii) two of them black, or (iii) one of them white, 

7. In a bag are 10 balls, of which 4 are drawn : find the chance 
that there shall be among them (i) two marked ones, (ii) two only, 
out of three marked ones, (iii) three only out of five marked ones, 
(iv) two at least out of six marked ones. 

8. A general orders two pien, by lot, out of 100 mutineers, to 
be shot; the real leaders of the mutiny being 10, find the chance 
that (i) one, or (ii) two of them wiU be taken. 



214» If two events are independent of each other, and the 
chance of the first happening is p^f and of the second p^ then 
the chance of both happening will be piP^ 

For, as before, let «, = — ~, o, = - : then since any one 

of the a^ -H h^ occurrences may happen in company with any one 
of the a, + 5„ there wiU be (a^ + b^) (a, -i- &,) ways in which it is 
potnUe for these occurrences, « one for each erent, to happen 
together, and of these a^a^ will be favourable to the happening of 
both events; hence the chance of both happening is 



«i«. 



'PiPr 



Such chances are called contingent chances. And in the same 
way exactly it may be shewn that if q^ (or 1 ~p^ be the chance of 
failure, or the complementary chance, of the first event, and 
q^ (or 1 -p^) of the second, then pjq^ wiU be the chance of the 
first happening and second failing, p^i of the first failing and 
second happening, q^q, of both failing. 

The same mode of reasoning will apply to any No. of contingent 
chances. Thus, if there be n independent events, the chance of 
all happening is PiPf'Pnf ^^^ of all failing, q^^^qi^ of all 
happening but the last, PiP^^^Pm^^nf of all Ming but the first. 
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316. In like maimer the ohenee of the same event bi^ipening 
each time upon n trials is p*; the chance of its happening n-1 
times and foiling once in any gw9n order is p^^qt or in any 
order whatever, t^*^*q (since the failure may ooeor in either of the 
n trials); the chance of its happening » - 2 times and fiuUng twic^ 
in gwen order, is p"^^, or, in ani^ order, in{n- 1) ji*^^^, (since 
there are |n (» - 1) ways in which two out of the n trials may be 
taken as being those of failure) ; and, generally, the chanoe of its 
happening in n-r ways, and foiling in r ways^ in given order, 
IB p^^q% or, in any order, Crp*'^q% the coefficient being the No. 
of ways in which the n trials may be combined, r together, as 
those of foilure. It is plain that the chances in the above are 
the successive terms of the expansion of (j» + qj^f taken without 
or with their coefficients, according as the order of the happening 
or failure of the event is specified or not 

Cob. 1. The chance of its happening at least r times in n trials is 
|>* + njf-'q ^inin- 1) p"^^ + &c + C^rPq'''^. 

Cob. 2. Writing p a — - , q = — 7 , the above chances become 

a + 6 a + 6 

g" na'^'h n(n-l) t^U" „ 

(a + 6)"' (a+6)"' 1.2 •(a + 6)-' 

216. In like manner, if there be three events A^ B, C, one 
of which must happen and the others fail at each trial, with 
chances p, q, r respectively as in [213], then the chance that 
A will happen a times, B /3 times, and C 7 times, in n trials, 
(where a + /3 + 7 - n) will be that term of the expansion of 
(p + 9 4- ry*, which involves p'q^r , with or without its coefficient, 
according as the events are to happen in any order whatever, or 
in some one specified order. If we replace p, q, r by their values, 
the chance wOl be expressed by a fraction, whose numerator is 
a similar function of a, b, e, and denominator (a + i + c)\ ' 

And the same reasoning is plainly applicable to any No. of events. 

The student will easily perceive how the results, obtained under 
the Binomial Theorem, may be applied to Chances; as, for in- 
stance, to find the most likely result, upon n trials of the same 
event, we must find the greatest term of (p-\- qY, or of (a + 5)". 

Ex. 1. When a coin is tossed, the chance of its falling heads 
(or tails) once, twice, thrice, &c. successively, is i, i, l, &c. 
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Ex. 2r A bog contains 3 white and 7 black baEs: the ehance of 
drawing white the first time is A ; suppoifing this done, then wiU 
be only 9 balls in the bag, of which two are white, and tiie chance 
of drawing white again will be i ; similarly, the chance of drawing 
white the third time is i; hence the chance of drawing white 
in each of the first three trials is A ^ ( ^ i "^ fi?* 

So the chance of drawing two white and one black in three 
trials wiU be 3 x yf^ « A ; for it may be done in Ihree ways, toAtito, 
white, Uacky csr white, black, whUe, or black, white, white, the 
chance for the first of which is A x f x { = xioi <^d similarly for 
the other two. 

Ex. 3. Taking the same case as in Ex* 2, but replacing in the 
bag the ball drawn each time, the chance of drawing white three, 
times successiyely is j^ = (A)' = tooo > th*^* of drawing two white 
and one black, with oi without regard to order, is p*q or Sf^q, 
respectively, = jHz or ^^ ; &c. 

Ex. 4. In ^0i» trials, as in Ex. 3, the most likely event is that 
for which C^p^f is greatest, when n = 10, j? = A, q^ i^', this 
win be found to be when r => 7 ; hence the most likely result in ten 
trials is that we shall have drawn 3 white and 7 black balls. 

Ex. 5. Shew that it is probable that a person will throw an act 
at least once in four throws with a single die. 

The chance of not throwing an ace in each of four trials is ^ 
(where j = i) = ffh \ therefore chance of throwing it = AV« > t • 

Ex. 6. In a bag there are 3 white, 4 red, and 5 black balls : the 
chance that in 6 trials (replacing) there shall have been drawn 
two of each colour » term inYolving ^^^ in dp -^^ q -^ tf, 
«9qpyf*«90x i^i xix ,% = Att. 

Ex. 46. 

1. find the odds that, on tossing a shilling thrice, it wiU fell 
(i) head and two tails without respect to order, (ii) head, tail, head. 

2. Find the odds that, if a shilling be tossed four times, it wiU 
&11 two heads and two tails, sooner than four heads. 

3. If two shillings are tossed three times, find the odds that they 
will M (i) five heads and a tail, (ii) two heads and four tails. 

4. If a shilling be tossed 5 times, how many times is it most 
likely to &11 heads, and what is tiie chance of this P 
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6. A bag contains 4 white and 6 red balls; A^ B, C draw each 
a ball in order, repladng : find the chance that they haye drawn 
(i) each white, (ii) A and B white, (7 red, (iii) two white, one red. 
Find also the same if the balls are not replaced. 

6. A draws four times from a bag, containing 2 white and 
8 black balls, replacing $ find the chance that he will have drawn 
(i) two white, two black, (ii) not less than two white, (iii) not 
more than two white, (iv) one white, three black. 

7. Find the most probable event in (6). What would it have 
been if there had been 4 white and 6 black baUsP 

8. What is the chance that if a shilling be tossed five times, 
it will fall heads either twice or else three times ? Find the same 
chance, if it be tossed six times. 

9. There are 9 balls in a bag, 5 red, 4 white; shew that the 
most probable event in 5 drawings is the same, whether the balls be 
replaced or not. Shew the same also in 7 drawings, and that the 
ratio of the two former chances : ratio of the two latter : : 243 : 70. 

10. What is the chance of throwing an ace (i) three times 
exactly, (ii) not leas than three times, (iii) not more than three 
times, in five throws with a single die P 

11. In a bag are 3 white, 6 red, and 7 black balls, and a person 
draws three times, replacing; find the chance that he wiU have 
drawn (i) a ball of each colour, (ii) two white, one red, (iii) three 
red, (iv) two red, one black. 

12. On the same supposition, if he draw five times, find the 
chances of his drawing (i) three white, one red, one black, (ii) three 
red, two black, (iii) one white, four red, (iv) one black, four red. 

217. If ji be a person's chance of success in respect of any 
event, and M the amount that will accrue to him, if successful, 
his expetiation, or the value of his hope, is Mp. 

For let j» » — -; then if a + 6 persons were equally Interested 

in the event, each depending upon one of the a + 6 possible oc- 
currences firom which it may follow, and if x were the expectation 
of each, the sum of all their expectations should be equal to the 

whole gain, or {a^h)x^M\ hence « = ri and the exp. of one, 

who depends upon a of those occurrences, will be oar « ^ s Mp. 

Of course, a Iob9 wiU have to be reckoned as a negative gain. 
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Ex. 1. A backs one event and B another, the respectiTe chances 
being j9 and q ; what would be t^fair bet between them P , 

Let a : 5 be the bet; then A's eTp.sph -qa^ S^% exp. s qa -pb; 
.'. ph s qa, and a:h:ip:q, that is, in the mtio of the chances. 
In fact, the expectations in this case ought to be each zero. 

If bets were constructed on this principle, there would be no 
unfairness in them: but it should never be forgotten that the 
immorality of gambling consists, not merely in the dishonesty 
which BO often accompanies it, nor in the selfish tempers which 
it generally tends to foster $ but especially in its generating a 
craving for unwholesome excitement, which, while it is indulged, 
most certainly impedes the formation of a true and manly cha- 
racter, and| where it becomes habitual, effectually destroys it. 

Ex. 2. ]^ a bag are a guinea, a sovereign, and three shillings ; 
ul is to draw (i) once, (ii) twice : find his expectation in each case. 

The whole sum to be drawn is 44»; if he drew five coins, he 
would draw the whole, and his exp. would therefore be 44« : hence 
(i) if he draws once, his expectation is ^ of 44s a 8}s ; 

and (ii) if he draws twice, his expectation is double of this« 17f s; 
and so on, in proportion, if he draws again. 

Ex. 3. A draws five times (replacing) from a bag in which 
there are 3 white and 7 black balls; every time he draws a white 
ball he is to receive a shilling, and every time he draws a black 
ball to pay 6dx what is his expectation? 

His expectation each time will be f^xls- f-^xM^- ^^s; 
hence in five trials he may expect a loss of 3dl 

Ex. 4. In a bag are two red and three white balls : .^ is to 
draw a ball and then B, and so on in order, the stake (10«) to be 
won by whichever draws a white ball first : how much should each 
stake of the 10s P | 

A's chance of drawing white in his^s^ trial is f : the chance of , 
B having a first trial is that of A drawing red or f , and then '■ 
(since there would be now one red, three white) the chance of B^s 
drawing white would be }; therefore, upon the whole, B^s chance 
of drawing white is fxf=A, and of drawing red ixJ=x^o« 
the chance of A having a second trial is that of B drawing red 
or 1^, and then (since there would be now three white only) his 
chance of drawing white would be eertaintg or 1, after which B 
cannot have another trial : hence A*s chance altogether is f + ib= i^> 
and B^B ^o S therefore their stakes should be A*b 7s, B^b 3s. 
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El. «r . 

1. ApenoiithiowBaoommondieyaildistoreoeiTeasiBsnypeA^ 
as the point he throwi : what is his expectation ? what with two dice? 

2. A person throws two dice, receiidng as above, e&cept that 
when he throws douNetSf he is to leceive in pence the M^pmre of the 
point: what is his expectation? what is it also, if he is only to le- 
ceive as ahoTe upon the doublets, but to pay upon the other points ? 

3« In a bag are two white and five red balls: ^ is to draw 
a ball, receiving It if it be a white ball, and pairing 3d if, it be 
red: find his expectation, and find also what it would have been, 
if they had been five white balls and two red? 

4. On each of the two suppositions in (3), find ^s expectation, 
who is to draw twice, (i) replacing, (ii) not replacing^ 

5. A shilliiig is thrown five times : ^ is to have it, if it fall 
heads three times and tails twic6, and S, if it &11 heads more than 
three times : if neither of these events happen, it is to be divided 
equally between them : what are their expectations? 

6. From a bag, containing a sovereign and five shillings, ^ is to 
draw (i) once, (ii) twice, (iii) thrice : find his exp. in each case. 

7. From a bag containing two guineas, three sovereigns, and 
three shillings, ^ is to draw one coin and B three, and A^ JB, andC 
are to divide equally the remainder : what are their expectations? 

8. From the bag in (7) (i) A and JB, (ii) A, B, C, (iii) 
^, ^, Q 2) are to draw successively till all the coins are drawn: 
what are their expectations ? 

9. A and B draw from a bag in which are three white and 
three black balls, for a sum of 10«, to be received by him who first 
draws a white ball : A has the first draw : what are their expect- 
ations, (i) replacing, or (ii) not? 

10. Ay Bf and Q staking each 5a, draw from a bag, in which 
there are 4 white and 6 black balls, each drawing in order, and 
the whole is to be received by him who first draws a white ball : 
what are their expectations, (i) replacing, or (ii) not? 

11. There are 10 balls in a bag, two of which are. marked: 
a person pays down 6df and is allowed to draw 3 balls, receiving 
29 for each marked baU he draws, and paying 3d for every other: 
what is his expectation, (i) replacing, or (ii) not? 

12. A, Bf C throw a die successively, staking 3s, 4» Qd^ 6s 6d, 
respectively, the whole to be received by him who first throws 
an ace : what are they likely to gain or lose by the event? 
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218. ¥tam an obaefved eymXf which is knoim to ha^e sprung 
from one or other of certain cauaesy to estimate the probability that 
any particular one of these exists as the cause of it [This is said 
to be the probability, estimated apotieriorif of the cause existing.] 

Let P| denote the probability, a pnori^ (that is, antecedent to 
the observed eyenti and wholly inespectiye of it,) that the cause in 
question will exist, p^ the probability that the event observed Will 
follow, if that cause exist; then P^Px is the probability that the 
event (i) wlU happen, and (ii) from that identical cause t and so pro- 
ceeding similarly for the other causes, we have P j»| + P^, ^ &o. 
or 2 {Pp)y the probability that the event will come to pass from one 
or other of the causes, that is, that it will happen in some way. 

Again, '^(Pp) being the probJ that the event will happen, let Q| 
be the probx required, vix. the probx that, if it happens, it will be 
from that particular cause existing; then '^(Pp)Qx is the probr that 
it (i) will happen, and (ii) from that identical cause, which was shewn 

P tf P n 

to be also Pj>,: hence Q^ « ^^V «o Q, « — ^r , &c. 

OoB. If the causes axe aU, a priori, egmUy possible, then 
PioP.B&c, and, therefore, Oi«j»i-r S(j»), Q^ » J9. r 2 (i^), &c.; 
and if also S {p) » 1, then Q^ ^p^ Q, »|>„ &c. 

Ex. 1. A bag contains 3 balls, and we know only that their 
colours are (i) white and black, (ii) each white or black : a ball 
being drawn is found to be white; what is the probability of 
drawing again a white ball, the former being replaced? 

Here (i) two cases are equdOy possible, one white, or two white; 

•'•J»i=8f Pt'^h ^(l>) = l; »nd <ii = i, Qi = tJ lience the pro- 
babiUty of drawing again a white ball is ^Q^ + f Q, = f : 

(ii) three cases are equdHy possible, ona, twOf or three white; 
••.l>i=ti A=*i ft=l» 2(i»)=2; andQi=i, 0,»i, Q,=i; hence 
proby of drawing again a white ball is iQi+f Q.+C^=: A +#+i=i« 

Ex. 2. In a bag are three white and two black balk: a person 
draws one in each hand, and looks at one of them, which proves 
to be white ; what is the probability that the other is (i) white, 
(ii) bhick? 

Here P^ => probability that he has drawn two white balls » ^09 
P, « probability that he has drawn one white and one black s f^ • 
/»i=l.l>i = i; ^iPi^hf PnPt^hi andQi-Q, = i. 
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1. In a bag are four balls, one white, the others either aU white 
or all black: a ball is drawn, and found to be white; what ia the 
ohance (i) that the others are white, (ii) that a white ball will 
again be drawn, the former being replaced. 

2. Find the chance in (1), the white ball first drawn bdng re- 
moved, of drawing (i) a black ball, if one be taken, or, if two be 
taken, (ii) a black and a white, (iii) a black and then a white one ? 

3. There are three balls in a bag, of whose colour we are igno- 
rant, except that each of them is either white or black : a ball is 
drawn twice and replaced, and each time it was found to be white : 
what is the chance of drawing two black in two more trials ? 

4. In a bag are 7 bafls, 2 black, 2 white, and the others donbt- 
ful; two balls are drawn and found to be white ; what is the chance 
that the other three are white ? and the chance of drawing black 
and white at the next trial, the two already drawn hang removed? 

5. Find the chances in (4) when the balls first drawn are found 
to be (i) both bhuOL, (ii) white and black, (iii) white and then black. 

6. In a bag are three balls, which are known to be aU black or 
aU white: a white ball is dropped into it, and now a ball is drawn 
and found to be white : what is the chance that they are aU white? 
and the chance, when this is replaced, of again drawing white ? 

7. Find the chances in (6) if the ball dropped be taken, without 
being seen, from a bag containing one white and three black balls. 

8. Find the chances in [217 Ex. 1], if the number of balls be n. 

9. A has 3 sovereigns in one pocket, and 3 shillings in another, 
he knows not which: he takes a coin from one pocket and transfers 
it to the other, and then draws out a coin from the latter, which 
turns out to be a shilling: what is the chance that B, who is to 
have the contents of the other pocket, will receive two sovereigns? 
and what is his just expectation ? 

10. There are two purses, one containing two sovereigns and 
a shilling, the other two shillings and a sovereign : a person takes 
a coin trom each of them and drops it in the other, the first of 
which ii now given to A, and the second to JB: what are their 
reasonable expectations, (i) as the case is stated, (ii) if ul has 
drawn a coin from his purse and found it to be a aoverdgn, 
(iii) ii B htm done the same? 
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219. The following are additional Problems <^ interest in CSuinoes. 

Ex. 1. Find the chance of throwing 8 in three throws of a 
common die, or, which amounts to the same, in one throw of 3 dice. 

The No. of ways in which this can be done will plainly be indi- 
cated by the coefficient of «* in the expansion of 

/I - a*\' 
(x + «» + «» + a!* + «* + a»f = «■(! + « + «» + «* + a!* + «•)• = «■ f- J, 

that is, by the coett of «* in (1 - 3«» + Sir" -«*■) x (1 -«)■", or in 
(1 - xy, (since the terms omitted cannot affect the coefil of o^,) 
and will therefore be 21; but there are ^^216 poutUe throws; 
hence the chance required is f^^ » ,^. 

Ex. 2. Concurrent Testimony, A speaks truth a out of a + ft 
times, and JB.^ out of a' + ft' times : what is the probability of the 
truth of a fact which they both agree in asserting P 

Observe that A*s veracifyf in the sense in which it ia here used, 
will depend, of course, upon his judgment, means of knowing the 
truth, &c. as well as mere truthfiUnees, 

Now the fact asserted (i) is true, (ii) is not, (either of which 
cases let us suppose, for the present, a priori, equally probable)^ 
then in (i) they both spoke truth, in (ii) untruth; 

.-. («noe J>. - i = p.), wehaTe Q.--^--^. 

8o also, if A asserts and B denies, the probability of the truth 

of the feet may be shewn to be -r; — -;=■ = j^ , , &o. 

oo + ao pq + i* y 

Of course, if the two suppositions are not, a priori, equally 
probable, we must take into account the different values of P^, P^ 

It is plain that the same reasoning will apply to any number of 
such testimonies ; and if the veracities of n such witnesses each =/), 
the jprobT of the truth of a fact which they agree in asserting is 

-~— r-; or if m assert and n deny it, it is ^^ « ■> = -«:? — ==• 

the same as if there were m-n concurring witnesses. 

Ex. 3. There is a raffle with 10 tickets, and two prizes value £7 
and £3 each : A, J9, C, whose veracities are f , f , f , (a, ft, c, suppose^ 
respectively, were present at the decision, and report the result 
to D, who holds one ticket: A and B assert that he has won th^ 
£7 prize, C, the £3 prize; what is J/a expectation? 
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Thiee oases are poeaiUe; he may have won £7, £8, or naikmg^ 
for Af S, C may have all spokea fidaely: now lor these we 
have the a priori probabilities, P^ » ^ot A - i^t -^s " A t *^ 
|i.=:a6^=ixf xi« A, A-i^Jrc-ixixt- A, A^tf'ftV-ixf xj- ^ 5 

/. J^sexpectationoiof £7 + Aof£3»£2 4c 

Ex. 4. IhttUHonary Teftunony. If A states a fiust, having 
received an account of it from B, the hiot will be truly stated* 
if either B has told A the truth and A reported truly, or B has 
told A untruth and A reported untruly, that is, if they have both 
spoken truth, or both untruth, the probability of which (using the 
notation of Ex. 3) is ^ + 9^ : and, in like manner, the probability 
of the fact being falsely stated is p^ + j/q. 

The former of these chances is > the latter, if p{j^ - ft) 
>9(P*-^ o' (P^9)(y-^)>^9 which requires that, if jp>or 
< q, then // > or < ^: so that the probability is in &vour of the 
truth of the fact if A and B are hM credible persons, or both not 
credible. 

If there be n witnesses, of equal yeracity p, each of whom has 
transmitted a statement of a fiiot to the next, it is easily seen that 
the chances for or again$t the truth of the statement made by the 
last of them will be the sums of the odd or even terms respectiyely 
ci {p + qlTt (bearing in mind that, in a chain of such traditiomd 
testimony, any even number of false statements counteract each 
other ;) that is, they will be J {(^ + jy ± (p - qY] respectiyely. 

Thus, if there be five such witnesses, the statement of the last is 
true, if all Jive, or three, or one only, speak troth, the probability 
of which isy f lOp'j^ + 5p^. 

Ex. 5. The veracities oS A, B, Q D, B 9ie h f » i» h h 
(a, 5, c, df e, suppose) respectively: what is the probJ of an event, 
equally likely a priori to have happened or not, which A asserts, 
B denies, having each received it by tradition from C, D, B? 

Here the probx of the truth of Ihe statement which reaches A 
and B, or that arising from the traditional testimony of Q D, ^, is 
afo+crfV+«'<fe' + c'rf'6«fxtxf + AxJxi + ixtxJ+ixixJ«i; 

••• -Pi = !«*'= At !>««*«'*- A» Qi'^h 
N.B. It will be supposed in the foUowii^ Examples, that the 
iaot spoken of is, a priori, equally likely to have happened or not, 
unless it be otherwiBe mentioned. 
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Ex. 49. 

1. Find the separate chances of throwing 5, 7, 9, or 10, (i) with 
two, (ii) with three dice. 

2. Find the chances of throinng 6, 8, 11, or 16, (i) with three, 
(ii) with four dice. 

8. Shew that, with three dice, there is an equal probability of 
throwing the number 10 or under, and a number above 10. 

4. Compare the chances of throwing, upon two casts with two 
dice, the number 9 or under, and a number aboTe 9. 

5. A speaks truth twice out of three times, and B three times 
out of four; what is the probability of a fact which (i) they both 
assert, (ii) A asserts and B denies, (iii) A reports haying heard 
a statement of it from B P 

6. Three witnesses, on each of which it is 3 to 2 that he speaks 
truth, agree in asserting that a certain event occurred : what is the 
probability that it d^d so occur? and what, If the probability of 
their speaking truth be 2 to 1, 3 to 2, and 4 to 3 , respectively? 

7. Find the chances in (6), if the evidence is traditionary. 

8. A speaks truth 2 out of 3 times, and B 3 out of 5 times; 
what is the probability that they will contradict each other, in the 
statement of the same fact? 

9. A and B being the same as in (8), A brings word to C that 
he has won a prize of £10 : what is Cs expectation, if B also 
brings word (i) to the same effect, (ii) to the contrary? and what, 
(iii) if A only reported the result, having heard it from B ? 

10. A and B assert the same event, having each heard a report 
of it from C\ what is the probability of its truth, when the 
veracities are (i) of each f , (ii) of A and B, f , of C, f , (iii) of 

^,f, ^,1, e,f? 

11. Find the last chance in (10), (i) if A, B, C assert the Sad 
independently, (ii) if A asserts, B and C deny it 

12. Find the same, if A assert (i) by tradition from B and C, 
(ii) having heard the same report from each of B and C, 

13. In a bag are 2 white and 5 red baUs; one of these has been 
drawn, and A and B each assert that it is a white ball, C denies 
it, all three having seen the ball: what is the probability that it is 
a white one, taking the veracities as in the three cases of (10)? 

14. A, BfCfDaie witnesses of equal character, whose judg- 
ment may be relied on twice out of three times: what is the 
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probability of a &et which (i) they all agree in aawrtiiig, (ii) A 
asserts, having reoeiyed it by tradition through S^ C, D, (iii) 
A and B assert, having each received it by tradition throogli C 
and 2), (iv) A asserts, B denies, under the last circumstances ? 

15. If each can be relied on 4 times out of 5, find the proba- 
bility of an event, which (i) A^ B, C assert, D denies, and 
(ii) Af B assert, C denies, having each heard from D. 

16. A and B being as in (8), what is the probability of a fact 
which (i) A and B assert, but C denies, who speaks truth 3 out of 
4 times, (ii) A asserts, but B and C deny, (iii) A asserts, having 
heard from B, who has heard from Q (iv) A asserts and B denies, 
having both heard horn CL 



220. The principal application of the doctrine of chances is to 
the Calculation of Life Insurances and Annuities. 

Thus, supposing that, out of 86 persons bom, one dies every 
year till all are extinct, then an Insurance Office would consider 
that the average duration of life for a number of persons, aged 20, 
would be 66 years, some of them dying earlier, but others later 
than this. Hence, to insure £100 to be paid on the death of any 
of these, they would charge such an annual premium, as with its 
Interest at the end of 66 years to produce to themselves £100, 
with what profit upon the transaction they may choose to require.. 

Supposing again a person of that age wished to procure him- 
self an annuity for the remainder of lus life. Iiet B Xfipreseni 
£1 with its interest for a year; then the present value of £1 
to be paid in one, two, &c years is 1 -r JS, 1 -^ JS", &c.;, and the 
chance of his living one, two, &c. years is |f ,, H,. &c.; tj^refore 

the present value of an Annuity of £1 is ^^ i-^ + -r^+ &C.I-, 

which is the amount he must pay down, in order to receive £1 
every year he lives, and proportionally for any other Annuity. 

The above will give the student a general idea of the mode of 
calculation in such cases. The practical treatment of the subject 
will involve many complicated considerations, only worthy of the 
special attention of those who are actually engaged in thenu 
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L Find the L.C.M. of 2a;' + (2a - 3&) ai* - (3a + 2) 6a: + 36' and 
2a«-(36-2c)ar-36c. 

2. Divide ax'^ + a'^x + 2 by a'«"' + a'^x^ - X. 

3. Shew that (a - 6y + (6 - c)* + (c - a)* 

= 2 {(a - 6) (a - c) + (6 - a) (6 - c) + (c - a) (c - 6)}. 

4. A starts from a certain place, and travels a miles the first day, 
2a the second, 3a the third, &c.; after 4 days, B starts to 
overtake him, travelling 9a miles per day. After how many 
days wUl he come up with him ? 

5. Solve in positive integers 4a; + dy + 14s s 49. 

6. If a, p, are the roots of a*+px -^q^O, find the value of 
a^-^ap-^ j9«, a' + j3«, and a* + a»/3* + jS*. 

7. Divide a given number a into n parts in the ratio of 1, 2, 3, &c. 

8. The No. of Variations of m i- 1» things, two together, is 66, 
and of m - n things is 12 : find the No. of Combinations of 
m things, n together. 

9. Solve the equation V(fl* + «p) + V(«* - ca?) = ^{2aex\ 

10. £P IB left among ^, B, Q so that, at the end of a, 6, c, 
years respectively, when they come to age, they will possess 
equal sums : find the present share of each at Comp. Interest 

11. Reduce ^-^T^y'^'^^^'^^'f- 

3y" - (4a + 26) y + 2a6 + a* 

12. If 2m=af+af'* and 2n«y+y'*, express mn+V{(«**-l)(»»*-l)} 
in terms of x and y, 

13. Find the n^ term of an A. P., when the sum of n + 1 terms 
is (n + !)(«+ l\), 

14. A lb. of tea and 3 lbs. of sugar cost together 6«; but, if 
sugar were to rise 50 per cent and tea 10 per cent, they 
would cost Is: find their prices. 

15. If a^ : a, :: a, : a, :: &c. :: a^^ : a^, then a^ia^i: Va^ : /<?».. 

16. Af counting a box of oranges, which was known to contain 
under 200, observed that when he told them by 2, 3, 4, 5, 6 
at a time he had none over, but when by 7, he had 5 over : 
how many had he? 

r«] 
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17. Two Yessels contain each a mixture of wine and water. In 
A the wine : water :: 1 : 3, in ^ :: 3 : 5; how much must be 
taken from each to make 5 gals, of wine and 9 of water ? 

*^. w^««xu 1.-X. »^t.«^w *wwv *,* * . V* - " / in the form a* + /3*. 

19. Solve the equation + -— = -. 

a + « V(« + ^) ^ 

20. A flag-staff (c) stands at the top of a tower, whose height is a. 
Find the distance from the foot of the tower, at which the 
flag-staff subtends the greatest angle. 

21. Decompose 1 - <i - — ^- > into simple factors. « 

22. Form the equation whose roots are V»» ^ (V*** ± VC*** - »*)}• 

23. If a : 5 : : c : J, then a + 6 : c + J : : a* (c - J) : c* (a - 6). 

24. Shew that in the series 1, 3, 5, &c., the first half of any even 
No. of terms has to the second half a fixed ratio. 

25. If A had travelled half-armile an hour faster, he would have 
finished his journey in j^ of the time : whereas, if he had 
travelled half-a-mile an hour slower, he would have been 
2^ hrs longer on the road. How many miles did he travel? 

26. Find the No. of Combinations that can be made of the letters 
in the word Notation^ taken 3 together. 

27. A sum of £8 6« 6(/ is made up of sovereigns, shillings, and 
sixpences; find the No. o. coins of each kind, it being known 
that the amount of the shillings is a guinea less than that of 
the sovereigns, and a guinea and a half more than that 
of the sixpences. 

28. Find the equated time of payment, at 6 per cent Simp. Int., 
for sums of £400 and £2100, due at the end of 2 years 
and 8 years respectively. 

29. Solve the equations {x ^^y){s^^^ y') = 76, (x + y)» = 64 (a? - y). 

30. In a certain country, the births in a year amount to an 
m^ of the whole population, and the deaths to an nti> : in how 
many years will the population be doubled? 

31. Express in the form of the sum of two simple surds the roots 
of the equations, 

(i) a:*-2aa:«+6« = o, (ii) 4z*-4(l + n*)iiV + nV=0. 

32. Find the relation between ^, q, r, s, (i) when pa^-^qa^-i-rx-^s 
is a perfect cube, (ii) when x* + /?«* + ya:* + rar + * is a square. 
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33. A train, an hour after starting, meets with an accident which 
detains it an hour, after which it proceeds at f of its former 
rate, and arrives 3 hrs behind time: but had the accident 
happened 50 miles farther on the line, it would have arrived 
1 J hr sooner. Find the length of the line. 

34. If.+ 2{«-^J.3{.-j^J + 4{.--l3}.&c 

to n terms = 0, shew that « = f . 

35. Find the No. which when divided by 7, 8, 9, leaves rem"" 
1, 2, 3, and such that the sum of the three quotients is 570. 

36. Find the coefficient of a^ in log, -^ . 

1 - az -i- Sr 

37. Given the No. of Varn* of 2n + 1 things, n - 1 together : No. 
of Varo> of 2n- 1 things, n together, :: 3 : 5 ; determine n. 

38. Given log 1 J=.0969100, and log .1 ="1.0457575, find the logs of 
2h 2i, .2, VJ, Vh and A ^^(.0027)» v ^(.015)*. 

39. Solve the equations ^(ax) f ^(by) = i (« + y) = a + 6. 

40. What is the chance of throwing (i) 10, (ii) 20, in three 
throws with two dice ? 

41. Shew that N{N*- 1) or JV(iV^+ 20) will be divisible by 48, 
according as iV is an odd or even number. 

42. Find the value of \l[-f + i^) - o" » ^^®° * = ^• 

43. A person distributed/) shillings among n persons, giving 9d to 
some and 15(f to the rest. How many were there of each P 

44. Obtain the square root of 

( V^ Vay + V{b Va) + 2 ^/(Vh) . VV V ^a« 

45. Divide 75 into two parts so that, when divided by 5 and 6 
respectively, they may each give the same remainder 4. 

46. Write down the general terms of (a*-a^y and (a* + ar*)''. 

A^ Tc ^ c 1- xi- ^ <** + ^ ^ /a + &\" ma'-nab+pb* 

47. If £ = - , shew that :- - ,, = —- = ( -) = — = — ^ . 

b d <r-\-d* cd Xc-i-d/ mc^-ncd^pd* 

48. A country trebles its population in a century: what is the 
increase in one year per million, given log 3 = .4771213, 
log 101 ^0 = 2.0047512, log 101 j^b = 2.0047941. 

An, O 1 /-x /« + ^\* 1 ^^ /-x ^^ ^y ^« 1 

49. SolyeO)(^=l + ^, (u)^=-§=^.l. 

a2 
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50. Compare the chances of throwing 4 with one die, 8 with two, 
and 12 with three dice, having two throws in each case. 

51. If(a« + ftc)\(6^ + atf)".(c« + a6)" = (fl'-ftc)«.(6^-acy.(c«-a*)*, 
shew that either a'+y+c'+a6c=0, or a'*+6'*+c"*+a"*^"*c''=0. 

52. If Nf N' be two consecutive numbers, neither of them a 
multiple of 3, shew that iP+iV" is a multiple of 9 and 
(JV ^ i^'») - 7 of 64. 

•t* — 1 si^iv + X^ — xv — \ 

63. Evaluate . ^ . and -= — — — , when x=l. 

i^-2a^^2x-l ic*(y-l)-a:(y-2j-l' 

64. Given log } = 1.6989700, log J = 1.6228787, find the logs of 
V3, V2, Ve, ^/(lMy, f^/.06, ifV{1.6)»x^^(21.6)*. 

65. Find the n** of terms in (a + 6» + c*)" and the coeffi of o'ftV. 

56. Expand (1 + a;)* to 6 terms by reversion of series. 

57. The sum of » terms of an A. p. is ^n + ^' : find the m^ term. 
68. A gives JB a bill for £a, due at the end of m years, in 

discharge of a bill for j£6, due at the end of n years: for 
what sum should B give A a bill due at the end of p years, 
to balance the account at Gomp. Int.? 

59. Solve the equation I -j + [ J\ ss n (« - 1). 

60. In a bag are five red balls and one white : find the chance that 
in three drawings (replacing the ball drawn after each) there 
will have been drawn (i) three white balls* (ii) three red bal^, 
(iii) two red and one white. 

Ql. Find the O.c.M. of 

(ax + by)' - (a - 6) (« + z) (ax ■¥ by) -¥ (a - hfxz 
and {ax - byj - (a -i- 5) (« + «) (eu; - 5y) + (a + hfxz^ 

62. Evaluate (-; \ and ~ ^ '' , when « = a. 

\jr - a*/ «* - a* 

4f7t'«B' + 1 

63. Find the maximum or minimum value of 77—= — rr — . 

(4m" + 1) « 

64. A person bought for £100 a hundred head of cattle, for 
which he paid 30«, 10s, and £10 a head respectively: how 
many did he buy of each, it being known that the sheep and 
oxen were together under 20 ? 

66. Determine m and » in terms of a and 6, so that ^"^^^ yclx» 

m^n ^ 
be the Arithmetic mean between m and i», and the Geometric 
mean between a and b. 
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66. Find the coefficients of x^ and aj* in (a - ftx* + ex - dx*)\ 

67. The mail from A starts for B eitphis p.m^ and that from JS 
for ^ at 9^ hrs a.m. Now, if the mail from B, n hrs after 
starting, meet a mail from A, and again at a miles from A 
meet another mail from A, what is the distance from ^ to ^? 

68. If a:* = ay - y" + a'y - &c., express y in terms of x, 

69. Solve ^/ix" + 2bx + a") - V(^ - 2&a: + a«) = 2 VC^* - fi^. 

70. Find the last two chances in [60], if the balls are not replaced. 

71. Simplify (aJ+l)(a:»+a:+l)-»+(a?-l)(a:«-a:+l)-»+2(a;*+a:"+ir. 

''■ ^''^^ ^ V2 'X Vt) ' V2 -V- V3) ° ^^ 

73. Shew that d : 6 : : d* + ad + c* : i^ + 5c + c* : : (a + c)" : (5 + c)*, 
if 6 be a mean proportional between a and 6. 

74. Write the general terms of (1 + «)"*, (1 -«)''» aiid (a^ - at)l 
76. Find what values of x make ~^ ~ , — ^ a Vanishing 

fraction, and evaluate it in those cases. 

76. Given 3 the sum, and «* the sum of the squares, of the terms 
of an infinite G.P., shew that its sum to n terms 

=»{'-(S^3"}- 

77. A and A' can separately produce effects a and of in times 
t and f: in what tame could they together produce an effect c ? 
Shew that if e^a-^af^ this time will be the A. or G. mean 
between t and f, according as i:f=sa:af or d* : «^'. 

78. Shew that the n^ of different Combinations of n things taken 
1, 2, 3, &c. n together, of which p are of one sort, q of 

another, r of another, &c., is (j? + 1) (y + 1) (r + 1) . .. - 1. 

ft* 1/ 

79. Solve the equations oa: + - = a* = (a* - 5a;) - . 

. y ^ ' a 

80. ^ had in his pocket a sovereign and four shillings ; taking 

out two coins at random, he promises to give them to B and C: 
what is the worth of Cs expectation P 

81. Shew that (a + 6 - c)» + (6 + c - af + (c + a - fty > 3a5c. 

82. Elimmate x and y from ax+by=e V(«*+y*)» afx^b'y=^e' VC^'+y*)* 

83. Simplify 'Lt±J + 8 + 3V-3 _ 4( 2 -V-3) 

^ ' 2-V-3 2 + V-3 1-V-S 

■ aj* + ^ + X it' — ic 4" 1 

84. Resolve . — it^t — T^z-p — ^ and ,, — , . , into partial fractions. 

(af-l)(ar-2)(a:-3) a:*(a?-l)" '^ 
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85. IfOfhfC are in H.P., iben a : a^h : : a-f-c : a-e^ and ii'-i>c^>2&'. 

86. The sides of a square are bisected and joined, the side of the 
square thns formed being a foot less than that of the former; 
the sides of the second square are bisected and joined, and so 
on for erer: find the smns of the perimeters and areas of 
all the squares. 

87. If y* - luy -V = 0, expand y in terms of x. 

88. IVhen wax candles are 2s6d tilhf a composition is inTented 
of such a nature, that a candle made of it will bum two-thirds 
of the time, in which a wax candle of the same thickness and 
one-fourth as heavy again will continue burning. If the two 
candles give an equally bright light, what must be charged 
per lb. for the composition, that it may be as cheap as wax ? 

89. Solve tiie equation - V(a + «) + - V(a + ar) =- Vj?- 

a X h 

90. Find the worth of Cs expectation in [80], (i) if it is seen 
that one of the two coins which A has drawn is a shilling, 
(ii) if B, having received his coin, finds it to be a shilling, 
(iii) if both these suppositions are made together. 

91. Find tiie n" of divn of 2160, and the n" of Nos. less tiian it, 
and prime to it. 

92. Shew that 7 log if + 6 log ff + 3 log fj = log 2. 

'^3. Expand by the Bin. Theor. (1 - oa; + &c*)~4 to five terms. 

94. Shew that ViV= a -^ — ^ nearly, a being the int^|;er next 
greater than VN. 

95. In every O.F. of an odd number of terms, the simi of the 
squares of the terms = product of sum of all the terms by 
excess of the odd terms above the even. 

96. If the O. mean between x and y : the H. mean iiminj then 
X'.y',',m-\' \\m* - »•) : m - V(m" - »*). 

97. Find the sum of all the numbers of n places which can 
be made with n digits p^ p^, &c. in the scale of r. What 
is the greatest possible value of that sum for the given radix ? 

98. The weight of a spherical shell is | of what it would have 
been if wholly solid. Given that the weight of a sphere 
X (diam)", compare the inner and outer radii : and, if the 
inner be increased by one-half, find in what ratio the present 
weight will be reduced. 
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99. Solve the equation 

a? + V«c 

100. The veracities of -4, B, C, are as f , f , f : a shilling is tossed, 
and A and B assert that it has fallen head, C that it has 
fallen tail: what is the chance that it fell head f 

101. If CLT* + 6j: + c = and aV + 6'a: -i- c' = have a common root, 
prove that (a<f - dcf + (ah' - a'b) {cV - Jtf') = 0. What is the 
condition that they may have both roots common ? 

102. Shew that the sum of any two consecutive triangular num- 
bers is a square. 

103. If a, 6, c, d, &c. are in O. P., find the sum of n terms of the 
series (a''+6T+(6'*+c*)"*+(c'+cr)-»+&c. in terms of a and 6. 

104. K 2a = 36, find the numerical values of 

0-6 g'-y ^t^__ 5flV ah{p^) 

r+6' a» + 6«' 2a'-iy' 2a»i-36*' (2a + 36) (3a-26)*" 

105. Evaluate {(a - a?)"* - (a + xf\ ^ (a^ - «•)', when a; = 0. 

106. If m shillings in a row reach as far as n sovereigns, and a 
pile of p shillings be as high as a pile of q sovereigns, 
compare the values of equal bulks of gold and silver. 

107. S^, S^ &c. ate the sums of m ail series, each to n terms, the 
first terms being 1, 2, 3, &c. and the differences 1» 3, 5, &c.: 
shew that 8^ + S^-^ &c. « Jm» {mn + 1). 

108. If a-rb be an irreducible fraction, and b any number prime 
to 3, shew that, when the fraction is converted to a decimal, 
the period will be divisible by 9, and the sum of the re- 
mainders will be a multiple of b, 

109. (i) ^77-5 — zi( = -; W +^ — 1'°' 

110. The veracities of ^, B, C, being f, f, f, C asserts that 
I have won a prize of £10 in a certain raffle, where there 
are 10 tickets, of which I hold ttoo: what is the value of my 
expectation, if I find that C has only heard a report of the 
case from By who again had only heard from A P 

111. Given log 2 « .3010300, find those of 5, .016, h 6.25, If, 15f. 

112. Shew that « + — > 1 + — , unless x lies between 1 and — . 

nx n n 

113. Write down the general terms of 

(a« - 6ax) "?, (a" + 3a«ar)^ and {ax + a^. 
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114. Separate -r? ^ ^^ za — n ™*o partial fractiona. 

115. Find the oo^ of d?" in the expansion of (iKr-&E'+ex*-&c.)P'. 

116. If i\r and n be neaily equal* 

117. If in [116] -== — and r . haTC their first p dedmal 

places the same, shew that the approximation may be relied 
on to 2p decimals at least; and hence find ^20 to eight 
decimal places. 

118. If the tn^ term of an a. p. be n, and the n^ term m, 
how many terms must be taken so as to give the sum 
^(m-i-n) (m+n-l)P and what will be the last of them ? 

119. Solve the equations 

i+*(*+y)+y(^+yy+^(*+y)'+&c.arfm/.=vi.23j 

120. There are 7 baUs in a bag, one of them a white one. A and 
B stake each 9s 6d, the whole to be won by whicheyer shall 
first draw the white ball, the balls not being replaced when 
drawn* A has the first draw : what are their expectations ? 
and what shoidd 3 haye staked, that A*b drawing first 
might giye him no advantage ? 

121. Find the n^ of divisors of 140, and the n° of numbers less 
than 140 and prime to it: express generally the rational 
values of x and y which satisfy the equation 140x = ^, and 
find how many integral solutions there are of ^y = 10^. 

122.' Given that e'sy + VCl+y*)* s^ew that y=i(e' + 0; and 
prove that V{« + V(2ac - a*)} + V{« - V(2a? - o^)} = V(2«). 

123. Find a series of fractions converging to ff} and ^2S. 

124. If c = a - 5, and is very small compared with a and &, then 

aV (fl^ - «^«« + 6*«^'* = a - 2c + 3«b* nearly. 

10K T> 1 * + « a^+2aa? + 3tf» «*-ap + a^.. ^. 

125. B^We ~^^—^, (^_^« > j^—^y- "nto parbal 

fractions. 

126. If a, /9, 7, be the roots of «*-2j^+3«-4=0, find the values of 
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127. The value of diamonds x (weight/, and the (Yalue)P of rubies 
QC (weight)". A diamond of a carats is worth m times a ruby 
of b carats, and both together are worth £c. Find the 
values of a diamond and ruby, each of x carats. 

128. A vessel (A) contains a gallons of wine, another (B) contains 
h gallons of water : c gallons are taken from each and poured 
into the other, and this operation is continually repeated. 
Shew that, if c ~ a& -r (o -h 6), the quantity of wine in each 
vessel will remain always the same after the first operation. 

130. A bets B Zs to U tnat, with two dice at one cast, he will 

throw seven before B throws /otir, each having a pair of dice 

and throwing together : what is the value of J^'s expectation, 

and what odds ought A to have given F 

y 

131. Prove that, if a? = V(«* + »") and ai^^x-^ V(«* - «0» then 

2ar = a(^ + «"•), 2« = d(e"-e"«). 

132. Represent ^{2n V- 1) in the form of a binomial surd ; and 
shew also that V(4 + 3 V- 20) + V(4 - 3 V- 20) = 6. 

133. Given log If = .1461280, log .144 » 1.1583625, 

and log .0441 = 2.6444386, find the logs of the nine digits. 

134. Eliminate x and y from each of these sets of equations ; 

(i) ar + ya«, «* + y» = a*, «' + y»«6', 
(ii) a? + y = a^ xy = a^, «' + y' = b\ 

135. Find the convergents to f f^ and ^Hit and the first four 
to the value of V^l* 

136. If a be the first of n oeom. means between a and b, 
then a lb:: a"** : a^\ 

137. In [128] shew that generally the quantity of wine in B after 

r opeitetions will be — r (1 -jeT), where cr = r (1 -p). 

a + o a + 

138. Find the number of men in a hollotir equilateral wedge, the 
ranks being r deep, and the duti^r one containing n men. 

139. Solve the equations ^+ ^5^^ = 20 - ?^i5 , a: + 8 = 4y. 

140. In [130] determine j?'s expectation, and the odds A should 
have given, (i) if A^ and (ii) if J?, has the^r«^ throw. 

141. If c = a V(l - ftO + * V(l - A then 

(a + 5 + c) (a + 6 - c) (a - 6 + c) (6 + c - a) = 4«*6*c*. 



X MISCBLLANE0T7S EXAMPLES. 

142. Sum the senes 1 - 2n + 3 \ f. - 4 — ^ — ^-^-5 + &c.; 

1*2 1.2.3 

and, if n < 1, shew that the terms continually decrease to the 
r^f so long as m < 1, and after that increase. 

143. Find the first four convergents to 3.14159, and also to the 
ratio of 5 h. 48 min. 61 sec. to 24 h. 

144. If the equation a^-^px-^-q^O have equal roots, shew that 
02* +i' (o + 6) JT + 9 (a + 26) = has one of them, and find 
the other. 

145. Divide unity into four parts in A. p., so that the sum of their 
cubes may be i\. 

146. Shew that (a^ + o^, + &c)* < {a* + a/ + &c.) (h* f b* + &c.), 
unless o^ : 5^ = a, ; 5, » &c. 

147. Find the coefficient of «" in (o + 5af + ca^ c"*. 

148. Given A, my income, a the premium for assuring £100, 
r the rate of Int. per cent per annum : find what sum I must 
lay out in insuring my life, so that my executors may 
receive a sum, whose Int. shall equal my reduced income. 

149. (i) nx = {V(l + «)-!} WO- - «) + 1}. 
(ii) «■ = oa; + 5y, y* = 6a; + ay. 

150. There are two bags, in one of which are one white ball and 
two black, in t]}e other three white and one black. Find 
the chance of a person drawing (i) a white ball, (ii) white 
and black in two trials, balls replaced, (iii) three white 
in three trials, balls not replaced. 

151. Divide an odd number 2n + 1 into two others, so that their 
product may be the greatest possible. 

152. Findthevalueofl.n'+{^>}^{«('*:^^^^^^ 

153. From log VirJo = 2.8494850 and log^afe = 1.1742929, find 

the value of ^/[V2 x {V3 4- (.0032)*} v {Vl.5 x V.25} x (1800)?], 
given the mant, for 20083, 2008325 to be 3197929, 3197981. 

154. In any G. P. the sum of any two terms is > sum of any two 
between them, equally distant from the extremes. 

155. Determine which is the greatest term of {Z + 6xf, when 

x^if and the greatest coefficient of (1 + xYK 

156. Shew that the product of n + 1 quantities, each of which 
is the sum of two squares, can be expressed as the sum 
of two squares in 2** different ways. 
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157. There is a number of series in A. p., whose common dif- 
ferences are 1, 2, 3, &c.: shew that, if the sum of n terms 
of each of these be n*, their first terms will form a decreasing 
A. p., whose first term is i (n + 1) and common difil i(n- 1). 

158. If n be very great, shew that 



a' + (a + bf + (a + 26/ + &c. to n terms = - 



»^IJ.r 



r+1 



159. (i) a?V = a'-ft'^c*, ar^y* = a'^V'tT. (ii) (^Y = * ^^^ . 

vc - 6/ ic + o - 2o 

160. If in [150] the first drawn ball be tpAtififf, find the chance that 
it has been drawn out of the first bag. What is it, if also 
the second be bku^, the former not having been replaced ? 

161. The difil between any No. and that No. inverted is div. by 9. 

162. Find the sum of the cubes of the roots of aj* - « + 1 = 0. 

163. If n = a* + 6, where h is very small, A/n^a-\- -r-i — t nearly. 

4a* + 6 •' 

164. Evaluate Vlog,-, and ^— ^ — - — ^j— r^, when x = a. 

x — a a (l + ic-a)-l 

165. Write down the general terms of 

(a« + «*)^, (a«-«0"*> and (c?-a*% 

166. Prove that 12321, 1234321, 123454321, &c., are squares 
whatever be the scale of notation. 

167. Given 8 the sum of three quantities in o. p., S* the sum of 
their reciprocals : shew that the sum ad inf. =8^< ^ ~('J5'/ j r 

168. If p^ denote the coefficient of «** in (a^ + a^x + a^ + &c.)*, 
shew that p^p^ -^PxPr-i ^P*Pr.% + &c. ^PfPf^ = a,. 

169. Solve v(«-y) + iV(« + y) = ^j^V^» «* + y* = ff^. 

170. The skill of ^ is double of that of B : find the odds against 
A*% winning four games before B wins two. 

171. Given log 2 = .3010300, log 3 = .4771213, find the logs of 3.2, 
li, h 15, .0054, 14f, 1.8, 8.1. 

172. If a : 6 = c : rf = e :/, prove that (a« + c»)/» = (ft* + rf") «•, and 
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173. If n A., o., or H. means be inserted between a and e, obtain 
the m^ mean in each case. 

174. Ev. ^V(2a^-2a«) ^^ x^(Za^x^2^)^ax V^)^^hen ^. 

V(«*-a«) a-V(aeO 

175. Obtain the general terms of 

(fl^ -«•)'!, (fl«-a«)*, and(tf + 6a:^. 

176. K 4a^, J'x^C, and C a Vi»2> + v'Zg*, shew that 

177. A watch stood at llh. 59m. 498., when it was Noon by 
a clock; and two mornings after, when it Was 9h. by the 
clock, the watch was at 8h. 59m. 58s. The clock being known 
to gain i sec. in 24h., find the gaining rate of the watch. 

178. A bequeaths to his eldest child an n^ of his property + £P, 
to the second an n^ of the remainder + £2P, and so on. 
In the end they all share alike : how many were they, and 
what sum did each reoeiyeP 

179. Solve «» + y* + «y(« + y) = 13, («• + y^ a!»y* « 468. 

180. Shew that it is probable that an ace will be thrown at least 
once in four throws with a single die: and determine the 
number of times it must be thrown, so that it may be a 
probability of p : 1 that an ace will be thrown at least onee, 

181. Shew that any common number N is divisible by 7, when 
Po + ^Pi '*' %'s + &c- ^ ^o divisible, where p^, pi^ &c. are the 
digits, reckoning from the end of the number. 

182. The present value of an annuity A to continue for n years 
is a, and for 2n years is a^ : find n and the rate of Interest. 

183. Find five no* in a. P., whose sum shall be 25 and product 2520. 

184. Write down the general terms of (a» - «'»)"* and (c + c**^'*. 

185. Resolve into partial fractions 

«» + a:*+2 ,3«»-2«+l 

and 



186. Reduce a V- 1 + 6 V- 1 to the form a + /3 V- !• 

187. Find the sum of 

jw*"* + m (p + qja'^^b i-imim- 1) (p + 2j)a*^y ± &c. 

188. Between each of m + 1 pairs of quantities, (x, y), (x, 2y), 
(x, 4y), &c. are inserted m oeom. means, and Mp M„ M^ &c. 
are the m^ means respectively: prove that 



• •• 



MISCELLANEOUS EXAMPLES. XUl 



189. Solve the equation yj'^ - y/'^ = :y J. 



190. A and J? play at a game, in which their skills are as 3:5; 
find the chance of ^'s winning at lei^t three games out 
of four. 

191. If fn>3, then Vm> V(m+ 1): also V(- AW-l)+V(- 1« - V-i)=l' 

192. If a, : a, : : a, : a, : : a, : a^ &c., then 

(a* + a* + &c.) {a* + a* + &c.) = (a^a^ + a^^ + &c.)". 

193. Shew that {(1 ^x^-¥(l-x^^ {(1 + a:) + V(l + «)} = !- far, 
nearly, when a? is amatt: and find its approximate value 
when X is Zsr^e. 

194. Given log i » 1.69897, find x from the equation 20" = 100. 

195. Expand z -j^ 1 to five terms by Ind. Coefficients. 

A "" tu r T ex 

196. Find the limits between which lie all real values of x and y, 
which satisfy the equation (m* -f 1) (a;* + ^ - a') = 4tury. 

197. K iS'^ denote the sum of n terms of an A. p., shew that 
^1.+ ^»Hi + &c. to n terms = Jn(3n - 1) a + ^n (n - 1) (7n- 2) 6. 

198. If the prices of p and q cubic feet of timber be £a and £6, 
find the price of a tree containing r cubic feet, the values of 
timber and bark being proportional to the m^b and n^ powers 
of the quantity of timber in the tree. 

199. Solve the equations a? + y = 5, («• + y*) («• + y*) = 455. 

200. A, B, C, D, in order cut a pack of cards, replacing them 
after each cut, on condition that the first who cuts a heart 
shall win. What are their respective chances of success P 

201. Shew that 

l±2n + 3-Y2-^±4-^ — j-~ ^+&c.=(n + 2)2*"»orO, 

according as we use the upper or lower signs. 

202. Write down the general terms of 

(l-a»)-*, (fl*-fl«x«)J, (a -«)-*. 

203. Given log ^^e » 2.7958800 and log 20.001 « 1.3010517, find 
the logs of 2.000037 and .02000073: and determine the 
numbers whose logs are 3.3010395, .3010426, 2.3010479. 

204. A farm is let for n years at a fixed rent and a fine of £P. 
When p years of the lease remain, what fine must be paid to 
extend these |> years to q, at Compound Interest? 



Xir MISCEUULKBOUS EXAMPLES. 

205. A and B are playing with two dice, each having staked 1«, 
the highest throw to win. A has thrown 6; what is ^s 
expectation? 

206. If « = 1 + A, where h is small, then (approximately) 

^Z'^lfA = 1 + ^ . and «'x--+(6«-«0 x-=M«'— '•^-. 
<r+l £r+l 

207. Eliminate a and 5 from the equations 

208. iSy /^^ ^3, &c. are the sums, to n tenns, of n Geom. series^ 
whose first terms are each unity, and common ratios, 1, 2, 3, 

&c.: shew that 
i», + i^,+2«, + 3/S4 + &c. + (i»-l)/S„=r + 2* + 3- + &c. + n\ 

209. Shew that 

210. There are three balls in a bag, one white, another black, and 
the third either white or black: if two be drawn, find tlie 
chance of their being (i) two black ones, (ii) one black and 
one white. 

211. Shew tiiat ^__^_^^ + j-^^,:^?^^-^ + lT^i-Ti'^ = ^- 

212. If the difference of a and h be small, compared with either, 

then V<» - V^ft • Vo - V6 : : n Vo J w» V ft, nearly. 

213. From log li = . 079181 2 and log 2| = .3802112, find the 
value of ^(3.6)* x ^ Jj, ^ ?/8tf , given the mard. for 45323 
and 45324 to be 6563186 and 6563282. 

214. Resolve into partial fractions ^, , — ;- . 

'^ a:* (a:* + «i^) 

215. Compare the chances of throwing a single ace in one trial 
with two dice and in two trials with three. 

216. Find what value of h will make 5^ - 4ae a complete square. 

217. At a contested election, the n° of candidates was one more 
than the n° of persons to be elected, and each elector, by 
voting for one, two, &c. or as many as were to be elected, 
could dispose of his votes n ways. Find the n° of candidates. 

218. In bringing an irreducible fraction to a circulating decimal, 
shew that, when any two rem'* give the div' for their sum, 
the two consecutive rem" will give the same sum, and the 
sum of the two figures in the period, which correspond to 
those rem**, will be 9. 



MISGElXANEOUS EXAMPLES. XY 

219. Sum to n terms 

(i) + &c. (ii) + + + &c. 

^ ^ 3.6 6.8 9.10 ^^ 1.2.4 2.3.5 3.4.6 

220. Af tossing a coin, is to pay ^ 1« if it fall heads the first time, 
28 if the second, Sa if the third, and so on for n throws, the 
game to cease as soon as it faUs heads. Find ^s expectation. 

221. Eliminate a;, y, 2, from the equations 



oT ir c"* a"* 6"* c"* , a^ + J' + c' 



,n 



+ -:=■+ -^ = 1 = 



^n»n ^nhn ^mm * ^^ f/^ Z^ * A:" 

222. Find the coefficients of x^ and «* in (1 + a;^ + «* + x* - ar^)*. 

223. Find n integers in A. p. whose sum shall be n'; and shew 
that there are three solutions of the problem. 

224. If V«+m Vy : ^Ix-m Vy : : V«+»» '^{x-y) : ^x-m ^{x-y), 
shew that a? : y : : 1 ± V^ : 2. 

225. If on the average 9 ships out of 10 return safe to port, find 
the chance that out of 5 ships expected, at least 3 will arrive. 

226. Find three square numbers whose sum shall be a given 
square (a'). Ex. 81. 

227. In Ex. 217, find the n*^ of candidates, if it was one more than 
twice the number of persons to be elected. 

228. K A^ denote the middle term of (1 + a:)*", then 

-4^ -f- -4j + ^, + &c. = (1 - 4ar)'i. 

229. Sum 1 + o *» + Q ^\^~ ' + &c., and (to n terms) 

1.2" + 2.3* + 3.4« + &c. 

230. Shew that in taking a handful of shot from a bag, it is more 
probable that an odd number will be drawn than an even one. 

231. If oa" = 6y^ = C2», and a;"* + y"* + »-» = k-\ then 

{(M? + iy* + cz")3 = a' + fti + c3. 

232. Shew that, if pq=:r, the equation a^ + j»a^ + j'a? + r = will 
have two roots equal and of opposite signs. 

233. Find three numb^s with prime den", whose sum shall be 1 g^ . 

234. Besolve into partial fractions 

7a: + 8 , 7ar + 8 

and 



(a:* + 1) (a; + !)• "^ (a:» + a: + 1) (a; + 1)« 

235. If the chance for an event A : that for B : : m : », then in 
r(m-{^n) trials it is most likely that A will happen rm times 
and B m times. 



XVl MISCBLLANEOtJS EXAMPLES* 

236. If aX+6F+cZ=0 and o'X + yF+c'Z-O, 

then JC-+ -r + Z"- —^^^^^^^^^^^—^-^^^ . 

237. If from a vessel, containing a gallons of wine, b gallons 
be drawn o£^ and the vessel fiUed up with water, and this 
be repeated n times, find the quantity of wine remaining. 

238. Shew that log,a:= - {(1 -7«^)+i(l -7«-/+i(l-7«'")'+&c}. 

ft 

239. Shew that l + 2'+3 + 4' + 5 + 6' + &c. ton terms 

= A (« + 1) (2«" + n + 3) or ^\n (n + 4) (2n + 1), 
according as n is odd or even. 

240. A bets B 10« to 1« that he will throw heads at least once 
in three trials: what is ^s expectation, and what would 
have been a fair bet? 

241. Prove that 

(^a + J?6+Cfc + &c.y=(^ + J5 + C+&c.)(-4fl* + J5y + Cb«4&c.) 
"A3(a'hf-AC{a'eY'BCib"ey-&c. 

242. If dc = 1 nearly, then 

nu^ - ru^ = (m - n)«"***, and x' = V(l - «^ + O nearly. 

243. Find the coefficients of «», «», and *', in (1 - 2* - an*)"*. 

244. Find an A. p., beginning with unity, in which the sum of the 
first half of any even number of terms shall have to the 
second half a constant ratio. Shew that there is but one 
such series. 

245. Compare the Chances of throwing two aces only in two trials 
with three dice and in three trials with four. 

246. If 2xr ^ f/^^' - 1^% then ar, (arj + «, + &c + ar^,) = «•»'• 

247. Shew that x*-\-ps^-k-qa?-^rx-{s can be resolved into rational 

quadratic Actors, if «*» , ; and hence solve the equation 

«*-6a^ + 5a!*+ai:-4 = 0. 

248. Given a: = a-ia? + J«*-&c and y = « V(l - ^ find y in 
terms of x by reversion of series. 

249. Solve in positive integers 2xy ~ Sx* + y e 1. 

260. A is allowed to draw two coins from a bag, containing five 
sovereigns and four shillings. What is his expectation? 
and what if B draws a coin before or after A*% first draw ? 



MISCSIXAKEOVS EXAMPLES. XVU 

251. If — r- 3 = — i—j — I then either of these fractions 

ei(a + 6 + c + d> 

252. If a, b, Of are in G. P., shew that iii^-&* + c^>(a-5 + c)P; 
and if a"+ 6*+ cP s 1 = a* + ft* + c*i then aa^ -t bb^ ■{■ c(f < I. 

253. Find the fifth term of (a^ + ft* V* 1)'^) the fifth and the 
greatest terms of (1-f)"*, and the fifth term of (2 -5a; -7a:*)*. 

264. If - = g=.,&c.,thenj^;j-^, = ^^^^^^j^^^^^ 

255. In Ex. 250, what will be A*8 chance in each case, if B& coin, 
being looked at, is found to be a soyereign, A not looking at 
his, till he has drawn them both? 

. xxf t/t/' ^ X y 

resolyes itself into the two equations -j + ^ = 1 and -- = ~. 

tr (r * y 

257. Find three numbers such that the sum of all three and of 

every two may be squares. 
268 K ^ '*' (^ "^y)^ •*• (^ + 2y) a:* -t- &c. ad inf. ^ ^ 
a -I- (a - y) a: + (a - 2y) «* + &c. ad inf, * 
and if x receive values in H.P., shew that the corresponding 

values off/ will be in A. P. 

259. Shew that the series x - --jr-j + - &c. converges 

at the n^ term, if n>\x\ and find the greatest term of 
{x - a:"')*, when « « 2, n = 6 J. 

260. There axe three black and four white balls in a bag, and 
three persons draw one each in succession, not replacing 
them. Find (i) each person's chance of drawing black, 
(ii) the chance of first and third drawing black and second 
white, (iii) of all three drawing black. 

261. Fmd the value of — ir- + — ^,ifgg ,, .,. — .^.^^ ,v . 

a:-2a a:-2i a\b^^^a^b^\Vlab\ 

262. Besolve into factors of the first degree 

2a:* - 21ay - lly* + 3^ - a? - 3. 

263. Shew that n'-^n-|-l:n*-fn + l lies between 3 and \. 

264. If {/(a:)}* = 1 + {/(«)}*, and a* «/(x) +/(«), shew that 
/[«±y)=/(*)./(y)i;A«)-/ty)»attd/(x±y)=/(a;)./(y)±/(a:)./(y). 

265. From a bag containing 2 guineas, 3 sovereigns, and 7 shillings^ 
A is allowed to draw three coins. What is his expectation ? 
and what if one of the guineas should be known to be base ? 



XTlii MISOELLAKfiOrS BXAttPLES. 

266. Shew that ^^^ {3.10* - 25 (- 1)'} is a positive integer, when 
X is so. Find the fifth term of the series of which it is 
the a^t and sum the series to n terms. 

267. Find a series of numbers which shall be at the same time of 
the forms n' - 1 and lOm*. 

268. How small must x be taken so that the third term of 

1 + 3d; •)- 5x* + 7dr^ + &c. may contain the sum of all that 
follow at least 600 times. 

369. A person devised his estate among n persons iu the follow- 
ing manner. A was to receive £P+ 1-n^ of the remainder, 
B £2P + 1-nth of the remainder, C £3P + 1-nth of the re- 
mainder, and so on: find the value of the estate. 

270. In one of two purses there are three sovereigns and a 
shilling, in the other three shillings and a sovereign. A 
coin is taken from one (it is not known which) and 
dropped into the other; and then, on drawing a coin from 
each bag, they are found to be two shillings. What is the 
chance that tiiis will occur again, if two more are drawn, 
one from each purse ? 

271. Shew that(n+l) (n+2) (n+3)...tOHfactors=1.3.5...(2n+l)2") 
and }Sa\c?,a^,..-p, find the number of the factors o', a', &c 

272. If?^=^ = it^ = &c., andifalso a« = 6«' = c* = &o., 

a-oxb-cxe-dx 

then wiU a, 5, c, &c. be in G.F., and a;, y, 2, &c. in h.p. 

273. Find the coefficient of ic" m (1 + « + 2«« + Sx" + &c.)*. 

274. What value of y will make 2(y' + y)a;*+(lly-2)a; + 4 and 

2 (y'+y*) «*+(! ly*-2y) «*+(y*+6y) a?+6y- 1 commensurable P 

275. From a bag, containing 2n + 1 balls, 2n are taken out, and 
are found to be alternately white and red. Shew that it is 
equally likely that the remaining one is either red or white ; 
and find the chance that it is neither the one nor the other. 

276. Shew that any triangle will have its area expressed in rational 
terms, if its sides be proportional to 

gh Qf^ + 1% kl (y« + /*«), {hk + gl) {hi - gk). 

277. If j9 be a prime number, a not a multiple of p, and m any 
positive integer, then each of the sums a**** + a"*** + &c. + a"*^' 
and a"*"* + oT* + &c. + oT^ is a multiple of p, 

2 3 4 6 

278. Sum to n terms and ad inf. «-i - t;; + ^r^ - ^t; "•" &c. 



MISCELLAKEOUS EXAMPLES. xiz 

279. If one of the roots of je* -px +9 = be large, compared with 

the other, shew that o, » - - , ^-^' — , are closer and 

closer approximations to it. 

280. A is to receive a certain number of farthings, expressed, he 
knows, by the digits 1, 2, 3, 4, 5, but in what order he is 
not aware. Find his expectation. 

281. What value of a? makes (4a: + 1) (2« + ly = 6 (3« + 1) (2 + 3y 
for all values of 2? and what values of x and y make the 

fraction -— — ^ — ^ — -i — ( independent of «P 

3«*+(y-6)z + 3«(y-3c) ^ 

282. If a; +6 be the o.c.M. of Q^^ax\h and a:"+a'a:+6', their L.C.M. 
will be «• + (a + a' - c) «■ + {ad - c*) a? + (a - c) (a' - c) c. 

283. Extract the square roots of «*»+ \ "^(6* V) - v^ft.^^a:*^, and 

of 4{(a«-6«)crf+fl6(c»-£p)}« + {(a«-y) (c» - J«) - 4a6crf}*. 

a* 6* 

284. Find the maximum or minimiun value of -r + -, 5 . 

285. There are three white and five black balls in a bag, and 
three persons draw a ball in succession (the balls drawn not 
being replaced) until a white one is drawn : shew that their 
respective chances are as 27 : 18 : 11. 

286. Find two numbers such that, if their sum be added to the 
square of each, the results shall be squares. 

287. Sum to n terms and ad inf,^ when a? < 1, the series 

1 + 2«* + 23:* + 6a:* + 10a:» + 22a:* + 42a:' + 86a:« + &c.; 
and find also the coefficient of a^. 

288. Shew that the series for (1 - xy* converges or diverges from 
the first term, according as a: ^ 1. From what term does 
the series for (1 + x)' converge P 

289. If n be a prime number and N a number prime to n, then, 
when the square numbers N\ 4iV«, 9iV", &c., ft (n- 1)}* JV» 
are divided by n, they wiU each leave a difierent remainder. 

290. Find the chance that, if a halfpenny be tossed, it will neither 
&11 heads nor tails three times successively in five trials, but 
will fall heads the sixth and tails the three following times. 

291. Shew that cd-^<A±'J{^--c)(a-d)(h-c)(l-d)} ^ 

a-¥b-c-d 
a possible quantity, if a, h, c, (f, are the roots of a biquadratic 
with rational coefficients. 



MISCELLANEOUS EXAMPLES. 

292. Given 2(d^ + ^-jp-y) + l»0, find x and y : and given 
V^ + Vy * V(^) " V(3y) : : <i : &> find the value of 

V* - Vy t V(2a?) + V(3y). 

293. If the difference between the (n - \)^ and n^ tenns of an 

H. p. be — i — i , find the relation between a, 6, and c 

an* + 6» + c ' 

294. Solve in positive integers 2xy - 3x* + y = 1. 

i295. An even n® (n) of pieces of money being thrown, shew that 
it is 2"'*+l to 2*"*-l against there being an even n® of heads. 

296. A person spends in the first year m times the interest of his 
property, in the second 2m times that of the remainder, in 
the third 3m times that of what is now remaining, and so 
on ; and at the end of 2p years has nothing left Shew that 
in the f^ year he spends as much as he had left at the end 
of that year. 

297. If N be any number, which differs from the square numbers 
neiLt greater and less than it by a 'and h respectively, prove 
that N-ah is a square number. 

298. Find two integers such that if unity be added to each of 
them, as also to their sum and difference, the four results 
shall be squares. 

299. If X s 1 + n'S shew that the sum of n terms of the series 
1 + 2a; + 3«* + &c. is n*. 

300. Shew that it is probable that, in 25 throws with two dice, 
sixes will be thrown at least once. 

301. Shew that 12345654321 is divisible by 12321 in any scale, 
where the radix exceeds 6. 

302. Find the greatest term in the expansion of (^2 4- ^3)""^. 

303. Find two integers, such that the sum or difference of their 
squares shall each exceed unity by a square number. 

304 Sum to n terms and ad infinitum, when x < 1, 

1 + 8a? + 27«« + 64a:» + 125a:* + 216a:* + 343a:* + &c. 

305. Four cards being drawn from a common pack, find the chance 
that they are marked one, two, three, four, of different suits. 

306. If 0(», m)= i -n — L_ + ?i5^ -J— - &c., shew that 

^^ ' m m+p 1.2 m + 2p ' 

np 
(n, m) = -^ (n - 1, m +/>); and thence deduce the sum 

of the series, when n is a positive integer. 



MISCELLANEOUS EXAMPLES. XXI 

307. Shew that if any number, N, can be resolved into the sum 
of n squares, then 2{n-l)N can be resolved into the sum 
of n (n - 1) squares. 

308. If 8^ + 2 + 1 = 0, shew that the sum of those terms of the 
expansion of (1 f x)**, in which the index of a; is a mult, of 3, 

= }{(! + xzy + (1 + xf + (1 + xz-')% 

.234 

309. Sum to n terms and ad infinitum q-^-r + 5-3-5 + -r'^riin "*" ^^* 

IfO.O 0.0.17 0,1, At 

310. Tfp witnesses concur in their statement of a fact, which they 
have heard from another individual, shew that the chance of 

its bemg true is - — , where v = veracity 

of each of the p^\ persons, and m=\-v, 

311. Shewthat n>log,(l+n), and that4ay-3 («*-y*)* < If accord- 
ing as (or + y)i -^x - y)i > 1. 

312. ISpr be the coeff. of df in (1 4- ^)", {n a positive int.,) shew that 

P» P\ Pt Pn-l 2 

and (Po+i^i) (Pi+Pt) (P»-^Pn)"'iPn-l^Pn)= --7^ PiP»P5''Pn' 

313. A circular field is divided into an odd number of equal areas 
by the circumferences of concentric circles ; and the radius 
of the outer circle iBp times the breadth of the middle area. 
Find the number of circles. 

314. Eliminate x, y, z from the equations 

«*(y + «) = o^f y*(« + «) = fi*, a'(a: + y) = c?, xyz = ahc. 

315. A*a skill is to J?'s as 1 : 3, to C's as 3 : 2, and to D's as 
4:3; find the probability that A in three trials, one with 
each person, will succeed (i) twice exactly^ (ii) twice at least 

316. If/(|i, q) denote the coeffl of «» in (1 + a: + «• + &c. + «")^ 

shew that /(I, q) - i/(2, g^ - 1) + i/(3, 5^ - 2) - &c. = 4t» 
unless q + l should be a multiple of n + 2. 

317. If a„ a„ &c. are in G. p., and x^, x^ &c. in A. p., shew that 

«i'i-««** ••• «»•*• = {a,<^-»*i*<-»>*'» X a„^-« "»*<"-"> 'i}«<^^. 

318. Sum to n terms and ad infinitum each of the series, 

+ &C. and i-rr— + :rTrT + ;r-r-: + &C. 



1.2.3.2 2.3.4.4 3.4.6.8 ' 1.2.3 2.3.4 3.4.5 



XXll MISCELLANEOUS EXAMPLES. 

319. Inyestigate the general fonns of x and y, wHch zationalize 

{aa? + Jy*) f when n = 3 or any odd number. 

320. Fifteen persons sit down at a round table. Shew that it is 
6 to 1 against two particular persons sitting next each other; 
and that, generally, for n persons, the odds against the same 
event are n - 3 : 2. 

321. If ?^ , — , ^^ , be consecutive convergents to ar, then each 

of the fractions ^ILJI^S -^=i^\ ^-^^ "^ ^- , &c. ^S 

approach more and more nearly to the value of x than any 
fraction with smaller denominator. 

322. If a, h, c, &c. k, be n unequal numbers, and m<n-l, then 

(a-b) (a- «)...(« -A;) ^ (6-o) {b-c),..{b-k) "'" {k-a) {k-b).,. ' 

323. Shew that log,* = (x - 1) — ^ . -^ . — ?— ... ad inf. 

a^-\-l x* + l ar*+l 

324. Find two integers such that their difference, the diff. of their 
squares, and the di£ of their cubes, may all be squares. 

325. The comers of a common die are filed away, till the £EUses, 
which before were squares, become regular octagons. Com- 
pare the chances of its falling, when thrown upon a triangular 
or octagonal face, neglecting all mechanical considerations. 

326. l£8=aW,p=2ab, P={a+bf, shewthat P.I^.P\li...adinf. 

= «p +y«p-» +^.-?^ 1^ +ij* .^ . ^ «p^ + &c. 

327. Sum ad infinitum 

1" 2« 3» . 1« 2* 3« ^ 1' 2« 3« „ 

2 + 2-«^2^-'^^' 3 + 3^^3»^^'" 6"6»^65-^'- 

328. How many triangular pyramids can be formed, whose edges 
are six given lines, any two of which are > than the third ? 

329. Eliminate m, n, p, q from the equations 

x-p y-q pm an nf ^^3^,t^\^(i 
m n (^b^i^'Vi^I^ 

330. Find the probable sum of the series 1 ■{■ x ■¥ a^ •\- &c., when 
the number of its terms is known to be not greater than q 
nor less than p, 

331. If « = ! nearly, shew that x, l-a: + «", t(l+ar-a:"+«^, are 
nearer and nearer approximations to the value of s^. 
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332. If y be the Harmonic mean between z and a, and x and z 
respectively the Arithmetic and Geometric means between 

aandd, shew that y = 2 (a + 6) ^ |^^\i + ^*\H . 

the former series is divergent and the latter convergent. 

334. If a; V {(1 - xY - ex) be expanded in a series of ascending 
powers of x, shew that the coefficient of s^ is 

'^^^^U ""^ 2.3.4.5 " + 2.3.4.5.6.7 ;'^+&«-}- 

335. There are a n° of tickets, marked with some one of the num- 
bers from 1 to n* + 1. Every one of these numbers, (such 
as r,) is marked upon the same number (r) of tickets ; and 
every ticket marked with a square number (m*) confers a 
prize of m shillings. A draws one ticket : find his expectation. 

336. Shew that the product of any number of fistctors of the form 
a^ + axy + by*, x^ + ax^f/ + Jy^, &o., may be put into the 
same form, X* + aXF+ hY*. 

337. Apply the preceding to find a series of positive integral values 
for X and y, which shall make a^+3xg + dy* a square number. 

338. If « = a + 6, p = ah, and q = a-^h, prove that 

p» = .M^-V + ^?*-fj3^ + &c.), 
and a» + ft" = «''-npa'^ + J»(n-3)^««^-&c. 

339. Sum to n terms and ad infinitum 5-5 + -^-^jl + r—rr + &c. 

0.0 b.iJ y.io 

340. A bag contains 50 balls, 5 of which are drawn at a time, 
and replaced after each drawing. Two persons draw alter- 
nately, the prize being won by him who first draws two par- 
ticular baUs. Find the odds.in favour of the first drawer ? 

1 1 «+l 1 fl ^x-1 1 Vx-1 1 Vx-l \ 

342. Shew that every term of the preceding series (within the 
brackets) is greater than f th of the term next before it, and 
less than a third proportional to the two next before it. 

343. Shew that the sum of the products of n quantities c, c", c^, &c. 

.1, A . .1. ' "^ (c--l)(c»-»-l)...(c"-«--l) 

taken m and m together, IS c « ^ / "iw «~i\ T»» l^ • 

(c-i)(c-l)...(c -J) 
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344. If a, 5, c, &c. are any n quantities, shew that a"-f 5"+ e"+ &c, 
> n (a5c ...); and thence prove that 1.2.3 ... n < {| (n+ 1)}". 

345. A plays at a game* in which he reckons his chance of success 
to be e. If it be an even chance that he has made an error e', 
or not, in his calculation, shew that this does not affect his 
chance of success in a single trial, but increases his chance 
of continual success in any number of repeated trials. 

346. Eliminate x from x^ + rx + 8 = 0f a^+vx-y; and shew that 
the equation in t/ will be a biquadratic, wanting its second 
and fourth terms, if nr* + 48t^ - r* = 0. Ex. Solve a:* + 3ar = 2. 

347. If n be a prime n°, the expression -^^a?"* + Ajp^^ + &c. + -4«„ 
cannot admit of more than m different values of x, less 
than n, which will render it divisible by n. 

348. Apply the preceding to shew that, if n be a prime number, 

«-i - 

each of the quantities iV2' + 1 has integral values of 

N less than n, which make it divisible by n. 

349. Shew that the number of different ways, in which the letters 

of the expression p'^^ can be written at length, so that at 

Im + n 

least r p*s may always follow each other, is (» + 1) . " . 

|m |n 

350« Apply the preceding to find the chance that, on tossing a 
shilling 12 times, it will fall heads at least 6 times successively. 

351. Prove that, when the expression in Ex. 347 admits of exactly 
m such different values of x, that render it a multiple of n, 
then the quantities Af^S^-^-A^t AJS^-A^<t &c. AqS^-^-VTA^ 
are all multiples of n, where 8^ denotes the sum of the 
products of those values of Xy taken r together^, 

352. Apply the preceding to shew that, when n is a prime number, 

1.2,3...(«-1) + 1 and 1,2.3.. .(n-l)fl + J + i + &c. + --^] 
are each multiples of ?i. 

353. Tl^e chance of an event, whose proby is j9, occuning at least 
r times successively in « + r trials, is {1 + n (1 -p)}p^. 

354. Two persons are known to have passed over a piece of road 
in opposite directions within the time a + 5 + c, in the times 
a and h respectively. Find the chance that they will meet. 



EXAMPLES: Part IH. 



EQUATION PAPERS OF ST. JOHITS COLLEGE, CAMBBTDGE. 

1. 

ag + y 2g-7 o,_«-4 
2. o-.^-..- g*' + ^30-24y' . 



_ 161 -J6x 9a y - 110 
4y-l '^ 8y-4 



»-iri-V2^ 



4. 6y + iV(«'-18y-14)-i«'-36 

8y 8 ^8y 4^ 2 

5. A brewer, from ingredients worth £20, brews 600 gallons of 
ale, (on which there is a duty of 6J per gallon,) dnd sells it at 
2s a gallon. From the same ingredients he afterwards brews the 
same n° of gals, part strong beer, (on which he pays ale-duty,) and 
the rest small beer, (on which he pays \ ale-duty.) By mixing, 
and selling the mixture as ale, his gains are increased in the ratio 
of 10 : 7. Find the n^ of gals of strong beer. 

6. The n° of deaths in a besieged garrison was 6 daily, and, a? • 
lowing for this, their provisions would just have lasted 8 days. But 
on the 6^ evening, 100 men were killed in a sally, and afterwards 
the mortality increased to 10 daily. At the end of the 6^ day 
there was stock enough remaining to support 6 men for 61 days : 
how many will be alive when the whole is exhausted P 

7. A man buys a guinea at the market-price of standard gold ; 
but an Act passing, which makes it illegal to sell the coin of 
the realm, he clips off ^^th part He may now legally sell it 
as a light guinea; and finds that by reason of the rise of pure 
gold in the ratio of 239 : 249, he just gains the clippings by his 
purchase. Find the ratio of pure gold and alloy in the guinea, 
and alto the relative value of equal quantities of pure gold and 
alloy, having given that the sum of the squares pf the two ratios 
exceeds eleven times their sum by 233xfx, 

r J 1 



} 
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1 2j? + 1 402 - 3x 471 - 6a; 

^' "W 12 "^ 2 

2. H3«-6y)-i^s(2a:.8y-9) = iy + i + i 
i« + iy + 1 i : 4a: - iy - 24 : : 3 J : 3} 

^ a? + 316-2a? _. 

4 g + y + V(a:'-y*) ^ 9(a? + y) ^ 

(iB* + yy + « - y B 2a:(«* + y) + 606-' 

5. At the review of an army, the troops were drawn up in 
a solid mass, 40 deep, when there were just i as many men in 
front as there were spectators. Had the depth, however, been 
increased by five, and the spectators drawn up with the army, 
the n° of men in front would have been 100 fewer than before. 
Find the force of the army. 

6. A n^ of persons bought a field for £345, the youngest 
paying a certain sum, the next £5 more, and so on in A. P. 
The younger half took a portion of the field proportional to the 
sum they had subscribed; and this they agreed to divide equally, 
by equalizing their contributions to £22 each. How many 
persons were there in all P 

7. A and B travelled on the same road and at the same rate 
from H to L. At the 50^ milestone from L, A overtook a drove 
of geese, which were proceeding at the rate of 3 miles in 2 hrs ; 
and 2 hrs afterwards he met a waggon, moving at the rate of 
9 miles in 4 hrs. B overtook the geese at the 45^ milestone, 
and met the waggon just 40 minutes before he came to the 
31st milestone. How far was B from L when A reached it? 



3. 

4x-34 268 - 5g 69 - a? 
""17 3 2 

2. i(4ar-2y + 3)-f(18-ar + 6y) = iar-iy-f-7A 1 
23? - y + 15 : y - 2a: + 15 : : ia; - iy + J: Jy - ix + 1^,/ 
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2x 2d;- 5 

4. i i = (2y + 9) i— ^ 

« y «y "^ ' y 

5. A packet from Dover reaches Calais in 2 hrs ; but, on the 
return voyage, proceeds at first 6 miles an hour slower than it 
went. The wind, however, changing halfway, it sails 2 miles 
an hour feister, and reaches Dover sooner than it would have 
done, if the wind had not changed, in the proportion of 6 : 7. 
Find the distance between Dover and Calais. 

6. From the middle of a town two streets branched off, and 
crossed a straight river by bridges A and B. From their 
junction, a sewer, equally inclined to both streets, led to a point 
in the river distant 6 chains from A, and from S 11 chains 
less than the length of the sewer, the expense of making which 
was as many £'s per chain as there were chains in the street 
leading to A, The sewer proving insufficient, a drain was made 
from a point in this street, distant 4 chains from A, which 
entered the river at the same point with the sewer, and was 
equally inclined to the river and sewer. Now a drain down 
each street, at £9 per chain, would have cost only £54 more 
than the sewer. Find the lengths of the streets and sewer. 

7. A labourer, with* his wife and children, saved each a certain 
n° of pence in A. P. The whole monthly saving was less by d« 3^ 
than the cost of i as many bushels of wheat, as the seventh child 
saved pence, the price of wheat being such that the savings of 
the eldest and fifth child, inqreased by lOs, would buy two 
bushels. But wheat rising 2« a bushel, and work being scarce, 
they find that their savings will not buy as much wheat as before 
by two bushels ; and that, at this rate, their annual savings would 
be less by 5 guineas than before. At this time, the two youngest 
died ; and it was calculated that, if the others saved each U less 
than the eldest child had done before the rise of wheat, their 
monthly savings would not be affected by this event How many 
Were they in family ? 

52 



} 
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4. 

1. i(6af-l)-,\(7«-2) = 6f-la? 

2. Vy- V(<»-*) = V(y-«) 

V(y - «) + V(<* ~ ^) • V(<» - «) : : 5 : 2 
3 6 (ax- 1) 2 3 

1 + 5 v« V^ 

2« 3V-2V(«*-1) X \ 

5. A fiurmer laid up a stock of com, expecting to sell it in 
6 months at 3« a bushel more than he gave. But by that time, 
instead of having risen, com had fallen 1« a bushel, and he found 
that he should, by selling now, lose the cost price of 5 bushels. 
He therefore kept it to the year's end; and then, being obliged to 
sell at 2« a bushel under prime cost, lost just 10« less than he 
had expected to gain. Find the cost price per bushel, allowing 
5 per cent simple interest, 

6. A ship, with a crew of 175, set sail with water enough to last 
the voyage. But, at the end of 30 days, the scurvy^ began to 
carry off 3 men daily, and a storm protracted the voyage 3 weeks. 
They just reached port, however, without the water falling short. 
Required the time of passage. 

7. The hold of a vessel partly full of water, (which is uniformly 
increased by a leak,) has two pumps worked by A and S, of 
whom A takes 3 strokes to 2 of ^s, but 4 of ^s throw out 
as much water as 5 of ^'s. B works for the time 91 which 
A alone would have emptied the hold; A then pumps out the 
rest, and the hold is cleared in 13| hours. Had they worked 
together, the hold would have been emptied in 3f hours, and 
A would have pumped 100 gals more than he did. Find the 
influx per hour at tiie leak. 



5. 

1. ^ (4a? - 21 ) + 7f + i (7« - 28) - ar + 3i - i (9 - 7«) + A 

2. i(3«-2y)+l+i(lly-10)«|(4a:-3y + 6) + J(45-ir) 
45 - i(^a? - 2) = i\ (fibz + 71y + 1) 



} 
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4. ^ + 4-4(^=140. y«V(a:«-^)l 

y y ^ ^ y ^ 

5. On Jan. 1, 1799, a beggar received from A as many groats 
as A was years old, and a similar donation in each of the seven 
following years, during the last of which A died, his alms having 
in all amounted to £7 18« 8d!. In what year was he bom ? 

6. A entered into a canal specidation with 14 others, the 
profits of which were in all £595 more than five times the price 
of each share. Seven of his partners afterwards joined him 
in a scheme for navigating the canal with steam-boats, each 
venturing a sum less than his former gains by £173. But this 
concern failed, and A lost £419 by it; for they not only never 
recovered their outlay, but lost all their former gains and £368 
besides. Find the cost price of shares in each concern. 

7. A^ B, C were architects. A and B built four warehouses 
with flat roofs, each a large and each a small one, the width 
of the large ones being the same, and likewise of the small ones. 
A built his as long and as high as they were broad; but B made 
the length and height of his small one the same as the breadth 
of his large one, and the difierence between the contents of A^b 
and Bs buildings was 73728 feet. C also built upon a square 
plot of ground, whose area was the difference of those on which 
A built; and would have been in fact just 2688 square feet, if 
he had added to it 0ight times as many square feet as there were 
feet in its width. Find the width of the buildings. 















6. 


jm 


2x 


I'iz 


X - 


-1 


X 


7 


1. 


3 




i 
i 


r'e 


^12 


2. 


ar + 


2y + 3« = 


17 


} 








2x 


+ 3y + s = 


12 








3x 


+ y + 2a = 


13 







1 m+n 1_ 

3. aWa:^-.4(ai)*ar"*^=(a-6yx"' 

4. a?* + y* = 1 + 2jry + 3«y 1 
«* + y* = 2/af T 2y* + a? + 1 J 
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5. A can walk fbrWards four times as fast as he can backwardsi 
and undertakes to walk a certain distance (} of it backwards) in 
a certain time. But the ground being bad, he finds that his rate 
per hour backwards is ^ of a mile less than he had reckoned, and 
that to win his wager he must walk forwards two miles an hour 
faster. What is his rate per hour backwards ? 

6. A lent B a sum at a certain rate of tnt.^ taking as security 
such an amoxmt of Spanish bper cents as would produce the same 
interest as the debt. At the year's end, B proved insolvent ; and 
Spanish bonds having fallen 40 per cent, A lost £400. Had they 
not &llen, he would have been repaid with a surplus of £250 ; and 
if he had been at liberty to have sold them out at the half-year's 
end, when they were at 50, (which was before the int. upon them 
was due,) he would have lost only £300. Required the amount of 
the debt. 

7. The builder of a treadmill agreed to take for payment the 
produce of n weeks' labour of the convicts then in prison, and to 
supply them with food during that period. His estimate was 
a shillings for the weekly expense of each man : but, finding this 
sufficient for the first week only of a man's labour, he increased it 
the second week by ra, the third, in addition, by r'a, and so on. 
Now at the beginning of each week after the first, c fresh convicts 
were sent to the mill, when he found that, had his contract 
included these, he would have gained as much as he had cal- 
culated on at first. Supposing each man's weekly labour to be 
worth /Ml shillings, find the number of convicts at first 



- liar - 13 19ar + 3 5a? - 25^ „. 17ar + 4 
^- ~W^^-^ 4~ = ^®* " ""21" 

5V«-8 +«o-«- 4a;-7 
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5. A sends his agent money to buy pimento, calculating the 
price at £8 for 6 bags. But the price having risen, the money 
sent would not buy as much by 18 bags as A intended: and 
it was found that 5^ bags more than \ of the original quantity 
would now cost just £10 7« more than before. How many bags 
were purchased? 

6. A and B set out from C and D, A starting 3 hrs before B, 
They meet lU: 20 miles £pom D, and A reaches D one hour before 
B reaches C. Hie next day B starts early, meeting A^ who had 
then gone f of his journey back; and, though delayed 3 hours, 
B reaches D in time to have g(me 28 miles further before A 
reaches C. Required their rates per hour of journeying. 

7. A called a meeting of his creditors, whose claims increased 
in A. p.; when it was found that has effects would have paid as 
many shillii^s in the £, as there were £'s m the common differ- 
«ice of the claims, and would in fact have exactly sufficed to pay 
the claims of the ikird and the highest creditors. But the latter 
failed to make good his claim, and the others consequently re- 
ceived 29 8(1 in the £ more than they would have done ; and the 
third and highest dividends were in consequence increased together 
by £9 128. Find the assets. 



. 2a?-t-8|^ 13a; -2 xlx a? + 16 
9 ' 17* - 32 "^^ 3 "" 12 ■* 36 

8 y 8 X ' 

7 V(x-y) 7 V(ar-y) _l 
4 y "i a? 9 

4. ar - a: V(f«" -2y + 8) = 2-y^ 
V(a; + y) 3 ^_'l_^m 

2x "4 V(« + y) 2a? 

5. A farmer's rent was £50, and his expenditure (of which 
i was in payment of assessed taxes) was such that he could only 
pay his limdlord £30. The next year his rent was lowered 20 per 
cent, the taxes also were reduced one-half, and farm produce 
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increased in yalne one-third ; and now, after paying hid rent ftnd 
former debts, he had £6 over. Find his expend^tvre. 

6. A starts from Newmarket to London at the same time tiiat 

3 and C leave Hockeril and London for Newmarket. A meets JB 

4 hours before C overtakes B; but, on his return, A meets C one 

hour before he meets B, on their return also, all three having 

rested the same time at their destmations. Now A rode 10 miles 

.an hour, and met B at the same i>lace going and returning. 

Find the distance from London to Newmarket, Hockeril lying 
midway between them. 

7. Two vessels, P and Q, contain fluids in the ratio of 4 1 21, 
which consist of different mixtures of wine and spirits. A pumps 
out of P into Q, and then B pumps into Q f of what remains, 
and now the mixture Q is found to have only H of its original 
strength. Now if, when A stopped, B had pumped as much 
as before from Q into P instead of from P into Q, the strength 
of P would have been a mean proportional between the original 
strengths of P and Q; and B would have piunped the same 
quantity of wine as before of spirits. Compare the quantities 
of fluid pumped by A and J?, the strength of spirits being three 
times that of wine. 



1 25jJ« 16« + 4| ^ . 23 
• x+l **■ 3x + 2 " "^aj + l 

2 4a;-8y + 6 lOa^ - 12y« - 14gy + 2j? . ^^ 

2 " 5a: + 3y + 3 I 

V(6 + a?):V(6-y)::3:2 J 

3. (fl» + l)(a;4-.iy = 2(« + l) 

4. ar + v(^-y') = ^{V^ + v'^}1 

(x + y)^ + (« - y)i = 18 V2 

5. There was a run on two bankers, A and B. After 3 days, 
B stopped payment, by reason of which the daily demand on A 
was tripled, and he failed also after 2 days more. But if A and B 
had joined their capitals, they might both have stood the run 
as it was at first for 7 days, when B would have owed £4000 to A. 
What was the daily drain at first on A*8 bank? 



• •• 
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6. The gas-contracton uadertake to light a shop with 6 large 
and 3 small burners; but, having by them only one large bumen 
supply the deficiency with 5 small ones. The shopkeeper, xK>t 
finding thb light suflScient, procures two more small burners, and 
agrees for all the lights to bum double the usual time on Saturday 
nights; and for the additional gas he paid 31« per annum. What 
did he pay altogether? 

7. A man, who is not aware that his watch gains uniformly, 
engages to ride from Cambridge to London in 9 hours, and sets 
his watch by St Mary's at starting. Upon looking at it after 
haying gone halfway, he supposes it necessary to increase his pace 
in the ratio of 4 : 3, and consequently reaches London 15' within 
the time. But if the watch had lost at the same rate, and he had 
looked at it at the end of the 14^ mile, and then regulated his 
pace accordingly, he would have been in London too late by 7'. 
Find the distance from Cambridge to London. 



x-lfi 2-6^ 6x-i(10-3x) 

' ' 2 " 13 ■"■ 39 

2. Vy-V(y-«) = V(20-«) i 

V(y-«): V(20-a:)::3:2J 

4. « + V(3j**-ll + at) = 7 + 2y-j/' 

V(3y-« + 7)=Jl| I 

5. From each of two bags, containing different numben of balls, 
A draws a handful; and now the number in the larger bag is the 
cube of that in the less, and just the square of one handful. He 
then draws out of the larger until the number left is the square of 
that in the less, and now empties the larger into the less, and finds 
its original number increased by two-thirds. Find the number of 
balls in each bag at first. 

6. A and B are towns beside a river, which runs at the rate of 
4 miles an hour. A waterman rows from ^ to ^ and back again, 
and takes 39' more to do it than if there had been no stream. 
The next day he does the sanoe with another waterman, with 

56 
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whose help he cttn row half as fast again : and they are naw only 
8' longer than if there had been no stream. At what rate would 
the waterman row by himself without any stream ? 

7. Two master bricklayers undertake to lay the foundation of 
a new court, each taking a part and beginning together. If they 
had worked together till the whole was finished, it would ha^e 
taken only f of the time it actually took to finish it; and B would 
have done enough to occupy A three months, and A enough to 
occupy B twelve months, irtntib. is 36 yds more than A actually 
did. How many yards were there in all ? 



11. 

2. ar(6c-«y)=y(ay-ac) ^ 
ay (ay + &a? - ay) = o5c (a; + y - c) J 

3. 16(^ + 2)t + -^-f-2^ = 32a- + 48 

5. Two clocks strike the hour, and are heard to strike 19 times. 
They differ 2" in time, and one strikes every 3", the other every 4". 
When they strike together ^ it cannot be distingmshed whether one 
or both are striking ; and this is the case with the last stroke of the 
faster dock. What hour did they strike ? 

6. A revenue cutter observes a smuggler q leagues directly 
to windward^ and gives chase, sailaag at d^ points firom the wind, 
and making tacks of 4p miles. The smuggler li^ off on the other 
tack at 2} points, making tacks of ^p V3 miles, its rate of sailing 
being to the cutter's as 1 : 4 V3. They sail half the above dis- 
tances before the first task. In what tack will the smuggler, 
while lying in the eye of the wind, firnt be within range of the 
cutter's guns, which caarryr miles? 
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7. In the first and least considerable irruption of the Thames 
into the Tunnel, the water rose in the vertical shaft 8 times as 
fast as in the horizontal levels in the second. If the levels at the 
second influx had been 110 feet longer, the velocities of the water 
ascending in them in the first and second irruptions, and when 
thus increased would have formed an A. P., the common difierence 
being i of the difference of the velocities with which the water 
rose in the shaft in the two irruptions ; and, if the levels had been 
of the same length on both occasions, the first time of filling 
would have been half as long again. 

The tunnel consisted of two equal levels, terminated by a ver- 
tical shaft of twice the breadth of either. The sections of the 
shaft and levels are supposed to be squares ; and the height of the 
shaft above the upper surface of the levels to be double of its 
breadth. Given the first time of filling to be lO^ less than the 
second, find the duration of the latter. 



Id 



' 28 23a: - 6 ■*■ 4 ' 21 ~ 42 

x-l 

2. V(«-y) + iV(« + y) = 



a?" + y* : a;y : : 34 : 15 



^ 



3» 1 = ^ 



4. 6-2V(y + 2)=Aa;«-(Va:-3Vy)». 



- - 10 V- =« - 16 



} 



5. A question was lost on which 600 persons had voted. The 
same persons having voted again on the same question, it was 
carried by twice as many as it was before lost by, and the new 
majority was to the former : : 8 : 7. How many changed their 
minds ? ^ 

6. Three towns A, JB, C, lie at the angles of a right-angled 
triangle, J? at the right angle, and the distance AB being the 
least of the three. A pedestrian finds that the time of his going 
from Ato JB, and then from ^ to Q exceeds the time from ^ to C 
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direct by 2| homfs. A coach, which left A four hours after him, and 
travels thrice as fast, overtakes him 8 miles from B in the way to 
C; and after passing through C to ^, and waiting there 6| hours, 
it makes the same circuit, and reaches A again at the same time 
with the pedestrian, who had rested four hours at C Find the 
rate at which he walks. 

7. Ay Bf C, D, are rough diamonds. The value of C in £'s is 
less by 52 than the weight of A in carats, and the value of C 
and 2) in jS's is equal to the weight of B in carats. Each loses 
half its weight by cutting : but the dust from A and B is worth 
£85 ; and the value of A : that of C, 2), and the dust from 
A : : half that of B : that of the dust from B. A diamond, 
weighing one carat when rough, is worth £3 when cut, and £2 
when uncut : the value x the square of the weight, and the dust 
is worth £1 per carat Find the value of D when cut 



13. 

1 ^ - ^'g 1-231? _ 1 + 3jg 2j; - 2i 1 
• 15 14(«-1)" 21 6 "''105 

2. 3aj + |V(ay + 9a:»y)=:(x-i)y 

o / 8 7 

3. V* — = 



} 



} 



X *Jx ~2 

4. a^y - 4 = 4a;«y - Jy* 

a?*- 3= «M(«*-y*) 

5. A and B start for a race which lasts 6'. At the end of 4', 
the distance between them is xio ^^ ^^ length of the course. 
After 1' more, B, who is last, quickens his horse 20 yds a minute, 
and comes in 2 yds before A, who has gone uniformly throughout 
Find the length of the course. 

6. The revenue of a state was increased for war in the ratio 
of 2^ : 1 ; and, after deducting the expense of collecting and the 
interest of the national debt, the net income was augmented in 
the ratio of 3|f : 1. If, however, the revenue had been reduced 
in the ratio of If : 1, the net income would have been diminished 
in the ratio of 7j : 1, and would in fact have just amounted to 
4 millions. Find the revenue before the increase, supposing the 
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expense of collecting to Tory as the square root of the sum 
collected. 

7. Three boats, A^ B, and C, start in a race, B being 20 yards 
behind A^ and C the same behind B, A and C set off at an 
uniform rate,- C making a yard less per stroke than A, But B 
took 7 strokes to 6 of ^ or C, and increased its speed besides 
by 3 in. every stroke ; so that, when A had taken 42 strokes, 
Bf which had lost 16 yards by steering, was only a yard behind A. 
At this point JPs speed decreased twice as fast as it had increased 
before ; while C, quickening its strokes at the same instant in the 
ratio of 6 : 7, and gaining each stroke as much speed as B lost, 
at the end of 28 strokes overtook By which had lost It yds more 
by steering. Compare the velocities with which they started. 






I4« 

1 ^ ^y-^-20 ^^"^ 

' a?-18 3 

{a* + a V(ft* + fta?) + 1 fta? - jy - i6 V(«* - ^* + ^} = «* - h ** 

3. 2a;V(l-«*) = «(l + «*) 

4. (2 + 4ay - 3a*)« = 2 - 4ay + 3a:* 
(a^-iy = (2y» + a*+l)(2y« 

5. The owner of a balloon calculated that, if he filled the 
enclosure, which he had hired for the day at £5, with spectators 
at 2s each, and two persons ascended with him, he should make 
a profit of 140 per cent on his outlay. But, the gas and the 
weather proving bad, he pays but half the price of inflating, an j 
ascends alone with the enclosure a fourth part full, losing on the 
whole i of his outlay. On the next day he ascends again with 
a full balloon, the enclosure f filled, and one companion, and by 
the whole speculation gained £10. What was the cost of inflation? 

6. A and B row between two places, ^ in a certain lime by his 
watch : but A, when he has gone by his watch the same lime, 
relaxes his speed, and moves only f as fast as before. Now, if this 
tske place in going down the stream, the &rst part of the distance 
will take A six times as long as the last, but, if in going up, only 
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the same tSme ; and this would also be the case in going upwards, 
if A, instead of relaxing, were even to increase his speed in the 
ratio of 7 : 5, provided that he exchange watches with B at starting. 
Supposing their watches to gain uniformly, compare the rates of 
rowing of A and JB, 

7. A regiment, in which there are between 10 and 100 officers 
and twice as many seijeants, in clearing the streets during a revo- 
lution, loses 2 officers ; and, after storming a barricade in which 
three more fall, is obliged to retreat, taking in a volunteer as 
officer^ but, in so doing, loses other three. While clearing the 
streets, the liability of an officer to fall is half that of a serjeant 
or private ; but at the barricade as 4 : 3y and in the retreat as 3 : 4. 
Also, on their leaving the barracks, the number, whose two left* 
hand digits express the number of Serjeants and its other digits 
that of officers, exceeds by 20 ten times the number of privates; 
but, on their return, (having parted with the volunteer,) it exceeds 
it only by 12, the number of officers being still above 10. Find 
the state of the regiment at first 



IS. 

- g* + 1 _ X 1 2. v«~ Vy = V«(Va? + Vy)\ 

* 4a^-l*'l+2«~i - (« + y)*=2(ar-y)* J 

3. V« VC** + «") = «* -«*+3a» 

a:» + 3y» - 2x1^ ^ 

^ + 42xy + 1%* = 4 V(«y) (5a? + lly) 

5. A farm was rated at 3« an acre, and the tenant} on receiving 
back 10 per cent of his rent, found that the sum returned was £6 
more than the whole rate. The next year the rates were doubled, 
and he received back 15 per cent of his rent; but now the sum 
returned only just paid for the rate. AVhat was his rent ? 

6. A starts to walk from Cambridge to London at the rate 
of Z^ miles per hour. In 2|- hrs' the Times passes him, and the 
Fly at 10' to 10 ; he rests 2^ hrs on the road, and again meets the 
Times on its return, and half-a-mile farther the Fly, at 20' after 5. 
The Times left Cambridge at 6, and the Fly at ^^past 7, and both 
started from London at 3: find the distance from Cambridge to 
London. 
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7. At an election of one member to Parliamenti one-third of 
the electors gave plumpers for C, and those given for A and B 
were ^^ of the whole number of votes given. Of those electors 
who gave single votes to C, twice as many voted for ^ as for ^ : 
and B stood at the head of the poll with a majority of 110 over C 
A scrutiny being demanded, it appeared that those who had split 
their votes between A and B had no legal right to vote, and C is 
now returned with a majority of 200 over A. Find the final 
state of the poll, it being observed that A has now as many single 
votes as plumpers. 

16. 

1. _-^+--llf. g 5 

2. 3y + ll=^^?!^?^^y> + 31-4a: \ 

(« + y)(y-2) + 3 = 2ay-,{y-l)(aj + l)J 

3. a:-2V(« + 2)=l + V(ar»-3« + 2) 

4j:y=:V2(l-iC>)(l-y«) 

5. A and B engaged to reap equal quantities of wheat, and 
A began half-an-hour before B, They stopped at noon to rest 
an hour, and observed that just half the work was done, ^s 
part was finished at 7 o'clock, and Jt's at \ to 10. At what hour 
did^ begin? 

6. Two boys start from the right angle of a triangular field, 
and run along the sides with velocities in the ratio of 13 : 11. 
They meet first in the middle of the opposite side, and again 
30 yards from the starting point Find the length round the field. 

7. A stable-keeper bought two horses for £50, and sold them, 
one for double, and the other for half, of what he gave for it. 
The former had produced for its hire only half of what it cost him, 
and cost in keep as much per cent on its price as the hire of 
the other produced on its price, the latter being kept for f as 
many guineas as it sold for pounds. The keep of the two cost 
£33, and he made by them, upon the whole transaction, nine times 
his profit on the sale. What did each cost? 



'} 
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17. 

3. ««-2« + 4 = 2V(«'-l) ay = oft J 

4. a«(«* + /) = y»-2a«ayV(«*-y*) 
«• (^ -/) = «*/ {2a* -«•) 

5. ^ and JB run a race to a post and back again. A returning 
meets B 90 yards from the post, and reaches the starting-place 
3' before him. If he had then returned, he would have met £ 
at a distance from the starting-place equal to ^ of the whole 
distance. Find the length of the course, and duration of the race. 

6. The upper spokes J2 and r of the hind and fore wheels of 
a carriage are vertical at starting. When r has revolved once, 
it is at right angles to the spoke next before It; and when ^ 
has made f of a revolution, r ascending again makes the same 
angle with an horizontal line as the spoke next before it. Given 
diam. of forewheel : di£ of heights of axles : : number of spokes 
in forewheel : 2, find the number of spokes in each. 

7. A agrees with his steward to allow a percentage on the 
rents he collected, on condition of his returning half the same 
on the rents not paid. The first year the steward's income amounts 
to 6 percent on the whole rental; but in the next, in order to 
obtain the same income, he makes a return of rents received £276 
under their value. In the third year, though the rents are reduced 
7i per cent, the amount not paid is the same as in the second 
year; the steward's income is only f of his first year's, and, to 
make it up, he doubles his last year's fraud. Required the rental 
of the estate. 

hf + i' + A'-ii \ '-(TT^v'* 

4. y + 3 Vy {V(a + i«) - Vy} V(« + *«) =» 2a' 
y_-^3j/yV«^-i.^^2^y(^_j^j 
Vy - V(a + bx) 
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5. Bacchus caught Sileuus asleep by the side of a full cask, and 
seized the opportunity of drinking, which he did for two-thirds of 
the time, in which Silenus would have emptied the cask. After 
that Silenus wakes, and drinks what the other had left. Had 
they both drunk together, the cask would have been emptied two 
hours sooner, and Bacchus would haye drunk only half of what he 
left for Silenus. Find the time in which each by himself would 
have emptied the cask. 

6. Af B, C, whose powers are in the ratio of ^» J, i, engage to 
reap a field of wheat at so much per acre, to be proportioned 
among them according to their work. After two days a quarrel 
arises and C withdraws, receiving for his labour 5«, the farmer 
having made a deduction from the stipulated price per acre, on 
account of the delay thus occasioned. A and B then engage 
to finish the work on the same terms as at first, which takes them 
another day. A receives upon the whole Is 6d less than he 
would have done if C had not withdrawn ; while the farmer saves 
in money half as much as he agreed to pay per acre. Find the 
number of acres. 

7. P, Q, J2, represent three candidates at an election. Q polled 
as many plumpers wanting one as the split votes between P and 22 
exceeded those between himself and B; and the number of split 
votes between Q and J2 was one more than twice the number 
between Q and P. If P had not voted for himself and JS, but for 
JR only, and if five others who split betwixt P and Q had voted 
for Q only, Q would have just beaten P, and would have been 
48 below 22. The number of voters was 1341, of which 565 gave 
plumpers. Find the final state of the polL 

19. 
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2x t/!_^ ^^t.^^ 

x^y «*-y«'^ 8(i + 2y) 

V« + Vy = V{* + y + V^) 

3. V{2(x + 2)}-2V(2-«) = ^^^ 

4. ar* + Jy» = a(a? + 6) T 
«* + a"(y*-2x)-«(y«-l) + y* = a»J 
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5. In & tade between two bools a yect ato r, walking at the rate 
of 5 miles an hour, is } of a mile a-head of the first boat at 
starting; and, when it posaes him, he obserres that the internal 
between the boats, whidi at first was 30 yards^ is redneed to 20. 
At 1^ mile firom where it started, the fiist boat is overtaken by the 
second: how long did the race lastP 

6» When wax candles ate 2s 6d fet Ibf tk composition is in^ 
vented, such that a candle made of it will -bom f of the time 
in which a wax candle, of the same thickness and i as heavy 
again, would bum* If the two give an equally bright li^t, what 
must be charged per lb for the compositimi, that it may be as 
cheap as wax? 

7. Into a cubical cistern, 8 feet deep^ and having an unknown 
leak, water is poured from two pomps woiked by A and B^ 
They pump together till it is half filled, whoi B &Us asleep, 
but A goes on pumping till it is thrett^olarths filled, and then 
goes away. B upon waking finds it still half full, and, after 
pumping till it is again three-fourths filled, dqnrts also to look 
for A. They return together, and find the water li in. lower 
than when B left* The leak is now discovered and stopped; 
and the vessel is filled by them in half the time in which they 
had worked together at first. Now 10| hoots had elapsed since 
they first began pumping, and B had worked alone twice as long 
as A had. Given that a cubic foot contains 15 f gals, find the 
quantity of water thrown in per hour by each pump^ 



«\ 54/ 



, 4a: - It 3i - 22ar 
^' ~9 33~ " 

2. aj(y + a)"=l + «•, « + ya| + «, y2=A 

3. 4{(«*-16)i + 8} = a:« + 16(««-16)i 

4. (a:» + l)y = (y« + !)«», (y« + l)ar = 9(«« + l)y» 

5. ^ at his death leaves a certain pro})erty in money and sums 
due to him. The executors invest the money in the funds at 96. 
Of the debts | is not recovered; and, when the stock is sold out 
at 92, the heir (it is found) receives less by £140 than he would 
have done, if the debts had been completely recovered. His loss 
is also i of the sum he receives. Find the amount of the debts 
and money. 
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& A fezry-boiU was about to cross a river, when it was upset by 
a party leaping in, who increased the n° of persons in the boat in 
the ratio of 4 : 5. The n^ who got out without help (including the 
fenrjrman) was f of the increased n® of passengers, and the n° 
helped out was i of the nP of minutes the last man Was in the 
water. The numbers extricated in both ways in each of the first 
three minutes form a series of fractions, whose num" increase in 
A.P., and den^ in a.P., the common ratio and difference being the 
same as the n° of persons in the Irater at the end of the three 
minutes, and the first num' (with deii' Unity) being the n° of 
minutes remaining till the last man was out. Had, however, the n^ 
bf intruders been less by four, and still increased the n° of persons 
in the boat in the same ratio, the increased n° of passengers would 
have been the same as twice the common ratio of the o. p. How 
long was the last man in the water ? 

7. Towards the eild Of a cricket nkatch) the second party were 
a certain n° of notches behind, and had Still three men, A^ By C, 
remaining. A and B are in, and after f of the n° have been 
gained, A is struck out, and C takes his place. Now B scores as 
many notches in Cs innings, as there were bye-balls in ^'s, and 
as many in ^'s as were gained altogether in C^s. If also the byes 
in ^'s innings be added to JB's notches in it, and the byes in Cs 
innings to C's notches, these quantities will be inversely propor- 
tional to the corresponding n<>* of byes. C gets one more notch 
than B in their common innings, and the party loses by 3 : but, if 
JB's scoring be reversed, that is, if he be supposed to get as many 
notches in A*% innings as the n° of byes in C^'s, and as many in Cs 
as the whole n° now gained in A% the three would have scored 
between them, (not reckoning the bye^baHs,) just as many as their 
whole former number. How many notches did A score P 



ai. 

3^ 81ig»-9 3 2a* - 1 67 - 3a? 

• 2 ■*^(3a?-l)(a: + 3)'' 2'ar + 3 2 

2. xy^z = 6y xyz = A, 2 (a* - y) = (y« - a:)' 

3. (x + 3y-2(a:« + 3) = 2a;(x + l)" 

4. (« + y)" = «* + a:"y" + y* 



«* + 4y* = 4«y (2y« - aj») 
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5. In a tithe commutation, the xent-eharge was paid at 3# an 
acre, and the tithe-owner found the first year that his rates wanted 
£6 of being 10 per cent on his receipts. The next year the rates 
were doubled, and amounted to 16 ner cent on his receipts. What 
was the number of acres in the parish? 

6. An omnibus starts with a certain n^ of passengers, and takes 
up four more on the road, whose fiire is the same as that paid by 
the others. On deducting ^ of the whole fare for ezpencee, there 
remains a profit of 4t Id, But if those who were last taken in had 
paid half as many pence as there were passengers altogether, the 
money received would have exceeded by 2$ Sd double the differ- 
ence of the sums actually paid by the two sets of pas8ei^;ers. 
With how many did the omnibus start? 

7. A and J?, having a single horse, travel between two mile- 
stones distant an even n° of miles in 2ff hrs, riding alternately 
mile and mile, and each leaving the horse tied to a milestone until 
the other comes up. The horse's rate is twice that of Bz B rides 
first, and they come together to the 7*^ milestone. Finding it 
necessary to increase their speed, each man after this walks half-a- 
mile an hour jfoster than before, and the horse's rate is now twice 
that of Af B again riding first. Find the distaaee they travelled* 



^' a" + ll«-8'*"a:« + 2a:-8"*'a:«-13«-8*® 
2. (aj-2y+{y-3)»+(«-iy=24, xy+yz^xz=G3, 2ar+3y+«=30 
3 (n-l)(a*4aV-Ha?«) / 1\ / ajp \ « 
(n + 1) (a* - a««« + a?*) \ n/W-W 

4. (aJ» + 26«V + «y)(y* + 26ajy« + a«a*) = 4(««-»^(6 + <?)«ayi 

a^ + y* = 2exy j 

5. A merchant, travelling firom St. Petersburg to Moscow, had 
provided himself vdth notes of the Bank of Russia, amounting in 
aU to 540 roubles* The paper at first bore the value marked on 
it; but south of Toijok, a town on the road, and in Moscow itself, 
a premium of 20 per cent was aUowed on each note. On reaching 
Moscow, ho received 432 roubles for the notes that remained j he 
spent there 237 roubles, and had just enough left to pay his 
expences back, supposing them the same as before* How many 
roubles did he spend between St. Petersburg and Moscow? 
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d. ^^m 8 quantity of gold, aflver, and copper, weighing in all 
20300 oz., two alloys were formed. In the one gold and copper 
were mixed in the proportion of 11 : 1, in the other diver and 
copper, in the proportion of 37 : 3; and there were 288 oz. of 
copper over. The aUoy of gold and copper was coined at the rate 
of £3 17« lOld per oz., and that of silTcr and copper at the rate of 
5« 6<7 per oz. The whole sum thus produced was £5546 14« 6d, 
How many ounces were there of each metal P 

7. A body of 6048 soldiers was divided into a number of equal 
detachments, and sent to occupy as many fortresses. In the course 
of the campaign as many as two whole garrisons and half of another 
died of an epidemic, and all the rest except 84 invalids, who 
returned to head-quarters, were equally divided among the for- 
tresses as before. But, the reduced garrisons proving too weak for 
their defence, all the fortresses fell into the hands of the enemy, 
and the men, with the exception of four whole garrisons and 210 
fugitives, were killed or made prisoners. The loss thus sustained, 
together with that caused by the epidemic, amounted to 4186 
men. Required the number of fortresses. 



93. 



1. -^Zif.2^-3f^3f .^-1 j^f (a:-l)(^-2n 

3 "IT 212/3 1 X J 



8. (a^-jy-V- ^** 



2(a?-l) + V(»(*-t)} 



3 + 2ir'-4«* .,, «..^ 

(2«« - 1) (V - I) = 3 / 

5. A person leaves London for Derby by the Birmingham Rail- 
way at 10 A.M., intending to get upon the Midland Counties line 
at Rugby, and allowing for a delay of 30^ in changing trains, but 
expecting to travel the 48 miles from thence to Derby at the same 
rate^at which he had come down, he calculated to reach Derby at 
4 P.M. On reaching Rugby, however, he finds that there will be 
no train for Derby till too late for his purpose; but that by going 
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on upon the first line to Hampton (i as far again as he had come 
already) he might start immediately by the Derby Juncticm line, 
and though the whole distance by this ronte would be 13 miles 
longer than by the other, yet the speed on the second line being 
one mile an hour quicker, he would reach Derby just If' before 4. 
What is the distance from London to Kugby? 

6. Two cubical boxes A, B, of which A is larger by 1216 cubic 
inches, are filled with balls, there being 12 more along an edge of 
B than in an edge of A, and the number of balls in the faces of A 
being to the number in the edges of ^ as 7 : 22. Also the 
difference between the areas enclosed by the balls of B^ (defined 
by a thread passing round them,) when they are spread out first 
into a hollow and then into a solid square, is to the same dif- 
ference with respect to the balls of ^ as 129^^ 1 1. Find the 
radii of the balls. 

7. The income of a schoolmaster arises partly from ten pupils 
residing in his house; and partly from an endowment, which 
produces a certain number of quarters of wheat each year. When 
wheat sells for 60« the expenditure of his family (£249) is less 
than his sayings by a number, which when divided by twice the 
number of his pupils expresses the proportion which the clear 
gain bears to the whole charge for each pupil. In the following 
year wheat falls to 558, and a tax of Sd in the pound is laid 
upon income, payable upon the net income of the preceding year; 
but the cost of living for his pupils being diminished, (so that, 
in fact, the amount of income-tax he has to pay, with 10« added, 
would just support one pupil,) he finds that his savings are greater 
than in the year previous by a sum equal to the difference of his 
net income in the two years, which is ^^^ of the expenditure of 
his family in the second year, besides allowing for an outlay of 
£15 in repairs. The net income from pupils in the fijrst year 
being £330, find that from the endowment in the same year and 
the ratio of the costs of living m the two years. 

24. 

1. V{(aJ-l)(aJ-2)} + V{(«-3)(»-4)}«V3 

2. X (Var + 1)^ = 102 {x + ^x) - 2576 

* \2a: - 3/ "*■ \2a? + 3/ "* 13 ' 4a* - 9 
4. «•-«" = Say, yy - ^x) (a - a?) = 3 v^« (« + y) 
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5. A and B embark in trade for 5 years; ^ is to have ^^ of the 
net annual profits for the first half of the time, and half of them 
for the remainder. After 3 j^ years the annual profits, by a lowering 
of the tarifE^ were increased in the proportion of 6 to 5, and at the 
same time became liable to a reduction of 7 pence in the pound by 
the laying on of the Income-tax. At the termination of the part- 
nership, JB's share of the total net profits amounted to £987. 
Required tlie annual profits of the business before the duties were 
reduced. 

6. A cubical vessel is filled with water and has its surface 
exposed to the sky. The temperature of the atmosphere is 30° on 
the first day, and every successive day it is increased by V. 
Suppose that a temperature of 15^ would evaporate 1 inch in 
one day, and other temperatures in the same proportion. Every 
evening there are showers; on the first evening 3 inches of rain 
fall, and the depth of rain &Uing each successive evening decreases 
in an A..P. whose common difilerence is ^^ oi what fell on the 
first day. At the end of 41 days the vessel is found to be empty ; 
required its content. 

7. A and B set out together, and walk from Keswick over 
Helvellyn to Ambleside. B arrives at the foot of Helvellyn, 
which is 5 miles from Keswick, in an hour, and then slackens 
his pace so that he just reaches the top at the end of the second 
hour. Here he sits down to rest, until A passes him and gets 
as much before him (B) as he was behind when B first sat down. 
B then starts at an increased pace, and passes A at the end of the 
third hour from the time of starting. B walks on at the same 
pace for another hour, and then waits for A to come up, whose 
distance behind him was f of what it was at the end of the first 
hour. When A overtakes him, he starts again and walks at the 
same pace until he reaches Ambleside; the time of this last stage 
being to that of his first rest in the ratio of 20 : 7. On his 
arrival, he fires a pistol for the information of A who, having 
hitherto kept up a uniform pace without stopping, now diminishes 
it in the ratio of 5 : 7, and reaches Ambleside 10 minutes after B, 
What is the distance from Keswick to Ambleside by this route P 



Xlvili EQUATIOH PAPSBS, 






1-4 

5. A iBilway train trayels from A to C passiiig fhrougli B 
where it itops 7 miimtes. Two minutes after leading B^ it meets 
an express tnin which started from C whea. the fonner was 
28 miles on the other side of B. The express traveb at doable 
the rate of the other, and performs the jonraey from C to J? 
in 1| hoars; and, if on reaching A it zetomed at once to C, it 
would arrive 3 minntes after the first train« find the distances 
between A, B, and C, and the speed of each train* 

6. To meet a deficiency of (m) millions in the reYenue, an ad^ 
diHonai tax of o per cent was laid on exports, and the tax on 
imports was diminished (c) per cent.: the valne of the imports was 
in consequence increased so as to be n limes as great as the 
exports, and the deficiency was made up. Now, if the additional 
tax on exports had been a' per cent, and the tax on imports di- 
minished & per cent, the values of the articles being altered as 
before, the deficiency would not have been made ap by m' millions. 
Find the exports and miports after the alteration. 

7. Fifty thousand voters, who have to retnm a member to an 
assembly,, are divided into sections of equal sixe, and each section 
chooses an elector, the member being returned by the majority of 
such electors. There are two candidates, A and B. In those 
sections which return electors &voarable to A^ the majority is 
doable the minority, while, in those fiivourable to B^ the minority 
forms only a tenth of the whole. After the primary elections 
C comes forward, and is returned by a m&jority of 3 over A, and 
14 over B. IS C had not come forward, A would have been re- 
turned by a majority 19 less than the whole number of Cs votes, 
and if the 50,Q00 had voted d^rediif between .^ and ^, ^ would 
have had a majodty of 6000. Find the number of sections. 



ANSWERS TO THE EXAMPLES. 



I. 1. -27, 1, -27y«-27y«-»y-l. 

2gA 2 

4. a* + a*« + a*«" + oV + a** + «• + , 5« + 1 + 1 , 

a - « 5a? - 1 

2x + 3 4m" - n" 

5. 3wm-2+^— ^^, l+2«+4a?+,-^-, 9a:«+3ar+l + 



3mn+2' 1-2*' 3x-l 

QO4.4 00 

6. l + 2« + 4a:*+ac»+f^, a»ft» + 2rf'i'+4flft + 8 + -,^, 

l-2ic o6-2 

a + 26 
80* 2i^ 

7. a+6-2c + — T-nr* («+y)'+(«+y)«+»^+ 



a + 5 + 2c ^ ^' ^ ^^ « + y-» 

8. (, + y]r-2(*4y)« + 4i'-j^^^^, 

^ ^ ^ ^ 2(« + y) + « 

2. 1. *-/>. 2.« + a. 3. «■-«+!. 4.«' + y. 

5, ax-b. 6. ax* + &p + c. 7. d;-ji. 8, x-a. 



3. 1. 4, *, 1, 2. 2, -3, -6, f. -A 3. 2J, J, 2J, -IJ, 

4. 6i, -f, -If. 5. If, -6f, Si, *a^- 6. 3, -Sf, -7, -*. 



5. 1. 2. 2. 3, 3. li. 4. 1|. fi. f . & 3. 

7. -|. 8. -21 9. 12. 10. If. n. -1. 12. ?• 
5 7a 31 2 6 



, 4 + 3V2-2V3-V^ o 2 V8 -f 8 V2 - ^30 

e. 1. ^ . J. j^ B— . 

3. V2 + V6^ 4^ 1+V3 + V5. 6. Vi-Ve + ^d; 6. 
(1) C«3 



ANSWERS TO THB EXAMPLES. 
= 9V3+9^25 + 16V676 + 76 + 25Vl6875 + 125V5; -598- 
10. a^-«y* + «*y*-^; x'-y- 






8. 1. V8-V2. 2. V24 + V6. 3. V75-V27. 

4. V2 + Vi. 5. Vl2 + v^3. 6. V36J-VJ, 
7. V2O + V5. 8. VI8-V8. 9. 2 + V2 + V3- 

10. V8 + V8-1- 11- V2 + V3 + V5. 12. l-tV2-iV3, 

9. 1. 1+V7- 2. 1 + V5- 8- 1-V2. 4. l-VS- 

5. l-Vf- ^- 1-Vi. 7- Vi-Vj. 8. V4 + V64. 

9. 1 + 2V2. 10. ^-p^. 11. ^4r^- 12. 1 + V3. 

V2 v2 



10. 1. 33 V-1, - A V-8. 2. 4 V- 1 - 10. 

3. V-l» -*V-1» «• + !• 4- -tV-2. 

5. «* + a«. 6. -12, -11, 2« + 2V(«" + y^ 

7. (a«-J0 + 2aJV-l» (a*- 3a6«) + (3a«6-ft») V-1, 
(a* - 6««A» + b*) + 4a6(a* - V) V-1. 

8. 6 + V-5, 3-4V-1, 2{1 + V-1). 



11. 1. ±2, ±1. 2, i, -i. 3. ±2, ±i. 4. 4, i. 

6. 1, A- 8. ± 6, i 2. 7. ± 1, ± 3. 8. ± 8, ± J. 

9. -8, -i., "^ 10. ±1, ±2. 11. Vh V-h 

12. ±1, ±i. 13. 9, 116|i. 14. 0, 3, f, -2f. 

15. a, 3J, J (11 ± V-863). 16. 3, i, i (7 ± V33). 

17. i (3 ± v/6), i (9 ± V- 83). 18 0, a,i{a± VCfio* - Sab)}. 

19. 3, - i, J (5 ± V1329). 20. 2, i, i {9 ± V- 31). 

21. ±5, ±4V2. 22. -,%3v, -}*it. 

_ 2pq 4w 

23. (^y-«. 24. (a-4±6-4)— ". 

(2) 



▲NSWEBS TO THE BZAHFLBS. 

ta. 1, 1, 1, i (- 3± v«). a. 1, 4, 1}, 3f. a ± 1, A (- 1 ± V5). 

4. 1, J{-1±V«±V(T2V«-10)}. 6. -1, J{l±V(4p-3)}. 

6. 1, } (- 1 ± V- 7). 7. ± J V|l - ^- " ^^'l . 

8- - 1, i{l -J* ± V(i^ - 2p - 3)}. *• ^^^ ■> 

o 2«a±V{(^l)V-(««-l)'o«} ,„ ,, 

«« + X ^'- 10- U.f, x^(-7±V-96). 

11. ±1, }(3±V«). 12. -1,-1, 2. 13. 1, 4. 

14. i (- 1 ± V6). 16. -^ , 5-?_ . 16. /"~ + If. 

n - a 9n - a \o*",- 1/ 

17. 1, i{2if - 1 ± V(4p» - 4p - 3)}. 

18. i (1 ± VIO), i (7 ± V86). 19. - 1, li - i. 

20. ±1, ±V-1, ±i(V3±V-l), ±}(l+V-3). 

21. 2, -i, J(-1±V«). 

22. -1. i{l.±V(i^-4)}, where ^,-(4«+l)+V{g(4«ll)} 

23. ±v'J(3±V41), d;Vi(l±V37), 24. 3, - *, f (9 ± V97). 

23. 7±4V3. 26 £.^±21' ^a-")* 

■ l+2n ' l-2» ■ 

27. i{p±V(y-4)}, wherej. = ?l±ii2(«+^_ 

28. 0, ±V(2a«-o'). 29. fl{l-i^J. 30. + 2__ 

31. ar= 3, 2, i(5 ± V- 151)1 32. «=4, - 2, 1 ± V- 151 
y=2, 3, i(5TV-151)/ y=2, -4, -1±V-15/ 

33. « = i [6 ± V{- *• ± f y5 (4a'6-' + 6')}], y = J[iq:&c]. 

34. a! = l, y= ±1, or x = -l or f^, y= A- 

35. *=0,y=0, «~{-J±V(2«'-J')}, y=-.^{-JT&c}. 

36. *= 6, -^^ 37. « = 0, 4-1 38. «=±8 "i 
y=12, -9/ y = 0, 3/ y=±27/ 

39. x = 8, -4, 8(19±8V6)-1 40. « = 0, i(l±V2)1 

y = 4, 1, 8( 6±2V6)/ y = o, J j 

41. * = ^(:a'+J' + V{I0a'4'-3(a«+5«)}], y=l [««+J«q:&o]. 

1 

42. ir = (a"^-"^ft"^-"*c"'<i"**)'"*"*^ 

1 

(3) o2 



43. «=(V2+1)", (V2-iy 

y. 1, (V2-1)* 



44. x^6, 1, A(15± 6V-1) 

2 -\ 



A2JI81irKSS TO THB SXAHPLSS. 

45. « = [6" {a»<-^' ± V(«"" - 6*")}] 

2 

46. « = 8, 2. 47. a: = ^/(a-»6V)1 
y= 4 I y = v^(a«6-»c«) 
2 = 2, 8J « = V(a*6V)- 

49. x^ 30, -36i ^ 
y = ±29, ±iV3626l 
«=. 36, -29J J 



-1)J 



48. aJ = 



« = f, 



} 



60. a? = 9, 4' 

y 



z 



4, Q-' 



13. 1. 41, 24, 2. 2. 1, 6, 23, or 3, 3, 24. 3. 13. 

4. 100, 100, 700. 6. 9. 6. 6, 1, 10. 



14. 1. « = 1, 8\ 2. «= 1, 3,41 3. a:«:ll, 21 
y = 9, 2/ y = 20, 3,2/ y= 2, llj 

6. ar= 2, 4,10 



4. « = 41 
8. a: = 3l 



ar= 2, 4,101 6. « = 41 7. « = 3l 8. a: = 31 

y=16, 12, 16/ y = 3J y = l/ y = 4J 



(a+6)« 



10. 1. WW. 7, mm. 1}, max. J, mar. i (a '-' &)'- 

2. moo:. A» ^w^'** 2 V(«*)» »»*'*• ^» *'*<"'• ^ A» »"«?• ^^^[^ 

3. moar. Ja«, min. Jo", mm, 2, the N° in each case being hahfed. 

4. -iff No« between i and 3; off between ^ and 7; none 
between J and 1 ; none between (V« -^ V*)* "^^ (V^ + W- 



18. 1. 252, 1023. 
6. 10, 92378. 



2. 4, 56. 



3. 12. 4. 3, 20. 

6. Jm (m 4- 1) + mn. 



19. 1. o"4+a"«a; + fa"ia:* + f«"^«» + V«"^«* + &c- 

2. a"* + a"*a: + 2a'^a» + Va"^*^' + ¥o"^«* + &c. 

3. a* + o'i* - }a" V + ia"5«» - V«" '^«* + &c. 

4. ai + Ja;* - Ja'^a; + x\a''«* - tIb^"**' + &c. 

5. l+a:+2«*+3a?+5aj*+&c 6. l+2ar+5a:*+10aj»+20a^+&c. 
7. l+la;-faj*+A«'-i¥8«*+&c. 8. l-a;-ja:*-«»-V^-&c 

9. a"* + ia'h + V»" ^a^ + ^i^'^i^ + fH«" '*«* + &c. 

10. a-« - Oa-'a: + 27a-*a:" - 104a-*«» + 306a-'V - &c 



AKSWERS TO THE BXAMPLBS. 

5. (-1)'.*'. 6. (-l)'.(r+l)3V, 7. + ('-+l)0-+2) y^r 

. . 8.8.7... (r + 1) , - 1.4.7. ..(3r- 2) , 

"• ^ 1.2.3.. .r.^-*- °- ^ 1.2.8. ..r.y "' 

in / 1^' 1-3.6. ..(2r-l) v ,, r+1 , 

^^' ^~^>- 1.2.3.. .r.y '' • "• +-rS-'- 

12. (-1)'.^.«. • 13. (-I)'.<!l±a|l±l)„-ii4. 
14. (-ir. y^:L^rjl3),,. 1,, _ 2A1^(^ ,^ 
1-^1 4.1.2.5... (3r- 7) *» 

i7.+a-i.«-V^;-(^'-;i>.g:. 

1.2.3. ..r.4*' o* 
1ft u.^^*N-i 1.4.7... (3r- 2) «•' 



ai. 1. 3rt«3|. 2. 6th-6tl» = 7|. 3. l«t=:2t»d«i. 

4. 2nd = 2. 6. m = 4i¥^. 6. 4tli = 6th c= ITJAi 

22. 1. H. 2. JV«. 3. nan 4. i. 5. IJ. 6. ^. 

23. 1. rt* + 5tf*to + (lOa'fi* + 5a*c) a:* + (10d*&* + 20d^) «> 

+ (6a6* + dOa«6V + lOaV) «*. 

2. a* - |d"ia: + (AAa*6« + JaV) «• - ( Vo*^' + Ic^U) a? 
+ (fK^* + ¥«*J*« + |«V)a^. 

3. l + 8a;+12««-40«»-70a?*. 4. 1 -4a; + 6a:«-4«» + a;*. 

5. l-i«-i««-Aa!»-34^a^. 6. «"* + faf* + K* + aio«. 
7. l + ac + 9«» + 27«» + 81ar*. 

+(i^«'^^*+t^"Vft«c + fa"*c«)a:*. 9. l + 3« + 3a;Var\ 

10. (30a*Jc - 20flr'&») «• + (15a*c» - GOa^^c + IMh") «*. 

11. (ia-tc + ia'iy^ix^^iia'U-ia'^bc - A«"*i').'e'. 

f5) 



« nr ■ htdm^-tm 



ANSWERS TO THB EXAMPLES. 

1. .9030900, .9M2426» 1.0791813, 1.3010300, 1.3979400, 
1.7781513. 

2. 1.5228787, 1.3979400, 1.6020600, 2.4771213, 2.5228787, 
3.5185140. 

3. .2552726, 2.1461280, .1583626, 2.7958800, 4.9172146. 

4. .0211893, 1.0253059, ;62d2493, J3434527, 2.0453230. 

5. .0880456, .0416462, 1.5000000, 1.4336766, .0527875. 

6. 1.8465449. 7. .8923879. 

8. 3.4647060, 1.8957576, 1.5355396, 1.4982883. 

9. 1.8035760. 10. 1.8149140. 



23. 1. 1.5527807, 1.5530013, 3.5528198, 
.5530092. 
2. 3571.693, .3573465, .00035709, 
.3572892. 3. 1.3010502, .0200087. 

4. 6.4913649, 4.4913652, 1.4913722. 

5. 4.498527. 6. .5738614. 



eo 



D. 


Fro. 


217 


1 "V. 






4S 






«5 






87 






109 






ISO 






159 






174 






196 



logc-logg 
log 5 



3. 4.153. 



5. X 



mlogc 



V 



^ lo g (log c) - log Qog g) 
log* 
mq log b 
n (m log b - log a) 
n logo 



m log a + n log 5 ' ^ "* m log o + n log 6 ' 

6 



6. -L 



7.* 2 or - 1. 8. 1 J. 9. a; = (aft-')-*, y = (oi"')-*. 

log (1 ± V5) - log 2 log{6±V(y-4)}-log2 

2 log a log a 

12. :i; = (-J±iV6'7y; y = (-J±JVS7)V 



27. 1. .213 X 2.03 X 3.1 = .44043 x 3^ = 2.3. 2. ff^, ff^^. 

3. 113.1101322320, 27.243656&C, le.3^(M62&c. 

4. 0000001010001 &c, .0000210212 &c, .0123456789^1 

5. .332 X 2.31043 x .41 » 1.3 x .41 = 1.013 sen. » 1.06 dttod.; 
.714 X 2.646 X .84 = 1.6 x .84 = 1.06 dtiod. ^ 1.013 sen. 

A gAS a>« AiX AiJt 
"• eW&l 7 TOO* ««0b 9900* 

7. 277{ sq.ft., lOfft, 23.57 ft nearly* 8. 52^. 

9. 13Aft. 10. 51. 11. 40Jtcub.ft 12. 28. 



(6) 



ANSWERS TO THE EXAMPLES. 

1. 48 yrs nearly. 2. £81 IBs Id. 3. 25 yrs ; 18 yrs nearly 

4. £119 Ids ed nearly. 5. £3121 12«. 

6. £2775 U lOd nearly. 7. 25 yrs. 

& £20,000; £17,276 15« nearly. 9. £1,600. 

10. £27,657 nearly. 11. ^fT-.l^ 

12. £1,440, £921 12«. ^ ^ 



1 l + J-i-l 2 2+ ^ ^ ^ 3 ^ 1 1 1 

•^•^^2+3+4- ^•^+3-4-5- ^'3:^nr;6' 

4 34 ^ l.± ^ « 1 1 1 1 

"'2T3+2+3* nn^dji' 

63 + — J-i-L-L^ 7i-J_-Ll 

2+1+1+1+1+3' 5+2+7+3* 

6 2 + — JL ^ o J. -L J_ i_ 1 

4+ 6+ 8' ^' 2+ 5+ 7+ 5+ 2* 

10. 1+i.i. -11. 1U±±±±1 

4+5+7+9 2+4+6+8+10* 

12 6+ ^ 1 1 1 ^ 



«^- 1- 2 + A Z-TF-^ 2. 2 + J- — J L_. 

4+4 + &c. 2+4+2+4 + &c. 

5. 3+JL 1 , 6. 3+ JL 1. ± -l .^_ 

2+ 6 + &C. ^1+ 1+1+1+ 6 + &C.' 

7.4+ ^ ^ ^ ^ ^ 1 



2+ 1+ 3+ 1+ 2+ 8 + &C.* 



1+1+2+1+1+ 8 + &C.' 

9 4.± ±± J_ J 1_ 

1+ 2+ 4+ 2+ 1+ 8 + &0.' 

10 4 + JL_LJ__L_ ,,',111 1 

1 + 3+1 + 8+&C.- "• * + n 2T n iot&e: 



12. 7+J- -L ± i- 



2+ 2+ 2+ 2+ 14 + &C" 
(7) 



AirgWIBS TO THB KTAlfPf.18. 

»■ li,ii.fA- *- i.h»,iH- 3. i.f,H>M>lfi• 
4. 1, i, f . V. «. if. in. i«. m- «• a. *. H. m. av'i 



32. 1. Two; four; fotir. 5. 1.3130. 6. .000085; .00012. 
7. 23. 9. ±1.52; 1.43, .23. 

10. l»-ir + iV(^ + 4y-V); P^ g,i,^i\^^^-^sy 

11. 2.303; -i; t>. 12. a»-aar-ft*0. 



^38. 1. ir = 2, 7, 26, &cl 2. « = 3, 17, 99, 577, &c 1 

y s 1, 4, 15, &c j y = 1, 6, 35, 204, &c J 

3. a;»5, 235, &cl 4. <r = 4, 19, 211, &c1 

y = l, 49, &cj y = l, 4, 44, &c J 

5. a: = 18, &c-^ 6. « = 6, 126, &cl 7. « = 20, 398, &c1 

= 5, &cj y = 1, 19, &oJ y = 3, 60, &c/ 



y =» 58, &c / y = 21, 



8. « = 453, &e\ d;«164, &cl 

I, &cj 



34. 1. } + fa: + |«» + |i«' + IJ«* + &c. 

2. i-ia: + 5«»- A«' + K«*-&c. 

3. 1 -«•-«:•+ «*+«•-&€. 4. l+4« + 2a*-8«»-22{t*-&c 

fi. y-y*+y*-y*+y*-&c. 6. y+2y*+V+i4y*+42y*+&c. 
7. y+l/+J3^+.\y*+&c. 8. y+iy"+Ay'+,%y'+&c- 
0. y-fe^+ly*-i/+&c. 10. y+Jj^+Ao»*+Tf«y'+&c. 
11. y-iy*+Ay*-7*ioy'+&c. 12. y+iy«+ iy»+^Aj^'+&c 



33.1.-^--^. 2. ..A=.-i. 3. 



a;+3 a:+2* * 2(a:-2) 2x' 2(a:-l) 2(«+l) 



^ 3 4 3 .1 1 1 

4. — + 



^ O - 1 1 1 

(i+Iy a: + l* {«^"'^2(a:-l)*'2(«+l) 



ic* a: aj + 1* * a^ a^ x « + l 



10 ^/ 1 1 \ 1 r 1 1 \ 1 

' 4l(«+l/"(a:+in"^16U-l'a; + l/'*^8(«-l)** 

(8) 



AN8WBB8 TO TRB EXAU^tfid. 
, 8a: + 2 3 „ 3 1 a:-2 



a*+l «' 4(«+l) 4 (« - 1) 2(j»+l)' 

• a(«-l)i3(a!» + c+l>' *• 8(«J+l)^3(a!«-a? + l)' 
.11 2*+l 



3(ar-l) « 3(df + «+l)' 
B 21 8 ag-2 3a?-2 

**«•■**«" (df + !)• ■" a:« + 1 ' 
^ 3 a? 8g-6 

«^(a^-« + l)p"^a^-a; + l* 

8 i/— 1- ,1, 1 1 1 I f 1 1 \ 

^' 46l(«-.iy^«-l"^(a:+l)«"a:+l/^4l(??I7"?7l/ 

•MI 1 l + gg „ l-^ix l + 2*-a^ 

1 + a? + 2** 1 - « 

6. ^ (1^^^ . (3«' + n+l)a». 

8{l-(ton 3{l-(-2g)"} 
6(1 -3«) 6(1 + U«) * 

7{l-(-2xr} l-ar 9 2-" « 2 

10. i(3»-l)+in. 11. i{2«-9+(-l)r}. 12. |n-t(l-3-"), 

. 1 -«" naf 1 

„ l-(3n-2)«» 3«(l-«^') . „ „,„. „ 

4. i{2+(6«+l)(-i)"-'}, f. 6. (2"-l)a+fti»-2)2"+2};r. 
a {1 -(-«)"} x + {n + (n-l)x}(-aiy a x 

l+« " (l+«)* ' l + « (1+a:)' 

7. in (n + 1) (n + 2). 8. jn (i» +1) (2« + 7). 

o n ,rt »(» + 3) 1 

"• ^TI' • 4(n + l)(« + 2)' 4- 

11 »(3>» + 6) 3 »»(8 >H-7) 

"• 4(n-fl)(n + 2) * 4 * ^'^ 4 (n + 1) (« + 2) ' ^*- 

13. }«(4»^-l). 14. ,>{,»(« tl)(2» + l)(3«* + 3«-l). 

M. »*(2»*-l). 16. A»(« + l)(» + 2)(3n + l). 

(9) a 6 



AN8WBES TO THB BXAMPLBS. 

1 3 2fi + 9 ^ 

17. xT^Zri' V ^^* 80"l2(n + 4)(n + 5)' SQ- 
4(n + i; 4 n(n + l) 

6 3n4 i 20. — ^ — o^- 

21. 2925^^521 ^ 22. 2705, mO. 23 . 12700. 24.11270. 

41. 1 12 12,15,20,18,16. 2. 8, 6, 12, 16, 12, 12} 4, 0,9, 12, 6, 8. 
3 6 6,8; 4,4.2. 4.168,234,403,144.156,372,96,0,279. 

5. 16, 24, 48, 80, 400. «w.+lS 

6 8, 24, 24, 32, 40, 200; OOp + l. 6()p±7, 6qp±ll, 6qp±lS, 
60p±17, 6qp±19, 60p±23, 6qp±29* 

m*-29n* 5 :f-».7 ^ = 1* 

2. ,,2^LZ^ = 3, ifm = 8, n = 3. 

q »>« + n« g if m = l, n = l. 

4 ^^- ^'^^' , = 5, if m = 3, n = l- 
*• ^ m'-2mn-n* 

e ^^!?^; = 3, ifm = 2, n = l. 

^+i«?^±i?L" = 41, if m = 3, n«2. 
^- ^- m« - 2n' 

7n*j;Jmfi ^ 24, if m = 19, n = 6. 

m«-8mn + 5^^7 if ^^2, n = l. 
^- ^-' ^»-5n« 

9 ^ ^ (!!!l±!^ = 25, ifm»3, n = 2. 

2«^-10m«JJl3«|; ^ 2. if m = 5, n = 2. 
10. « = ^^6n« 

w*-2«mj+^^5 if m = 3, n = 2. 
"• ^= — S?^2n" 

m« + 6mn + 7n«^271, if m = 8, n = 3. 
^2* ^= ^«-7n* 
. 2m«-Jmn-J^^« if to = 5, « = 2. 

14 ,_'^'-6^? + ?!!--6, ifm = 2, n = l. 

rio) 



ANSWERS TO THE EXAMPLES. 

, ^ m* - 4mn + 7n* 2m* - lOmn + 14«* 

lb. « = 5 — J— T — or 5 — =-= 

»n* - 7»* m* - In* 

= 31 or 14, if m = 8, n = 3. 

17fc d; = 2mn+7n', y=m'-lln*; if m=4, n=l, then «=15, y=5. 

18. «=m*-6«*, y=4mn+6«*; if in=3, 11=1, then «=3, y=17^ 

19. ar=»n" + 3«*, y = 3m*-2n*; jf m = l, n = l, thena:=4, y-l] 

20. a; = m' + 4mn + 2n*, y = in*-6n*; if m = 3, nssi, then 
a; = 23, y = 4. 

43. 1. « = ?^?-±?-, a:=«"-ll; if in = lj n = 2oi'3, thenar=14; 
2wt» .« ^ - , «« 

if m = 2, n=l, then a? = 38. 

4mn (»n* - n») 24 ' 

3. «=J(2p'+j»), y=i(y-2f)i or, (putting i>=5»n, q^5n,) 

« = 6(2m* + n"), y = 5(2m*-n*); if m = 2, n = 1, then 

a: = 45, y=10. 4. a?=aV 5« «= A(»»*-3)=2, if w = 6. 

6. ar = 3. 7. « = 3}. 8. «= 2, i, f , - A, ^^3, fHI- 

9. ar = 2H. 10. « = -3* 11. « = -* 12. a? = lA. 

4mV 4 

2. «:=— -5 — .=8, ifiH*3, n = 4. 

2m' - n' 

„ m*-\-n*a m*-f^a , ^r ^ e 1 

3. « a -jr , y s -,p : when a = 15, put m = 5, « = 1 

2m» ^ 2mn *^ 

then a; = 4, y = 1 : when a = 16, put m = 8, n = 1 ; then 
a; = 5, y = 3w 

4. ar a J (m* + n*), y = |^ (w" - n*), where m and n must be 
taken both even or both odd: if m^S, n^\, then 
ar = 5, y = 4. 

6. x = (m*-n*)\ y = 4mW; if m = 2, n = l, then a;=9, y=16. 
^ m* + n" m" - n' .1. «, « ^ 

^- ^ = -2;,^.^^' y = -2;j^a5if a=.21, m = 3, n = l, 

theh ar = 35, y = 28. 

7. x = m* -i-n*, y = 2mn ; if m = 2> n = 1, then a; = 5, y = 4. 

8. x = m*-n\ ys=2mn+n*; if in = 2, n = l, thena;=3, y = 5. 

-. fn — n* 2mfi .* - - „ « ^-i 

9. a? = — i i«, ys— « 5a; if a = 15, m = 2, n = l, then 

m* + n* ' ^ m* + n' 

a: = 9, y = 12. 10. « = m* + n'a, y = 2mn, « ss m* - »*ai 

(11) 



AN8WBB8 TO THB BXAMPLS8. 

4 , m* + 1 n* + 1 . - ft - ^r . 

^ A (»»' - n*) a + 2mn5 (m* - n*)ft - 2m«a 
12. a: = ^^ r — > » y=* rr — i • 



«. 1. h hhorii,iifih 2. 2 : a. 3. A, ft- 

4. 84:43. 6. i, |, A, A, if. 

6. h h At A» s"^* M; A> A> U. 

•• i«» A> A> S» "• o» Tio» 



46. 1. 3 : 5, 1 : 7. 2. 6 : 1. 3. 3 : 29, 15 : 49. 

4. 2 or 3 timeSy chanoe for each Z^, 

5. tIt, M, ^; A. A, A. 6. e%, iJf, Iff, iff* 

7. 3 or 4 black, chance for each fff ; 

2 or 3 black, chance for each f|}. 

8. f , ff . 9. 8 red, 2 white. 10. .VVV, bVA, UH* 

11. «i .S. A» A. 12. T»T» tMt, b\, ihf' 



47. 1. 3ic;, Id. 2. 15iH 4AdL 3. IH 7K 

4. 2^, 15f€7, in either case. 5. Gfif, 5^. 

6. 48 2<;, 8« 4d, 129 6<l. 7. 30f8, 66^8, 17f«. 

8. 52^8 each; A and ^» 39i« each, C, 26i8; 26^8 each. 

9. 6« 8J, 3« 4c;; 6« 6<;, 3« 6d. 

10. + 2}i«, - iis, - 2tt«; + 2» W, - H - 2A». 

11. 1^(1 in either case. 12. ^,+2^8, ^,-A«> Q-lif«. 

*•• 1. ft ao". 2. A' io» A. "• e^.- 4. if JJ. 

6 1 JUL » Jl J»A. a AA a 4 X2. 

10. £1 14« H £1 8« 4<;: £1 19» 8K £1 3« 3}<J; 
£1 lis M each. 



*•• 1. i, h h As ^«i A. A*». i- 

2. T«T. A.i. .*.; TBy.ilfo ^flA. Aftft- 3. i in ewh ease. 
4. 7 : 65. 6. f, f, A. «• H. *. 7. ^, ^. 

8. A- 9. £7i. £«f^ £«*• 10- at, H, /ft. 

11. t, A. 12. It, f. 18. t, A. A- 

14- if, ih m. i- IS. if, H. 18. i. A. 1*. M. 
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MISCELLANEOUS EXAMPLES : Pabt IL 



1* 2«' + (2a-3( + 2o)a;*--(3ii5-2(te + 85e-|-25)«* 

5. :r = 5, ^ s: 3| c s 1 ; or a: = 4, y = 1, « = 2. 
•» 2g 4a 6a 

9- or -T-i — TT— > 10. A!i aliaie is 



11. y'-(a^»)yj-'^ . 12. H*y + i). 13. 2(«-i). 

3y - (a + 26) ^ ^ aty' 

14. 6b and 4^^ per lb. 16. 180. 17. 2 gals, 12 gals. 

18. V^r^, + V;4^. 

4(l-c) 4(1+0) 

19. ^{/'•ipVCp'+^a)}, where |)=i{-a±V(a»+4*)}. 20. V{« («»+<?)}. 
„- (a + 6-f c-rf) (5 + c-i-rf-a) (c + rf+a-ft) (d+a + >-c) 

4 (06 + crf)« 
22. fid^ - ^mx + m » 0. 24. 1 : 3. 25. 15. 26. 22. 

27. 4, 59, 55. 28. 7 years. 29. ar « ± 2^, y = + 1 J. 

30. ?2S^ . 

log {mn - m + n) - log mn ' 

31. (i) +V{J(«+^)}±V{i(«-*)}; (ii) ±ia{V(l+«+n«)}±V(l-wfn»)}. 

32. (i)l>r* = 3»«, 5' = 3pr; (ii) !»•« = f», |) j » iii» ± 2r. 

33. 100 miles. 35. 1506. 

n^ ^ 1.2 1.2.3 ^ 

37. 4. 38. .3979400, .3521825, 1.3467875, 1.8494850, 

1.8409595, .8737275. 89. a: - (Va - ^f, y «(Vo + V^)'- 
40. ,-A-« <ft%. 42. -1. 43. i(5i»-4^), i(4p-3n). 

i. -L * 
44. a'*^^ (^'l^. 45. 59 and 16, or 29 and 46. 

(13) 



ANSWBB8 TO TSB EXAMPLES. 

2.1.4.7. ..(3r-C) ^^-v,v ,_iy 2.5.8 ...(ar-lj -i-v^ar 
*^- -1.2.3.4... r.^ " ''^ ^J^- 1.2.3... r.^ 

48. 11046. 4d. (i) or a(l ±2V-); (ii) « = ^— ' *^- 

dO. 324 : 105 : 38. 63. 3; 1 + 2y'\ 

64. .2385606, .1003433, .1045378, .0633450, 1.3902320, 

1.6136032. 65. 91,2970. 66. l+f«+5«'-Ai«'+ii8^-&c. 
67. 1) + (2m - 1) q. 68. aR'^ - h^^. 

69. ±V-^ or ±V^-- ®0- rf?» ^» •^•* 

^n- 2 '^n + 1 

4fftt 

61. 6(« + y). 62. f«^, ia-*. 63. ^^r^ a«»n. 

2iVa 2aA/^ 

«*• 12,84,4. ^- VoWfi' V^TV^- 

66. - 42a»Jc + 105tf*ccP - ZMV" + 210fl»J«cr - 105a«M* + 7flrf« ; 
21a»c» + 105a*yc - AlMhcd^ + 105a«crf* + 35a»d* - 210a«6»<^* 
+ 106fl5«rf* - 7W*. 

67. a{-?^tl?_ + i}mae8. 68. y = ? + S+^ + &<5. 

h 2 r« + 1) 

69. ±W(a*+y). 70. J,}. n. ^;^^.i - 

74. r.^y (r + l)(r + 2) 1^4j^ .. (3r- 2) 

3.1.6.9 ...(4r-7) |-f r 

1.2.3.4 ... tA ^^ 

76. « a a gives f , a: = 2a gives J* 77. ^^ ^^ * 

a'(a»-y) ^^ «*-5* 

82. (flJ' - a'6)« = (oC - a'cy + (6C - J'c)". 83. \. 

3 7 13 j^ 1 1 .1 

^* 2(a:-l)-J^"*"2(a;-3)' «» ^ «'*'(«- If a; - 1 * 

86. 46.6 ft, 23.3 sq. ft nedrly. 

87. y = 6 + iflJ-»« - A«'ft^«" + Th^*^"^^ - &c. 88. 2« Irf. 

89. oJ* V (a* - ^). 90* 3|«, 5}«, 3f «. 91. 40, 676. 

93. 1 +ia«+(ia«-i6) a»+( A«'-i<«*) «"+( A^80*-t4«*^+ W «*+&c. 

98. 1:2; 66:37. ®^- ^' J {** " ^ + J-Tl} • 

(14) 



AN8WBBS TO THB EXAMPLES. 

100. f. ioi.j4=i. lo'p^^r 

104. i, A; 1, f, jft,. 105. If 106. 20nV:wij: 

109. (i) 0, ± V(2a5 - 6"); (ii) i {cp ± V(cy + 4ii«)}, 

where i» = J {» ± V(ft" - 4)}. 110. £2Jf. 

111. .6989700, 2.2041200, f.6989700, .7958800, .2041200, 

1.1938200. 

8.8.13. ..(5r-2) _-g„_, 5.2.1.4.7 ...(3r- 8) ^^ 

^^^- 1.2.3... r ^ ^ *' (-^> • 1.2.3.4.5... r ^"^^ 

(,,y/r4-l)M2)(r4-3)^,,^^ 

114 f.+ ? + ^?_l J« a'( 2x-a) ^ «» 

* «• a; {x'of x-a* S(a^-a£ + €^) 3 (a: + a) ' 

115. 5 (tf*« + 4a ^rf+ 2fl»c« + 6<Wc + oJ*). 117. 5.477225575. 

118. m + n or m + n-1; lorO. 

119. a:=,\{3±2V3 + V21}; y = iS {3 ^ 2 V3 T V21}* 

120. ^, 4«, ^, S$;28lid. 

121. 12, 48; a; = 2450m', y = 70m; (2» + 1)'. 
123. i, i, f , A ; 5, 51 5f, 5 A, 5M. 

125.1. ^2 ^ ^ ^ 



ax a{x-a) {x-ay' 2(x-df 2a (x- a) 2(« + a) 

1 1 _ 1^ 2 (a? + 2a) 

^2a(a: + a)' 3a (a: - a) " ao? **" 3a (a* + or + a") ' 

m*,-2,-A. 127.J^^.5,jj^.(|)l 

^^' P) ^\\^I^ '^ (ii)it(l±i?)±V{(l±y)"-40, + r)}], 

. where 1^ = ^^^^, ^ = V(l + 2p), r = VQ^ + ^)- 

. 130. 4c7; 2 to 1. 132. V^ + V- m* 

! 133. 0, .30103, .4771213, .60206, .69897, .7781513, .845098, 
4 .90309, .9542425. 134. «»-3a«8T26»=0; a'-6'=7aa«(a*-««)'. 

135. i, f, if, ,y,; i, A, ^a, i¥A; 3, 33S 3 A, 3U^ 

138. |r{2»-3r + l}. 

139. a: = 8, -4, 152 + 16V6; y = 4, 1, 40±16V6* 

140. 2iV> 12 to 5) 4Hi^, 11 to 6. 142. ^1^. 

143. 3, ^, fJI, «f J ii A. 8^, i!ft. 144. -=?(! +^). 

(15) 



AK8WSM TO THB BXA1CFL8S. 

149. (i) 0, -J^J^I (ii) «-0,a+».i[(a-6)±V{(«-6)(«+»)}]l 

y=0, a + J, i {(« - i) T &c}. 
!«>• H. Jtt. A- 151. n and « + 1. 

162. (-2)^ l:8. g...(»-l) ^ ^ ^j,. 0, „ odd. 

Ifid. 19.04872. 155. The 5th in both cases. 

159. (i) « = "^(a*5^c"^), y =»"7(a-«^)r (ii)i(« + 6). 
1^- A» A. 162. - 2. 164. I, |. 



^ V 



165. (.ir(r+l)er-^i^. iilxT^^^ ^"*" 

8.1.1.3.g...(2r-5) '1. 

1.2.3.4.5... r.y 
169. a: = 5, Ij y = 3, f. 170. 181 to 112. 

171. .60515, .1760913, 1.8239087, 1.1760913, 3.7328939, 

1.1583626, .2552726, *9064852. 174. 1, U^. 

(n-m + l)a + mc •^^(^.-1^-), (l±iW 

n + 1 • ^ " IIMF+ (n-w + l)c 

,_ 1.5.9.. .(4r- 3) -A.sr> 1.2.5.8... (3r- 4) j.r^r 

^^^- i:2X.T. r.4^^* ^'" 1.2.3>4... r.y ^' *' 

J 2.3.8 . .. (5r >- 7 ) |,rr 

^"^^- 1.2.3.4. .T~T" ^ '^• 

177. 5f sec. nearly in 24 hours. 

178. w-1, £nP. 179. a: = 3, -2,- y»-2, 3. 
180. Chance =iW6>i; log (1 -i?) r log(|). 

182. r-^.?ll^; ^ Joga-y^a) 

a' ' log (1 + r) 

183. 3, 4, 5, 6, 7; or -6, -i, 5, lOJ, 16. 

184. (r^l)(r^2) (r.fl)^-r^4 (_jy. 

1.^ ... 






2 1 5 1 3 

^®^- i'2(a: + iy~4(« + l)^(«-l)*''4(«-l)* 

1 1 _^-l1_ . 7 g-l 

3 (« - 1) " a; + 1 " 2(«« - a? + l) 6(a;^ + « + 1)' 

186. J(aV2 + ft) + i(«V2 + ftV3)V-l- 

187. {pa±(p-i-mq)b}ia±by^\ 

(16) 



▲NSWSBS TO THB EXAMPLBS. 



S 



189. «jl ^ («*. + 8*.)r. 190. j^, 193, , - J. 194. 1.537. 

195. *+(«-J)«'+(<^-«6-c + rf)a*+(««_a%_2oc + arf+6c)«' 

196. ±a-,±l. 198. ("g" - ip") r" + (ftp* - a/') r" 

199. X.3 2 i(15±V-309); y.&c 2S). ^^ M. x%, M- 
m ;-3>;-»-(2r-l) 7.4.1.2.5. ..(3r^ 10) ^ 

l^-3... r.a' ' 1.2.3.4.5... ^is^ "* ^^^ 

1.4.7.. . (3r>- 2) .1.^ ^ P 

1.2.3... r.3'"« * ^- 204. ^-^ (jg-i' « jg-^j. 

203. .3010380, 2.3010458,. 2000.043, 2.000068, .02000082. 
205. ^d. 207. «i + y*.A 210. i, f 213. .3063377. 
214 _j. * bx-\-a-(^c 

' OB* ■*" 5; " "JT^T^y- 215. 144;235. 

216. am + 1. 217 ^^g C*» + 2) 

*» ' log2 • 

219. 1 (ll)!__. ^ n n 

24 12(n + l)(fi + 2)' 3(« + l)~i2(S72)"i8(iiT3)- 

ft 4- 2 fun nu dn mit 

220. 2 --— shillings. 221. a^^ -i- b^ + ^ ^ j^^ 

222. 60, 60. 223. 1 + 3 + 6 + &c. 225. .99144. 

o^ mV 4mV 4a* i«Jo/ . i\ 

^'*' (mW OSW (m-Tl?' «*+l«+l- 227- '-^"2^. 

^®' TTT ' "" ^^ + !)(» + 2) (3« + 6> 23S. f , f , J. 

284. --i-j+-l-- Jfzl_. _1_, 8 &r+l 

2[x+lY x + 1 2(*' + l)' (a: + iy + ;rn"~?T^Ti- 

237- -5S5- gaUoM. 240. 4^ 7» to 1«. 

243. 88, 888, 10456. 244. 1, 3, 6, &c. 246. 6* • 22 6» 

247. 2. - 1. or f (5 ± V17> 248. , - J^ + ,^ l &, ' 

249. « = 3, y = 4. 260. 23}» in each case. 

263. iifa-»6", ,%^, 11, - 10830*'. 266. 21* in each ease 

257. f(«'-l), i(m« + 2), A(m'-l)(m«-25):80, 41. 320 ' 

269. The2»d = -44V2. 260. Each *; /4 . « «», ' , 

262. (2* + y - 3) (X - Hy + 1). 266. £1 7« 3rf, £1 2» 

266. 5466, A {4.10'- 16 (-1)'+ 11}. 

267. 360, 619840, 57168810, &c. 268 ji, 

(17) '^* 



ANSWERS TO THE EXAMPLES. 

m (n . 1) P{(^y + (n - 1)}* 270. A- 271. v}^. 

273. ifi(n«f 11). 274. 6; 6a: + 4. 275. g^^- 

278. 1 - -JrJ^ J 1 . 280. £34 14« 5id. 

12 4(2« + 3)' 12 

281. l;ar = a + 2c, y = 6 + 3c. /+ft« 

282. V«" - i*^(^«")5 («" + &•)(«• + <if*). 284. (^J . 

^^^ 1 (arf - 1 2 f- xT - 1 
286. i, i. 287. 5 ^2^- 3" "ITViT' 

^®^- 3-"2^^T 3" x+1 ' (iP+1) (2:^-1)' 3^^ ^^ '^ ^• 
288. From the f^, where r > ar. 290. a^«« 

g (V3 ■ V2) -f 26 

^^2. ^-i=y; 2^v6T6(V2W3) • 

293. a* + 4ac = J». 294. a: = 3, y = 4. 

298. ar=m«(m* + l)"-l,y=4m*(m*-l); if in-2, «= 1155, j/ = 960. 

l+4ic+ic* 
302. The 17*»». 803. 8 and 9. 804. • ., . 305. .rStiT* 

111 
^^^- m(m^ph^{m^npy ^' 4-4(2n + l)3»' 4* 

313. ^ 314. o« + J«-|.c» + a5c=:0. 315. ^^oi if* 

V(?p^-1) 

1 1 13 n4^8 8 

^^®- 2'(n + l)(n+2)' 2*' 2" (n + l)(n + 2)' 2* 

319. ^ = a^{|^-^!^^i''^2*^ + &c.},y«a^^^^ 

324. 10 and 6. 325. V2 - 1 : 2 V3. 327. 6, li, A- 

328. 30. 329. j + |= V2. 330. ^^.^^i^^^.^y " ^rj- 

^^' 2 (fliul*^ 2) ^' ^^^- 12(?n)' 12- 

337. ar = 4, 11, 20, 31, &c, y = 9, 11, 13, 15, &c. 

340. 245 : 243. 346. «=i{-l + V5} or J{l±V-7}. 850. ^e* 

-- . ah -^ac + bc 

354. ; > ., ' — r« 

(a + c) (6 + c) 



(18) 



EQUATION Papers. 



1^ 1. 3ff. 2. ar = 9, y = 2. 3. 3, -f 

4. ar=±12, ±9}; y=2, -1 i. 5. 100. 6. 26. 7. 11 : 1. 

^ 1. 72. 2. a; = 7, y = 4. 3. 5, 6fi,. 

4. ar = 6, -4f; y = 3, - 2^^. 5. 180,000. 

6. 10. 7. 25 miles. 

a 1. 51. 2. jT a 18, y » 244 a 6, 3^. 

4. d;a0, 4; ye9, 25. 5. 22 mile& 
6. 18 chains, 30 chains, 21 chains. 7. 10. 

4. 1. 3. 2. x=^ia, y^ia. 3. 4, i. 4. x = lii y^±2i 

5. 10& 6. 79 days. 7. 120 gallons. 

3. 1. 7. 2. a; = 5, y = 6. 3. 4, - ^49. 

4. «=:±9, ±llij y = ±4, ±3^. 5. 1742. 

6. £700, £100. 7. 50 ft, 20 ft, 48 ft. 

4mn 

a. 1. 6. 2. a: = 1, y = 2, 8 = 4. 3. a: = (a* + h'^y^\ 

4. a: = 2 or -1; y = l. 6. Amile. 6. £1071 17« 6A 
7 g fl, n(n-l)(l-r)«{/>(l-r)-in 
l-rV 2*-{n(l-r)-(l-^)} /' 

7. 1. 8. 1 ar«i y = i, « = J* 3. 4, «f. 

4. a? = 2, ^„ ,A,; y = l, A» aV «. 432. 
6. 7 miles, 9} miles. 7. £96. 

«» 1. 4. 2. a; = + 4J, ± 3^} y = ±8t, ±4}. 

^* (^r*- 4. a: = 2, -2, If; y = 2, 6, i.igV^. 

5. £60. 6. 60 miles. 7. 4:5. 

9. 1. 3}. 2. a; = 3, y=2. 3. (-747^)*'* 4. x^5, y = 3. 
5. £2000. 6. £5 58 per annum. 7. 60 miles. 

10. 1. 11. 2. a; = 16, y = 25. 3. 3, A. 
4. «= 6, 4, 0; y = 0, 2, -2. 5. 72, 12. 
6. 6 miles per hour. 7. 432. 

U. 1.1}. 2. ar = + VM or J[(a + c-5)±V{(a+c-5)«-4(Kj}]. 

.^^^ y = + V(*c) or i[(6 + c-a)±V{(6+c-a)«-46c}]. 
(19) 



ANSWERS TO THE EXAMPLES. 

S. x^±i. 4. a? = ± A or ± i; y = ± 8 or ± A« 

5. 11 o'clock. 6. The number of the tack is the integet 

Oq Oft 

equal to or next greater than -^ - t- • 7. 2 hrs. 

P 9P 

12. 1. 4. 2. a:=6, 1, A (15+6^-1); y=3, f, .\ (25±10 V-1). 

^^^l . 4. a:=4, -2±2V-3j y»i, -1(1313^-3). 

5. 150. 6. 3 miles an hour. 7. £27. 

13. 1. 4. 2. a? = 4 or 1^ ; y = 12 or li J. 

3. 1, 16, or i (1 ± 3 V- 7). 

4. a? = 1 or 1 ± V- 2; y « 4 or - 2. 

5. 3nules. 6. £64,000,000. 7. 24:21:22. 

14. 1. a? = 21; y = 20. 2. v^({a«6 - J'). 

3. ±V[4{1'±VCp'-4)}], whelfe^«-2{l±V(l-«*)^ 
4. « = ± i{(4 ± V6) ± V(18 ± 8 V6)}; 
y = ± i{(2 ± V6) ± V(18 ± 8^6)}. 

6. £20. 6. 2 : 3. 7. 20O., 40/S., 400P. 

15. 1. -i, -f. 2. ar=(V2 + l)» or (VS-l)'; y = l or (V2-1)** 
3. ia or i(-5±V37)a. 4. a? = 4 or fS; y=9 or f^. 

5. £240. 6. 64f miles. 7. u4,30; -B, 163; C, 230. 

16. 1. 6. 2. ar = 4; y = 3. 3. 9±4V7, i(3±V13). 
*• ^=v5rT' y-vS^» where n«-i{l±V3 + V±2 V3}, 

m* = -v^i^ . 6. 4 J A.M. 6. 360 yds. 7. £18, £32. 
f* — 1 

2 

17. 1. lA. 2. «=[6''{ai^""''^±V(a-'"-ft*"")}]-*»; 

2 

3. 4 + V6, ±V-2. 4. a? = y=±aV2. 

6. 1080 yds; 16^'. 6. 8, 12. 7. £30600. 

18. 1. 3. 2. a? = li, y=li, « = 1}. 

3. -iaO'tVO^-4)}. where ^ = ::e?±^^^5pa>. 

4. » = ^, y = {1 + V(2« - 1)}». 

0. 6 hrs, 3 hra. 6. 3 acres. 7. 693, 688, 736. 

(20) 



ANSWERS TO THE EXAMPLES. 

19. 1. 2}. 2. ir=±f or ±tV-l; y=±J or TiV-l- 

3. « = f, ±*V2, i(-2±V-14). 

4. ««0 or 1, y« ± Va ; or ««* {1 ± V(l +4p)}, y« ± v(g {h-p)), 

({. 10^ minutes. 6. 2« Idf. 7. 3300 gals, 1800 gals. 

20. 1. 3. 2. ir=l + a; y = J{V(1 - « + a") + J - o}. 

3. 4V2 4, ir-J{V(v^3 + 3)±V(^3-l)}; 

y = i {\^3 V(V^3 + 3) + V(3 ^/9 - 1)}. 
6. Money £672, debts £840. 6. 16'. 7. 10. 

21. 1. -2,i. 2. a:=± 1,2,-2 v^4;y=± 1,2,-^2; 8=4, 1,1. 

3. 1, -3, -i. 4. «=± V(A + A V3); y- + V(H+A V3). 

6. 1600. 6. 6. 7. 16 miles. 

aa. I. ±1 or ±8. 2. a;=6 or 3J, y=5 or 6J, 2=3 or 4J. 
9, . «ryl + 2« , l-2n , a,,6»-3 ,n + l, 

4. ar» = (a« - 26c - 26") {c ± V(c* - a« + 26c + 25")}; 
y» = (a«-26c-26«) {c + &c.}. 

5. 195. 6. 11, 18600, 1789. 7. 12. 

93. 1. ff. 2. «=:3, y=-2J. 3. 3, -J, i(4±V-2). 

4. a? = ± i V^ or 0, y = ± Vf or ± V- 1 5 
^^±i ^/{i (1 ± V33)}, y = ± J V(« ± V33). 

6. 84 miles. 6. 3 in., J in. 7. £180; 44 : 36. 

a4. 1. 2 or 3. 2. 49, 64, J (93 ± ^186). 

3. ±ij, ±i}f, -H, ±fV-i. 

4. « = + Ja or ±aV~2; y = + Ja or ipaV-i- 

6. £40a 6. 41 cub. in. 7. 20 mile^ 

95. 1. 3. 2. +V{«'-(a-6)*} or ± V{a' - (« + 35/}. 

3. a: = J(3±V33); y='i(3q:V33)- 

4. x = |(l.V3); y = ia-;^)V(l-^^). 5. 3U. 

g w[ m^^ 

• (a-aO+nCc'-c)' (r::"io + M7T^- ^- •^"^• 
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APPENDIX, 



For the foUoiniig proofs I am indebted to the kindness of the 
BeT. J. Griffith, llA., of St John's Ck>llege. 

I. Binomial Theorem, 

whatever p and q may be : then 

rP,o(ii-r + l)P^i, (r-l)P,., = Cp-r + 2)P^ &c, 

and rQ,= fe-r+l)Q„, (r- 1) 0^^= (y-r + 2) ft^ &c., 

2Q, = (y-l)Qi, Qx = 3'. 
Now, by actual Multiplication, the product of the two series, 
(l+P,«+P^+&c) X (l+Qi«+Q^+&c. = l+Ciar+Cg«*+&c suppose, 

where C^-Pi + Qi = P + S'> 

C; = P^ +P,.|Ql + Pr.,Q, + &C + PiQ,.i+Qr5 

therefore rCJ. 

= rP, +{l+(r-l)}P^,Q,+{2+(r-2)}P^Q.+&c,f rQr 

=^rP,^^ (r-l)P^,Q,+ (r-2) P^,Q.+&c.+ Pfir-x 

^^ P^^Q, + 2P^Q,+ 3P^Q,+&c,+ rO, 

Oi-r + l)P^j+(p-r+2)P^,Qi+(p-r+3)P^Q,+&o.+ /lO-, 

(^^^-r+l)P^,+(l>^-J-r+l)P^Q^+(;>+g'-r^-l)P,^Q,+&c.+(jp+5^^+l)Q^l 

Hence we have C^ = (^ + q) 

2C.^(p^q-l)C, 
3C, = (ii + ff-2)C7. 
&c. = &c. 

ra^CP + S'-r + ljCr.xJ 
.*. , multiplying, and cancelling, 

1.2.3 ... rC, = (^ + gr) (^ + g' - 1) ... (p + if - r + 1) ; 
and the product required is, consequently, 

(i>-fg)Cp-hg-l)..>(i> + g-r-f 1) 
^ ^ ^1.2. ..r ar + fi:c., 

that is, the product of two such series is exactly a similar series, 

with the sum of the characteristics {p and q) in place of either. 
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Hence the continued product of three such series, whose charac- 
teristics are p, q, r, is the product of two similar series, whose 
characteristics are p-\- q and r, which is also a similar series with 
characteristic p-\-q-{r. And so on for the product of any number 
of such series. So that, generally, the product of k such series is 
an exactiy similar series whose characteristic is the sum of their 
k characteristics ; and, therefore, the k^ power of such a series is 
a similar series, with its characteristic k times as great. 

Hence, if A be a positive integer, we have 

^which proves the theorem for a positive integral inde:ii^ 
Again, if h and k be positive integers, we have 

{1 + * X + ii*i «« + &c}» = 1 + Ax + ^^>^+ &0. = (1 + «)*; 

* A l&'') 

which proves the theorem for a positive fractional index. 
Lastiy, by the previous reasoning of this Article, we have 

{1 + Ar + ^^-^ ^ + &c.} {1 + (- A) or + -J'Sr^zy) ^ + &c.} 
= 1 + (A - A)flj + i^ ^-Ato " «^ + &c. = 1; 

which proves the theorem for a negative index. 
Cob. Hence, therefore, 

(a..,. = a-(uf)"=a.{l.n(f).^-^)g/.&c.} 

= c*» + TM^^x + Jn(« - l)ar*a* + &c., 
where coefficient of 

n^r r n(n- l)...(n -r + 1) . .-o^x L? 

AT a: S5 — i ; ^ ^ -' =, as m (182), — . 

1.2. ..r * ^ ^ |r |n-r 

n. Exponential Theorem. 

By actual multiplication, we have 
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+ — + &C. + ~ . + Ac 

+ &c. + &c + &c 

that is, the product of two such series is an exactly similar series 
with x-¥y ID. the place of x or y. So the product of k such series 
is an exactly similar series with the sum of their k characteristics 
in place of either of them ; and the k*^ power of such a series is 
an exactly similar series with its characteristic k times as great 

Hence* if ^s^t i where A and k are both positive integers, we have 

i^.,_,&c,} =i+-+y:+&c.=i+j+-.&c. 



{ 



= -|l + ^ + — + &c.> =c*, suppose; 



/. 1 + ? + T-;r + &c. S3 c* = e*, where x must be a poskive fraction 
1 1*2 

or integer, in which latter case ^ = 1. 

Again, if a; = - m, a negative fracticm or integer, then 

„l+?+!?^+(£+^ + &c.= l, since « + m = Os 

or 1 + f + To + ^*^- = «, 3 '" ' = -s = «"* = «•• 
1 1.2 n.^ + ^ + &c. * 

^ 1 1.2 

So that, whether x be integral or fractional, positive or negative, 
^ = l + * + g+^^ + &c.5 md^^ie^s^^if^^i 

..a'=l+— J- + Y^ + ^^2.3 ^ 
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ELEMENTARY CREEK WORKS, LEXICONS, 
CRAMMARS, ETC. 
Uniform with lAddeU and Seott'a Lexicon. 

An English- Greek Lexicon ; 

Oontainin? all the Gw«k Word* uwd by Writers of cood antborltjr; eitinR the 
Authoritips in Chronolof^ical Order for every Word used ; explainins; the 
Construction ; and ginng the Declension or Conjugation of each vrord when 
irrerular ; and marking the Quantities of all doubtful Syllables. By C. D. 
YoNGE, B.A. Small 4to. [In the press. 

Brasse's Greek Gradus. 

A Greek Gradus ; or, a Greek, Latin, and Em^Ush Prosodial Lexicon: containing 
the Interpretation, in Latin and English, of all words which occur in tlie Greek 
Poet*, from tlie Earliest Period to the time of Ptolemy Philadelphus. By the 
late Rev. Dr. BaiSSE. With a Synopsis of the Greek Metres, by the Rev. J. R. 
Major, D.D. New Edit, revised by the Rev. P. E. J. Valpy, M.A. 8vo. 158. cloth. 

Giles's Greek and English Lexicon. 

A Lexicon of the Greek Language, for the u«e of Colln^es and Schools ; containing 
—1. A Greek-English Lexicon, combining the advantages of an AlphalieticAl 
and Derivative Arrangement; 2. A copious English-Greek Lexicon, By the 
Rev. J. A. GiLRS, LL.I). New Edition Hvo. 21b. cloth. 

"»" The English-Greek Lexicon, separately. 7s. 6d. cloth. 

Dr. Kennedy's Greek Grammar. 

Qnectn Grarom-iticie Institntio Prima Rudimentis Etonrnsibus quantulum 

EDtuit imirut.ttis Syntaxin de suo addidit B. H. KENNtSDx, S.T.P. New 
dition. I'imo. Is. 6d. cloth. 

Kiihner's Elementary Greek Grammar. 

An Elementarv Grammar of the Greek Language. By Dr. Raphael Ktlhner, 
Co- Rector of'the Lyceum at Hanover. Translated by J. H. Millard, St. John's 
College, Cambridge. 8vo. 9s. cloth. 

Valpy's Greek Grammar. 

The Elements of Greek Grammar: with Notes. By R. yALPT,D.D. New Edit. 
8to. 68. 6d. boards ; bound, 7s. 6d. 

Pycroft's Greek Grammar Practice. 

Three Parts: 1. Lessons in Vocabulary, Nouns. Adjectives » and Verbs In 
Grammatical order ; 2. Greek, made out of eacn column for translation ; 
3. English for re-translation. By the Rev. J. Ptcrott, B.A. 12mo. 3s. 6d. cl. 

Moody's Eton Greek Grammar in English. 

The New Eton Greek Grammar ; with the Marks of Accent, and the Quantity of 
the Penult : containing the Eton Greek Grammar in English, and the Syntax 
and Prosody as used at Eton ; with numerous Additions. By the Rev. 
Clement Moody, A. ^. New Edition. 12m >. is. doth. 

Valpy's Greek Delectus, and Kev. 

Delectus Sententiarum Grtecanun, ad usum Tironum accommodatus : cum 
Notulis et Lexico. Auctore R. Valpt, D.D. Ecitio Nova, eademque aacta et 
emendata. 12mo 4s. cloth. 

Kit to the above, being a Literal Translation into Engluh. 12mo. 2b. 6d. sewed. 
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Yalpy'g Second Greek Delectus. 

Second Greek Delecto* ; or, New Aiulecte Minora: iBteiuM to 1»ra«liB SdiMle 
between Dr. Valpy'e Greek Deleeta* and the Thifd Greek Dejeetm: with 
Encliah Not«p, ^nd • eopione Greek and Eoglidi Leskoa. By 1h* Bcr. 
F. B. J. Taltt, M.A. New Edition. 8to. 8b. 6d. iMmad. 

Valpy'8 Third Greek Delectus. 

Two Parte. By ttie Ber. F. E. J. T&tf t, M.A. Bro 10a.6d.tMnnid. 
*,* ThaPartamftybehadeeparatelj. 
Paht 1. PR06B. 8vo. 8a. 6d. boond. — F^nr 3. POETUT. 9r^U.9d. boond. 

Yalpy's Greek Exercises, and Key. 

Greek Exerciaee; bein([f an IntvodnctieB to Greek Compoaitioa, leadioff the 
■todent from the Elements of Grammar to the higher parte of Syntax By 
the RcT. F. E. J. Valtt, IfJL FewEditiaii. Umo. 8a. 6d. cloth. 

KxT, ISmo. Se. 8d. Mvcd. 

Neilson's Greek Exensises, and Key. 

Greek ExerciBea, in Syntax, EUipek, Dialecte. Prosody, and Metaphraab. T^ 
wUch ia prefixed, a concise bni-compeebenBiTe Syntax; with Obeerratioaa on 
some Idioms of the Greek Language. Bt the Rer. W. Nxilbom, D.D. New 
Edition. 8vD. 6a. boards. — ^Ksr, Ss. boards. 

Howard^s Introductory Greek Exercises, and Key. 

Introdaetory Greek Exercises to those of Hnntingford, Dn»bar, Neilson, and 



othfn ; arranged under Models, to assist the learner. By N. Howabd. New 
Sdition. 12mo. 6a. 8d. cloth.^KsT, ISno. as. 8d. doth. 

Balzers Analecta Grteca Minora ; 

Or, Select Passages from Greek Authors. Adapted for the use of the Junior 
Classes in Schools. A New Fxlition, with English Notes, bj the Rer. J. T. 
Whitb, A.m. of C. C C. Oxford ; Junior Upper Master of Cbrtst's Hospital, 
London ; Editor of *' Xenophon's Anabasis," &e. [JTsorly rtad^. 

Donaldson's Theatre of the Greeks. 

The Theatre of the Greeka ; or, a Series of Papers relating to the History and 
Criticism of the Greek Drama. Sixth Edition, revised and improved. 
With sn Original Introduction and Notes br John wtii,iax DoirA:LT>«oif , B.D. 
Hesd Master of King Edward's School, Bury St> Edmunds ; and formerly 
Fellow of Trinity Cgllege. Cambridge. Sra with Frontispiece and Wood 
Engravings, 16s. doth. 

*»> This Edition— Ahe Sixth— has been printed throughout under the eye of the 
Editor, and is increased by more than twenty pages. Besides many improve- 
ments in the rest of the work, the Introduction has been rendered much mors 
complete. It is accompanied by a newly engraved plan of the Greek Theatre, 
and Illustrated by aeveral Woodcuts from the Antique. 

Dr. Major's Guide to the Greek Tragedians. 

A Guide to the Reading of the Greek Tragedians ; being a series of artides on the 
Greek Drama, Greek Metres, and Canons of Criticism. Collected and arranged 
by tha Bstr. J. R. Muoa, D.D. New Edition, enlarged. 8vo. 9s. doth. 

Viger on the Greek Idioms. 

Translated and abvidged, with original Fjigliah Notes, by the Rer. J. Sxaosn, 
Editor and Tmnalatorof " Bob on the Greek Ellipsis," " Hermann's Doctrine 
of Metret," " Hoogereen on the Greek Fartides," and "Maittaire on the 
Greek Dialecto." 8vo.9s. 6d. 



LATIN WORKS, DICTIONARIES, GRAMMARS, ETC. 

Riddle and Arnold's English-Latin Lexicon. 

A Copious English-LRtitt liCxion, founded on the German- Latin of Dr. Charles 
Erneat 6eor|?es. By the Rer. J. E. Ridd!e, M.A. Author of " A Complete 
Lxtin-Enerlish Dictionary," Ac. ; and the Rer. T. Kerchever Arnold, M.A. 
Rector of Lyndon, and late Fellow of Tnnity College, Cambridge. 8vo. 26s. 
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VkifbrmwithlAtUUtt4mdeci4t'$LeMieim. 

Riddle's Larger Latin-English Lexicon. 

A copioiu Latia-^igluh Lexicon, from the new German work of Dr. PreuBiL 
MtaiEwnted nith important Addittona. Bj the ReT. J. £. Riddle, M.A. of 
8L Edmund Hall« Oaford. Small 4tl>. [Inthapre«. 

Riddle's Complete Latin Dictionary. 

A Complete Latia-Eudlah and Eogliah-Latin Dictionary. For the nae of Ool- 
Ieg«« and Scihoola. Prom the beat wniKas, chieflT German. Bt the Rev. J. E. 
BXDDLB, M.A. New Edition, corrected and enlarged. 8to. Sli. 6d. dotii. 

tUinmmm4mim Tl^c EnffUah-Latin Diettonarr, 10a. ftd. doth. 

'*»*'"**' \ The LaGn-EngUafa Dictionary, £1. la. cloth. 

Riddle's Young Scholar's Latin Dictionary. 

TheToung SchokWa Latin-EnffUah and Engliah-Latin Dictionaiy; being Mr. 
Biddle'a Abridgment of hia larger Dictionary. New Edition, carvccted and 
aolarged. Square IZmo. 12a. boimd. 

a--._-4^i. / The Latln-EttgUah Dictionary, 7e. bound, 
neparateiy j^ ^^ Engliah-Latin Dictionary, 5a. «d. boond. 

Riddle's Diamond Latin-English Dictionary. 

A Diamond Latin Engliah Dictionary. A Guide to the Meaning, Quality, and 
right Accentuation of Latin Claasical 'Word*. By the ReT. J . E. RmoLB, M.A. 
New Edition. Royal S2mo. 4a. bound. 

Riddle's Latin Vocabulary. 

A Progreasive Latin-Euf^liah Tocabolary : being a Liat of Common Latin 
Words, with their principal Meanings in English : dintinguished according to 
Iheir oomparatiw mipor t ance or firraueney of uae. By t& Rev. J. £. Ridplb, 
M.A. 12mo. 28. dotH. 

Riddle : Questions on Latin Style ; 

So Car as relates to the Use and Quality of Words. Constructed with spf«ial 
reference to the Critical Remarks contained in Riddle and Arnold's '* English- 
Latin Leaioon." By the Rer. J. E. Riddlv, M.A. 12nio. 2a. doth. 

The Illustrated Companion to the Latin Dictionary 

and Greek Lexicon : formmg a Glossary of all the words repreeentii^r Visible 
Objects, connected with the Arts, Manufactures, and Eveiy-day Life of the 
Ancienta. With Representations of nearly Two Thouaand Objecta from the 
Antique. By Ahthomt Rich, Jun. B.A. late of Caius College, Cambridge ; 
and one of the Contributors to Dr. Smith's '* Dictionary of Greek and Roinan 
Antiquities." Post 8to. with 2,000 Wood Engravings, 21s. doth. 

** This admirable book will be as welcome to mature scholars as to those who 
are commencing study. It is an ori^nal contribution to the investigation of 
classical literature, aa delightful as it is ably executed."— SapamifMr. 

" It is a maater-key to unlock the doors of Greek and Latin dictionary reference. 
.. . .There is not a school where languages are taught, nor a place or library - 
where history is read in the empire, that can do without it " 

XAtenuy CfattU. 

Znmpt's Grammar of the Latin Language. 

Translated from the Enlarged Edition of the original, and adapted for the uae 
of English Aadents, by L. ScRxrrs, Ph. D Rector of the High School of 
Edinburgh ; with new Additions and Corrections, communicated to Dr. 
ScBXiTz by Proiisssor Zuxft. New Edition. 8vo. lis. cloth. 

Zumpt's School Grammar of the Latin Lan^ua^ife. 

Translated and adapted for use in English Schools. By Dr. L Schkits, 
F.R.S.E. Rector of the High School of Edinburgh. With a Preface, written - 
expressly for this Translation, by Professor Zumpt. 12mo. 4s. doth. 

Pycroft's Latin Grammar Practice. 

Latin Grammar Practice : 1. Lessons in Vocabulary, Nonna, AdjectiTea, and 
Verbs, in Grammatical Order; 2. Latin, made out of each column, for Trans- 
lation: 3. English, for re-translaUon. By the Rev. Jambb Pzcaorr, B.A\ 
New Edition. 12mo. 2s. 8d. cloth. 

Valpv's Latin Grammar. 

The Elements of Latin Grammar: with Notea. By R. Valpt, D.D. New^> 
Edition, with numeroua Ad<Ution» and Corrections. 12mo> 2a> 6d. bouBd. 
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Kennedy : The Child's Latin Primer; 

Or, Fint Latin Lc«s<ms: Extracted (vith Model Qneationt and EzeretaM] 
frum "An F.lementary Latin Grammar," by the Rev. B. U. Kkxhjsdt, D.I>. 
Head Maater of Shrewabnry ScbooL IZme. Sa. clotb. 

Dr. Kennedy's Latin Vocabulary. 

▲ Latin yocabnlary, arransed on EtymolaKtcal Prin<^plM, as an Ezerei(«- 
Book, and fint Latin Dictionary for the use of the Lower Cloaaes in Schooia. 
Bt the RcT. B. H. Kbnmbdt, D.D. Head Maater of Sbrewabnrr Scltool. 
limo. 2a. 6d 

Dr. Kennedy's First Latin Reading Book. 

Tirocinium ; or, a Fint Latin Reading Book. Adapted to the Anthnr'n ** Cbild'a 
Latin Primer." Bj the Rev. B. U. Kjimmsdt, D.D. Head Maater of Shww*- 
bnry SchooL I2mo. 3a. cloth. 

Dr. Kennedy's Latin Grammar. 

An Elementarr Grammar of the Latit. Lansnage, for the nse of Schools, by 
the Rev. B. H. Kcwmbdt, D.D. Head Master of Shiewsbory SchooL New 
Edition. 12mo. 8s. 8d. doth. 

Moody's Eton Latin Grammar in English. 

The New Eton Latin Grammar, with the Marks of QnantttT and the Rnlea of 
Accent; containing the Eton Latin Grammar as a^ed at £ton, and its Trans- 
lation into English : with Notes and copioua Additiona. By Rev. Olbvbxt 
MooDT, M.A. New Edition. 12mo. 2s. Od. cloth. 

The Eton Latin Accidence : with Additions and Notes. New Edition. 12mo. la. 

Graham's First Steps to Latin Writing. 

First Steps to Latin Writing : Intended as a Practical Illoatration of the Lattn 
Accidence. To which are added. Examples on the principal Rules of Syntax. 
By G. F. Graham. New Edition, considerably enlarged. 12mo. 4s. cloth. 

Valpy's Latin Delictus, and Key. 

Delectas Sententiarum et Historiarum ; ad nsnm Tironnm accommodatns: cnwi 
Notttlis et Lexico. Anctore R. Valpt, D.D. New Edition 12mo. 2s. 6d. cloth. 
Key. New Edition, carefully revised. 12mo. Ss. 6d. doth. 

Valpy's Second Latin Delectus. 

The Second Latin Delectus; designed to be read In Schools after the Latin 
Delectus, and before the AnaJecta Latins Majora: with English Notes. By 
the Rev. F. E. J. Yalpt, M.A. New Edition. Bto. 6s. bound. 

Valpy's First Latin Exercises. 

Fint Exercises on the principal Rules of Grammar, to be translated into T.Attn : 
with familiar Explanations. By the late Rer. R. Yaut, D.D. New Etiitiun, 
with many Additions. 18mo. Is. 6d. cloth. 

Valpy's Second Latin Exercises. 

Second Latin Exerdses ; applicable to ererr Grammar, and intended as an Intro- 
duction to Valpy's "Elegantise Latin*." By the Ret. E. Yalpt, B.l). 
New Edition. I2mo. 2b. 6(1. cloth. 

Valpy's Elegantiee Latinae, and Key. 

Elegnntiae Latinae ; or. Rules and Exercises illustrntire of Elegant Latin Stvle : 
With the Original Latin of the most difficult Phrases. By Rev. E. VAi..nr, B. D. 
New Edition. I2mo. 4s. 6d cloth. 

Kbt, being the Original Passages, which have been translated into E£gli8h,tD 
serve as Examples and Exercises in the above. 12mo. 2s. 6d. sewed. 

An Introduction to the Composition of Latin Verse ; 

containing Rules and Exercises intended to illustrate the Manners, Customs, 
and Opinions, mentioned by the Roman Poets, and to render familiar tha 
pnndpsl Idioms of the Latin Language. By the late Ghiubtopbbr Rapibb, 
A.B. New Edition, revised by the Rer. T. K. Abmold, M.A. 12mo. 3s. 6d. 
doth^-KBT, 2s. 6d. sewed. ' 

Walford's Latin Verse Book. 

Progressive Exercises in Latin Elegiac YerSte. Adapted, with R«fin«noe« 
throughout, to the Syntax of Dr. Kennedy's Latin Grammar; and accom- 
panied by Marginal References to the Works of the best Latin Poets. By the 
Kev. E. Waltord. M.A Scholar of Balliol College, Oxford, and Assistant- 
Master of Tnnbridge School. 12mo. 2s. 6d. (loth. 
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Butler's Praxis, and Key. 

▲ Praxis on the Latin Prepositions : being an attempt to illustrate their Oricin, 
Signification, and Government, in the way of Exercise. By the late Bi«hop 
Bdtlxk. New Edition. 8vo. 6s. 6d. boards. — K.et, 68. boards. 

Howard's Introductory Latin Exercises. 

Introductory Latin Exercises to those of Clarke, Ellis, Turner, and others : 
designed for the Younger Classes. By Nathamibl Howxao. New Edition. 
12mo. 28. 6d. cloth. 

Howard's Latin Exercises extended. 

Iiatin Exercises Extended ; or, a Series of Latin Exercises, selected ftom the beet 
Roman Writers, and adapted to the Rules of Syntax, particularly in the Eton 
Grammar. To which are added, English Examples to be translated into Latin, 
immediately under the same rule. Arranged under Models. By NaTHaMixi. 
HowAM). New Edition. 12mo. Ss 6d. cloth.^ — Key, 12mo. 2e. 6d. 

Bradley's Latin Prosody, and Key. 

Exerciees in Latin Proeodv and Versification. New Edition, with an Appendix 
on Ljrric and Dramatic Measures. 12mo. Ss. 6d. cloth. — bLbt, 12mo. 2s. 6d. 

Bradley's Exercises, &c. on Latin Grammar. 

Series «f Exercises and Questions; adapted to the best Latin Grammars, and 
designed as a Guide to Parsing, and an Introduction to the Exercises of Valpy , 
Turner, Clarke, Ellis, &c. &c. By the Rev. C Bsjldlst. N«w Edition. 
12mo. 2s. 6d. bound. 



Valpy's Epitome Sacrae Historije. 

SacrK Historue Epitome, in URum Seholanun: com Notis Aqglleia. By tbe 
B«ir. F.E.J. Via.PT,M.A. New Edition. 18mo. 2s. dotlw 
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Valpy's Homer. 

Homer's Iliad, complete : English Notes, and Questions to first Ei^ht Books. 
Text of Heyne. By tiw Rev. E. Valpt, B.D. late Master of Norwich School. 
New Edition. Svo. lOs. 6d. bound.— Text only. New Edit. 8vo. 6e. 6d. bound. 

Major's Euripides. 

Euripides. From the Text, and with a Translation of the Notes, Preface, and 
Supplement, of Porson; Critical and Explanatory Remarks, original and 
selected ; Illustrations and Idioms from Matthite, Dawes, Viger^ Stc. ; and a 
Synopsis of Metrical Systems. By Dr. Major. 8vo. 24s. clom. 
*,* The Five Plays separately, price Ss. each. 

Burges's .ffischylus. 

.Sschylua— The Prometheus : English Notes, fte. By G. BcRon, A.M. Trinity 
CoUege, Cambridge. New Edition. Poat 6vo. ta. boards. 

Linwood's Sophocles. 

Sophoclis TragoBdite superstites. Recensuit et brevi Annotatione Instruxit 
6. LiM WOOD, M.A. jGdis Christ! apud Oxoniensefl Alumnus. 8vo. 16s. cloth. 

Brdsse's Sophocles. 

Ifamhooles, compete. From the Text of Hermann, ErAirdt. &c. ; with original 
Explanatory English Notes, Questions, and Indices. By Dr. B&lssb, Mr. 
BxiaoBB, and Rev. F. Valpy. 2 vols. postSvo. 34s. cloth. 

*»* The Seven Plays sepkrately, price 6s. each. 

Balfour's Xenophon's Anabasis. 

Hie Anabasis of Xenophon. Chiefly according to the Text of Hutchinson. 
With Explanatory Notes, and Illustrations of Idioms firom Viger, &c., copious 
Indexes, and Examination Questions. By F. C. BAUova,M.A. Oxon. F.R.A.S. 
LL.D. New Edition. PostSvo. 8h. 6d. boards. 

Hickie's Xenophon's Memorabilia. 

Xenophon's Memorabilia of Socrates. From the text of Kuhner. With Notes , 
Critical and Explanatory, from the best Commentators, and by the Editor; 
Questions for Euminatio* ; and Indices. By D. B. Hicxia, LL.D. Post Svo. 
8s.6d.«loth. 



1CVSSR8. LONGMAN AND CO/S 



White's Eflition of Xenophon's Anabasis. 

XraophoB'B ExpnlitioB of Crnu into Upper Asia: prioeipallT tram the Text of 
Schneider. With English Notes, for Uie use of Schools. Bj the Rer. J. T. 
White, M.A. C.C.C. Oson ; Juior Upper Master of Christ's Hospital, Lon- 
don. 12ino. 78. fid, boua'd. 

" Appears in the main the very best school «dttien of that delightftil history w« 
have net with. Great care and jwlgmeat hare been shown in bandlioK the 
text, while the notes present a mass of nsefnl infarasation to the ^ro, and 
gOrfd criticism to the more advmiced."— GiMir^Min. 

Barker's Xenqphon's Cyropiedia. 

The Cyropetdia of Xenophon. Chieflj from the text of Dtadorf. WUh Noteo, 
Criticalaad Exfrianatory.from Dtaidorf.Fisher, HntchhMOnjPoppo,Scnneidet, 

" inicd by the editor's, with Examination 

Babkxb. FMt 8to. to. fid. bda. 



Stwtt^ and othersdiolais. 



ttMns, and Indices. By E 

Stacker's Herodotus. 

Herodotns; containing the Contf noons History alone of the Penhm Wm»: 
with English Notes. By c e Rev. C. W. STaCKxa.D.O.Tiee-Princ>pai«f 
St. Alban's Hall, Oxlnrd. New Edition. 2 vols, post 8vo. ISs. cloth. 

Barkei^s Demosthenes. 

Densosthcnee— Oratio Pbilipmea I., Olyntbisca I. II. and II].,De Pac#, .SsehhiOT 
centra Demoethcnem, De Corona. With English Motaa. By E. H. Bmmmmm. 
Rfw Edition. Poet Sre. 8s. fid. board r. 

EDmONS OF LATIN CLASSIC AUTHORS. 
Girdlestone and Osborne's Horace. 

The Wotfts of Horace. Adapted to the Use of Tonng Persons, by the 
Omission of Offensive Words and Passagrs ; and iUnstrated Oj^ original Englisfc 
Notes, embodying the moat recent PLiMigical Information, together with 
occaaional Strictures on Sentiments of an nnchristian tcadeacy. By the 
"Rvr. CHaausa Gixi)i.BanroHx, M.A. and the Rer. Wiluam A. OaaoairB, 
M. A. ISmo. 7s. fid. bonnd. 

" The Editors have snceeeded admirably thronghont in preaerring Utat onity 
t/t porpose and harmony of ideas necessary for the aecomplisluneat of their 
task. The classical notes are ftdl of ori^iifal matter, the references apt to tha 
lucidity of the text, and the occasional translations Just suck as are necessary 
to throw the young mind of an English sttident into the times and aitnationa 
of which the poet tnata."-'-OAMrx* and Siatt GomM*. 

Valpy's Horace. 

Q. Horatii Flaeei Opera. Ad fidem optimamm exemplarinm castlgata ; cnm 
Nc talis Anglicis. Edited bv A. J. Valpt, M.A. New Edition. ISmo. fiU. 
bound ; without Notes. Ss. fid. bound. 

*•* The objcctienable odea and passages have been expunged. 

Virgil with 6,000 Marginal References, by Pycroft, 

Tlie iEneid, Oeorgics, and Bucolics of Virjeil : with MarKinal Referencea, and 
concise Notes from Wagner, Heyne, and Anthoo. Edited. from the Text of 
Wagner.by the Rev Jas. PTCXorr, B.A. Trim. Cull. Oxfard. >ep. Bro.Ts.fid. 
bonnd ; without Notes, Ss. fid. bound. 

Valpy's Edition of Virgil. 

p. \lrgilii Maronis Bncolica, Georgica. ^nels. Aeccdunt,ln mrattam Jnvcntntia 
Notae qnaedam Anglice scriptae. Edited bv A. J. VaLTX, M.A. New Edition. 
ISmo. 7a. fid. bound ; the Txxt oq^y, Ss. fio. bound. 

Bradley's Ovid's Metamorphoses. 

Oridii Metamorphoses ; in usniii Seholarum excerpts : qitfbua aeccdunt Notnhi 
Anglicfle et Qnnstiones. Studio C. Braolxt, A.M. Editio Nova. ISmo. 
4s. Od. cloth. 

Valpy's Ovid's Epistles and Tibullus. 

Electa ex Oridlo et TibuHo : cum Notte Anglicis. Bt the Rer. F. B. J. Ykirr, 
M.A. Master of Burton-on-Trent School. New Edition. 12mo. 4s. fid. ^th. 

Bradley's Phsdrus. 

Phndri Pabuln; in usnm Seholarum cxpnrgatn: quibns aeeednnt Notnln 
AngUcnetQuMtkmaa. Studio C.Bbadlst»A.M. Editio Neva. 12mn. 9s. fid. el. 



STANDARD EDUCATIONAL WORKS. 



P. Terentii Afri Comoediae Sex. 

Ex Editionv Th. Frid. Qod. Rrinhasdt. With Explanatory Notes, by 
D. B. HlCKiK, LL.D. KeW Edition. 12nM. with Portrait, Oa. dd. elbtli. 

Barker's Tacitus — Germany and Agricola. 

The Germany of C. C. Tacittts, from Paaaow's Text; and the Agricola, firom 
Broiler's Text: with Critical and Philoloi^ical Remarks, partly original and 
partly collected. By £. H. Bahkeb. New Edition. 12mo. fis. 6d. cloth. 

"Valpy's Tacitus, with English Notes. 

C. Co'melii Taciti Opera. From the Text of Brotier ; with hit Explanatory 
Notes, translated into English. By A.J. ValfTjM.A. 3Tol8.post8To.248.bds. 

C. Crispi Sallustii Opera. 

With an English CommentarT, and Geographical and Historical Indexes. 
CHAaLBs Anthom, LL.D. N«tt Edition. ITaxo. 5s. cloth. 



t>y 



LNTHOM, 

C. Julii Ceesaris Commentarii de Bello Gailico 

Ex recensione Fb. OvdendobviL With Ekplanatory Notea, and Historical, 



Geographical, and Archcological tndekea. 
Mew Edition. 12mo. is. 6d. cloth. 



fiy Cttiabsa Amthom, LL.p. 



M. Tullii Ciceronis Orationes Selectae. 

Ex recensione Jo. Aoo. Erhbsti. With an English Commentary, and 
Historical, Geographical, and Legal Indexes. By Cukrum Ahthon, LL.D. 
New Edition. 12mo. 6s. cloth. 

Barker's Cicero de Amicitia, &c. 

Cicero's Cato Major, and Lselius : with English Explanatory and Philological 
Notes j and with an English Essay on the Respect paid to Old Age b' the 
Egyptians the Persians, the Spartans, the Greeks, and the Romans. By tUe 
late £. H. Bakxeb. New Edition. 12mo. it. 6d. cloth. 

Valpy's Cicero's Twelve Orations. 

TwelTe Select Orations of M. TuUius Cicero. From the Text of Jo. Casp. 
Orellius ; with English Notes. Edited by A. J. Talpt, M.A. New Edition. 
Post 8to. 7s. 6d. boards. 

Bradley's Cornelius Nepos. 

Comelii Nepotis Yitse Excellentium Imperatortom: auibus accedunt Nottilto 
AngUcseetQusestiones. Studio C.Beadlet, A.M. EditioNoTa. 12mo.3s.6d.cl. 

Bradley's Eutropius. 

Eutropii Histone Roman)te Libri Septem : quibus accedunt NotuUe Anglicae et 
Qutestioiies. Studio C. Bbadlby, A.M. Editio Nora. 12mo. 2s. 6d. cloth . 

Hickie's Livy. 

The T%ct FItc Books of Livy: with English Explanatory Notes, and Examina- 
tion Queitions. By D. B. Hickie, LL.D. New Edit. PostSTo. 88. 6d. boards. 



WORKS BY THE REV. S. T. BLOOMFIELD, O.D. F.S.A. 

Bloomfield's New Greek Vocabulary. 

Lexilngus Scholasticus ; or, a Greek and English Vocabolary on « new and 
impfoTed plan : comprising iall tlie Primitives, with some select Derivatives-; 
and presenting a brief Epitome iuoatline of the Greek Language. 18mo. Ss. 

Bloomfield's Epitome of the Greek Gospels. 



Epitome Evangelica ; being Selections flrom the Tjnir Greek Gospels : with a 
Clavis and Grammatical Notes. Intended as a Companion to tlie Author's 
** Lexilogus Scbolasticus," and as an Introduction to his ** College and School 



Greek Testament" ISmo. is. cloth. 

Bloomfield's Greek Lexicon to the New Testament. 

Greek and English Lexicon to the New Testament; esneciallT adapted to the 
Qse of Colleges and the higher Claaaea in the Pttblic Schools, but also intended 
as a convenient Manual for Biblical Students ill general. New Edition, en- 
larged and improved. Fcp. 8vo. 10s. 6d. cloth. 



8 WKStms. ix>ii6iCAir and co.'s 

Bloomfield's College and School Greek Testament. 

The Gtcek TestaoMnt : wiOi brief EnrUah Notes, Philolaciail and EzpUiutny. 
EepeeUIly romed for the iMc of College* aad the Pablk bcuools, but slao 
adapted for general parpoaee, where a laner work is not reqniaite. New 
Edition, anlwged and improved. Fcp. Bn>. 10a. 6d. cloth. 

Bloomfield's Greek Testament. 

The Greek Tcatament: with copiona Engliah Note*, Critical, Philok^ieal, and 
ExnUnatorr. New Edition, enlarged and improved. 2 vob. bvo. with Map of 

Bloomfield's Greek Thucydides. 

The History of the PeloponBceian War, by Tfaneydidc*. A New ReccnaioB of 
the Text ; with a carerally amended Ponctoation ; and copion* Note*. CiiticaL 
Philological, and Explanatory ; with fnll Indices, both of Greek Words and 
Plirases, explained, and matters diirnssfd in the Notes. 2 toIs. 8to. with 
Map* and PUms, 38s. cloth. 

Bloomfield's Translation of Thucydides. 

The History of the Pdoponncsian War. By TBOCTDross. Translated into 
English, and aoeompanied by eopions Notm. PhilolofDcal and ExirfansAory, 
Historical and Geographical. 3 rols. 8to. with Maps, See, £2. fia. baaids. 

HISTORY, CHRONOLOGY, AND MYTHOLOGY. 
Eccleston : An Introduction to English Antiquities. 

Intended as a CompsBion to the History of Emriand. By James Ecdeston, B.A. 
Head Maater of SutVm Coldfleld Grammar SchooL 8n>. wlJt nnmeroos Ea- 
gravings on Wood, 21a dolh. 

Mr. Farr's Elementary History of England. 

The CoUesiate, School, and Family History of England, from the Earliest 
Period, to the Elerenth Year of the Reiipi of Qneen Tictoria; containinic a 
Narrative of Civil and MSitary Tranaactirms, and exhibitimc a view of the 
Belifrion, Government and Laws, Literatare, Arts, Commerce, Manners and 
Customs, Ac. fte. cf the different Periods of Enf^ish History. By E. w&no 
Fabx. Esq. F.i^.A., Author of " A Continuation of Hume and SmoUctt," &e. 
12nLiO. 6s. 0d. bound. 

The Rev. J. Sedgwick's School History of France. 

A History of France ; from the Earliest Period to the Revolution of 1^48 For 
the use of Toung Persons and Schools Edited by the Bev. J.>bh Sn>o- 
wicK, M.A. Drray of Ma^da en College, Oxford ; and one of the Masters in 
the Ordnance Scbr>ol. Car«faalton. Fcp. 8to. 3s. 6d. cloth. 

*' A good abridgment of the history of France, and more readable than such 
compilations often are ; tht. author devoting his attention to leading eircom- 
tXance:"— Spectator. 

Lempriere's Classical Dictionary, abridged • 

For Public and Private Schools of both Sexes. By the late E. H. Babkbk, Tri- 
nity College, Cambridge. New Edition, revised and corrected tiuonghout. 
By J. Caovim. Oto. 12s. bound. 

Blair's Chronological and Historical Tables. 

From the Creation to the Present Time : with Additions and CorreetioBS fk«m 
the most Authentic Writers ; including the Computation of St. Paul, as con- 
necting the Period from the Exode to the Temple. Under the superintendence 
of Sir HBirKT Eixis, K.H. Imp. ftro. 31s. 6d. half-bound morocco. 

Mangpall'S Questions.— TheOhlt CEinrnia axd Coxplbtx Edittob. 

Historical and Miscellaneous Questions , for the Use of Youuk People ; with a 

Selection of British and OeneralBiography,&c.&e. Bv R. M a.nona,ll. New 

Edition, with the Author's last Corrections, and otner very considerable 

Additions and Improvements. 12mo. 4s. 6d. bound 

Comer's Sequel to Mangnall's Questions. 

Questions on the History of Europe : a Sei)uel to Mangnall's Historica Ques- 
tions ; comprising Questions on the History of the Nations of Continental 
Europe not comprehended in that work. By Julia Cobvbb. New Edition. 
ISmo. 6s. bound. 
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or, an Introduction to the Mjrtholngy of the Ancients, in 
ver : compilrd for the Use of 1 otuii; f 'ereons. With an Ac- 



Hort's Pantheon. 

The New Pantheon ; 
Question and Answer : compilrd for the Use of 't ouni; 

centuated Index, Questiona for KzFrcise,and Poetical lUustrationB of Grecian 
Mytholofnr, Irom Homer and Tir((il. By W.J. Hoat. New Edition, enlazged. 
Ihmo. With 17 Plates, 5s. 6d. bound. 

Hort's Chronology. 

An Introduction to the Study of Chronolof^r and Ancient History: in Question 
and Answer. By W. J. Hort. New Edition. 18mo. 4a. bound. 

Mrs. Slater's School Chronology. 

Sententiae Chronolc^ics ; or, a Complete System nf Ancient and Modem Chro- 
nolofiy. contained in Familiar Sentences : intended for the uae of Schools and 
Private Students. By Mrs. Juhk Slatba. New Edition. 12mo. 3a. 6d. 
doth. 

Mrs. Slater's Chronological Chart. 

A ChronoIoflricAl Chart, desifrned to accompany Mrs Sl&txk'b " Sententi* 
Chronolwjicse," and corrected to the present tme, to correspond with th- New 
Edition of that work. On 2 large sheets, coloured, price te.; or mounted on 
linen on a roller, 9a. 6d. 

School Chronology ; or, the Great Dates of History. 

Drawn up for the use of the Collegiate Schools, LiTerpooL New Edition. 
Square 12mo la. stitched. 

Valpy's Poetical Chronology. 

Poetical Chronology of Ancient and English History : with Historical and ExpU- 
natory Notes. ByR. Yalpt, D.D. New Edition. 12mo. 2s. 6d. cloth. 



MATHEMATICAL WORKS. 

1^ Mr. J. R. YOUNG, Proftator of Matliematica in Belftut CbOsge ; notr ptMiaKtd* 
bv autgnment of Mr. Soctkb, hy Meurt. Lamoxaji arid Co. 

An Elementary Treatise on Algebra, Theoretical 

and Practical : with an Appendix on Probabilities and Life Annuities. Fourth 
Edition, enli^rged. 12mo. 6b. cloth. 
KBT,by Spillvr, 12mo. 6s. 

The Analysis and Solution of Cubic and Biquadratio 

Equations : forming a Sequel to the Elements of Algebra. 12mo. 6s. cloth. 

Theory and Solution of Algebraical Eouations of 

the Higher Orders. Second Edition, enlarged. 8vo. 16s. doth. 

Elements of theDiiFerential Calculus : comprehend- 
ing curve Surfaces and Cunres of Double Curvature. Second Edition, enlaiysd. 
12mo.98. cloth. — An Edition in 8vo. 12s. cloth. 

Elements of Geometry : with Notes. 

8ro. 8s. cloth. 

The Elements of Mechanics; comprehending Statics 

and Dynamics : with a copious Collection of Mechanical Problems. 12mo. 
with Plates, 10a. Cd. cloth. 

Mathematical Dissertations, for the Use of Students 

in the Modem Analysis. 8vo. 9s. 6d. cloth. 

Euclid's Elements; 

the first Six, and the Eleventh and Twelfth Books : with Corrections from 
Sim«on and Playfair's Texts, and an improved Yth Book. Fifth Edition. 
ISmo. 5b. cloth. 

Analytical Geometry : 

Comprising the Theory of Conic Sections, and of Curves and Surfaces of the 
Second Order. Second Edition. 2 vols. 12mo. 14s. cioth. 

«-«— ♦«!„ i* P»rt !• Conic Sections, 6«.6d. 

Heparately,|p^ H. Curves and Snrfkces, 7s. «d. 
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PsorKssoH Totmo's Matbekaticai. ' 

ElementR of Plane and Spherical Trigonometry : 

With their Applications to the PrinciplM of Naiieation tad Xantical Astro- 
nomy. Bj Professor J. R. Yuvsa. Seamd Editiop. 12mo. 6b. clotii. 

Mathematical Tables : 

Comprehending the Loearithms of all Numhers, from 1 to V^JBOO; also 
the natoral and Lor%rithmic Sines and Tangents, &c. B7 Prolcssor 
J. U Yorxo. New Edition. 12mo. Gs. M. cloth. 

An Elementary EK!*ay on the Computation of Loga- 
rithms: with tbt most npeditioQs Methods of c u ns tru cting a Tabic of those 
Mombers. By ProfeMor J. B. Yodmo. Second EdiUon. l2mo. 5s. cloth. 

Researches respecting the Imaginary Roots of Na- 

merical Eqnations : being a Continnation of Newton's Invcstigatiana on 0aat 
subject. By Professor J. R. Yocmo. bTO. 3s. 6d. sew«d. 

Three Lectures on some of the Advantages of Ma- 
thematical Stady: with aa Examination of Hnmc's Argnmeai against 
Miracles. By Professor J. R. Youmo. 12mo. 28. 6d. doth. 



GEOMETRY, ARITHMETIC, LAND-SURVEYING, ETC. 

Sandhurst Cnllege Astronomy and Geodesy. 

Practical Asibvnomy and Gctidesy : inclnding the Projections of the Sphere and 
Spherical Trigonometry. For the use of the RoyiQ Military CoO^, Sand- 
hnnt. By John Narribn, F.R.8. ft R.A.S. Professor of Mathematics, te. 
in the Institation. 8to. 148. bonnd. 

Sandhurst College Trigonometry. 

Plain Trigonometry and Mensuration. By W. Scot*, Esq. AJK. and V.1LKA, 
0*0. 9s. 6d. bodmd. 

Sandhurst College Elements of Euclid. 

Elements of Geometry : consisting of the first four, and the aixtb, Books of 
Enclid, chiefly from the Test of Dr. Robert Simeon ; with the principal 
Theorems m Proportion, and a Coarse of Practical Geometry on the Ground. 
Also, Four Tracu relating to Cindes, Planes, and Solida; with one on 
Spherical Geometry. By J obh NAaaiBS, F.R.S. and R. A.S. 8vo. lOt. Od. bd. 

Sandhurst College Analytical Geometry. 

Analytical Gcometrr : with the Poperties of Conic Sections : and an Appen- 
dix, containing a Tract on Descriptive Geometrv. For the nse of the Royal 
Military College, Sandhurst. By J . Nabbieh, F 'R.S. snd R.A.S. 8to. Ss. 6d. 

Sandhurst College Arithmetic and Algebra. 

Ekments of Arithmetic and Algebra. By W. Scorr, Esq. A.M. and F.BJL.S. 
Sceond Mathematical Professor in the Instittition. 6m. Wm. bottnd. 

Professor Thomson's Elementary Algebra. 

An Elementari Treatine on Algebra, Theoretical and Practical. By Jaxcs 
Thomsoii, LX.D. Profeitsor of Mathematics in the University of Glasgow. 
Kew Edition. 12mo. Ss. cloth.— Kbt, 48. 6d. cloth. 

Wharton : The Principles and Practice of Arithmetic 

and Mensuratica ; with the Use of Logarithms. Adapted for the nse both of 
Public and Private Schools and the Universities. By J. WniUiTOii, M.A. 
With tbe Sanction of the College of Preceptors. 12mo. 48. cloth. 

Nesbit's Mensuration, and Key. 

A Treatise on Practical Mensuration : containing the most approved Methods of 
drawing Geometrical Figures; Mensuration of Superficies j Land Surveying; 
Mensuration of Solids ; the Use of the Carpenter's Rule ; Timber Measure, ftc. 
By A. NsaBiT. New Edition. 12mo. with 300 Woodcuts. 68. bound. 

Kbt. New Edition. 12mo. Ss bound. 

Moseley : Illustrations of Practical Mechanics. 

By the Rev. H.Me8BLET,M.A. Professorof Natural Philosophy and Astronomy 
in King's College, London. New Edit. Fcp. 8vo. with Woodcuts, Ss. cloth. 
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Keiih's Treatise on ihe Use of the Globes. 

New Edition, gmitlT enlarKed and improved, by AtrRco S. Tatlob, F.R.S. 
Lfctnrer on Chemistr;r, *c. hi G«y'B Hospital; R. A . Lb MitBevm, B.A. 
Scholar of Corpvi Chritti Collp^e, Uxford ; and J. MiDDLrroN.Esq. Profcseor 
of AstronomT. Vimo- with Plate* and Oi^rramSyfc. 6d. boand. 

Krt. Adapted to the New Edition, by Prof. Mioi>i.XTe>ii. 13mo. 2a. 6d. dolb. 

Keith's TrigoTiometrr. 

An Introdnntion to the Theory'and Fractkc of Plane and Spherical Trinronometr j , 
' and the Steicof^pbic Projection of the Sphere, iachMUng tbc Theory of NaVW 

ration. By Thomm Kbitb. New Edition, corrected by S. Mathakd. 6vo. 

I4s. cloth. 

Nesbit : a Complete Treati.se on Practical Land 

SMmjiatf. For the ««e of Reheols and Stvdema. With 260 Practical Exaaaplcew 
By A. NxeBiT. New Edition, corrected and cveatly enlarged. To whieb ai% 
now added. Plane Trigonometry, iododing the use of vie Theodolite and 
Railway Surveying ; and RailwaT Engineenng, including the Ppnciptes and 
Practice of Lerelling, Planning, Laying ont Cvrves, Cutting ana Ewbankins, 
Tonnelling, Tiadttcto, Ac. By T. Bikbr, Land-Sarreyor and Civil Engl- 
fteer. 9to. with woodcut*, pUte*, and an rngraTed fteld-book, 12a. doth. 

Crocker's Land Surveying. 

Crocker** Element* of Land Surveying. Neir EdittoB, eorrcctcd thro«ghe«t» 
and con*iderHb]T improved and modcraiMd, by T. G. Bdnt, Land-Svrveyor. 
Bristol. To idilieh arc added, Tables of Sis^ngwe Lonrithma, s«pcrintende« 
brRicH* RD Farlbt , of the Nautical Almanac EstablMunent. Post 8to. wiAh 
Plans, Field-boofc, &e. 12*. cloth. 

*/ i-'arley's Tabu* of Six-FiouxB LooakItbxb may be bad separatalyy 
price 4*. 6d. 

Tate : The Principles of the Differential and Integral 

Calculus simplified and applied to the Solution of various Useful Problems m 
Practical Mathematic* and Mechanics. By Thoxas Tatb, Mathematical 
Master of the National Society's Training CoUcgc, Battemea. 12taao. 4b. 6d. 

Tate : Exercises on Mechanics and Natural Phi- 
losophy ; or, an easy introduction to Engineering ; contaiBinf various AppHen- 
tion* of the Principle of Work : the Theory of Oke Steam Engine with Sunpl* 
Machines ; Theorem* and Problems on Accumulated Work, 4tc. By Tbokab 
Tatb, Mathematical Master of the National Socaetyts Training Collage, 
Battcnea. New Edition. Fcp. 8td. 2s. cloth. 

Tate : Treatise on the First Principles of Arithmetic, 

•fler the method of Peetaleni. Designed fcr the «ne of Teacher* ain4 Monitors 
In Blementiry School*. By ThoMas Tati, Mathematical Maeter of the 
National Society'* Training College. Battevsea. New Edition, with additiona 
and improvements. 12mo. Is. 6d. doth. 

Tate : Principles of Geometry, Mensuration, Trigo- 
nometry, Land'Snrvcyiftg, and Levelling: containiqg familiar Demon- 
strations aad lllttstrations of the most important Propositions in Euclid *» 
Element* ; Prooft of all the useful Rnlc* and Fetmulte in Mensuration and 
Trigonometry, with their application to the Solution of Practical Problenui 
In Eetimation. Surveying, and Railway Engineering. Br JaxB» Tatb, 
Mathematical Master of the National Society'* Training College, Battenoa. 
New Edition. 12mo. with 317 Diagram* and Woodent*,3s. 6d. cloth. 

Tate's Algebra made £asy. 

Algebra made Easy. Chiefly intended for the u*e of School*. By Tbokiib 
Tate, Mathematical Maater of the National Society'* Training Crikgs, 
Battersea. New Edition. 12mo. 2*. cloth. 

Hunter : Exercises in the First Four Rules of Arith- 
metic: constructed for the application of New Artiftcial Tests, by which tho 
Teacher may expeditiously ascertain the Correctness of the RMufts. B^ tho 
Rev. John Huktbr,M.A. Tice- Principal of the National Society's Training 
College, Battersea. Second Edit, remodelled and cxdaxged. 12mo. 6d. sewod. 

Coleaso's School Arithmetic. 



Arithmetie, designed for th« Use of School*. By tho Rev. J. W. Colsn so, M. A. 
Rector of Forenett St Mary .Norfolk ; and late FeUow of St. Jotm's CoHcgo, 
Cambridge. New Edition. Fcp 8to. 4s. 6d, boards. 

■ »• A KsTy by S. Math ABD, ia in preparation. 
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! Taylor's Arithmetic, and Key. 

The Arhbsietieiaa'* G«ide; or, a eomphte Ezeraae Book : ior Poblic Sc h ool* 
ad Pnrate Tcadwia. Bjr W. Txyvom- 2te« Editaon, tenaod bj S Ma.!- 
i V&B&. IZmo. &. 6d. bemad. 

kxT. Bj W. H. Waxrs. 12mo. 4*. bead. 

Molineux's Arithmetic, and Key. 

kn latrodnctioa to PraetieiU Aritfunctic ; in Two Pmrts: vitfa ' 




onraiMonol Dinctioiia tor the nac of Lcanun. Br T. MuLctBox, many 
TciicLer of AcoounU «ad the Matfaeautic* in jiaodcafield. la Two J 
Part 1. 12ino. 2a. Gd. bouiid.— Part 2. ISmOw 2a. fid. bomL 
Kn to Put 1. fidv^KBT to Part 2, 6d. 

Simson's Euclid (the Standard Edition;:). 

fSmaon'i ranumta of Eaclid 'TJbrary Editioa} ; riz. the Pint Six Boaka,tae»- 
thrr with the Elmnth and Twelfth ; alao the Book of EKUd's Data. With 
the Elettieats of Plane and Spheriral Tri^Dometrr ; and a Treatise on the 
Conatnurticn of the Trlgonomrtrical Canon. By the Brr. A. BoBBnrsos, D.D. 
F.H.S. New Edition, reriaed and oorraetod by S. Hathakd. dro. Sa. boond. 

Sinuon'a KlemenU of Encbd rS<^ool EdiffiS} ; viz. the First Six Books, tofccther 
with the Elerenth and Twelfth. Printed, with a few rariations and additJonal 
■elcrenee*, fnm the Teat of Dr. Simaon. Kew Edition, rerised and eomcted 
bj S. Matkabd. Idmo. Sm. bound. 

flbnwm'a Elements of Endid (STmbolieally Amneed) : edited, in the SnnboK- 
eal form, by the Rer. R. Blakblock, M.A. late Fdlow and Assistant Tutor of 
CatlMrnne Hall, Cambridge. Kew Edition. Usao. fis. doth. 

Joyce's Arithmetic, and Key. 

▲ System of Practical Arithmetic, applicable to the p rom t state of Trade and 
lloney T r an sact ions : Uluatrateil by nnmeroos Examples mder each Rale. By 
the Rer. J. Jotcb. JNew Edition, oomcted and improred by S. Matxabd. 
12mo. 3s. bound. 

Sjet. 18mo. 3s. bound. 

Walkingame's Arithmetic and Key, by Crosby. 

"Bte Tntm-'a Assistant ; betn^ a Compendium of Arithmetic, and a oomplets 
Question -Book : containing Arithmetic in Whole Numbers, vnlear Fractions, 
Decimals, Daodecimals, the Moisnration of Cucles, a Collectioa of Questions. 
&c. By Francis Waulixoajcb. A Slew Edition, correotod by T. Caoass. 
12mo. 2s. cloth. 

Kit. 12aio. 3s. fid. cloth. 

Morrison's Book-Keeping, and Forms. 

The Elements of Book-keeping, by Single and Double Entry; comprising several 
Seta of Books, arranged according to Present Practice, and designed for the use 
of Schools. By Jakes Mobbisox, Accountant. New Edition, con s i d er ably 
improved. 8vo. 8s. half-bound. 

lets of Blank Books, rukd to correspond with the Four Sets contained in tb« 
aboTc work : Set A, Single Ea^, 3s ; Set B, Double Entry, 9b.; Set C, Con>- 
mission Trsde, 12s.; Set D, Partnership Conoems, 4s. fid. 

Morrison's Commercial Arithmetic, and Key. 

A Concise System of Commercial Arithaoetic. By J.Mokbisom, Aoeonataat. 
New Edition, revised and improTed. IZmo. 4s. fid. bound. 

Est. New Edition, corrected and improved by 8. Matxaxd, Editor of** Kfiittl*B 
liathematical Works." 12mo. 8s. bound. 

Nesbit's Arithmetic, and Key. 

A Treatise on Practical Arithmetic. ByArNssBn. New Edition. 12mo.6«.bd. 

A Kb T to the same. 12mo. 5s. boond. 

PabtH. of Nesbit's Practical Arithmetic; containing Fractions, Daeimala, 

Logarithms, Chain-Rule, &c. 
Kbt to part II. 12mo. 7s. oound. 

Thomson : School Chemistry ; 

jQr , Practical Rudiments of the Science. By Robbkt Dokd as Tboksox, M .D. 
Master in Snrgerj in the Unirersit^ of ulassow ; Lecturer on Chemistry in 
the same University ; and formerly m the Meuical Service of the Honourable 
East India Compsny. Fcp. 6vo. with Woodcuts, Ts. doth. 
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PeschePs Elements of Physics. 

The Elements of Physics. Bt C. F. Peschbl, Principal of the Royal Military 
College, Dresden. Translated from the German, with ^otes, hy E. WssT. 
8 vols. fcp. 8to. with Woodcuts and Diagrams, 2l8. cloth. 

t Part 1. The Physics of Ponderable-Bodies. Fcp. 8to. 7s. 6d 
Separately ^ Part 2. Imponderable Bodies (Light, Heat, Magnetism, £!••- 
( tricity, and Electro-Dynamics). 2 vols. fcp. 8to. ISs. 6d. 

Mrs. Lee's Natural History for Schools. 

Elements of Natural History, for the use of Schools and Yonng Persona ; eoR»- 
prising the Principles of Classification, interspersed with amnsiag and in- 
stmctiTe Original Accounts of the most remarkable Animals. By sin. Ln. 
12mo. with 65 Woodcuts, 7s. 6d. bound. 



GEOGRAPHY AND ATLASES. 

Dr. Butler's Ancient and Modern Geography. 

A Sketch of Ancient and Modem Geography. By Sa»17Kl Butler, D.D.lato 
^ Bishop of Lichfield, formerly Head Master of Shrewsbury School. New Edition, 
revised by his Son. 8to. 9s. boards ; bound in roan, 10s. 

Dr. Butler's Ancient and Modern Atlases. 

An Atlas of Modem Geography; consisting of Twenty-three Coloured Maps; 

•with a complete Index. New Edition, bvo. 12s. half bound. 
An Atlas of Ancient Geography; consisting of Twenty-two Coloured Maps, 

with a complete Accentuated Index. New Edition, corrected. 8to. 12s. 

A General Atlas of Ancient and Modern Geo?rap!»y : consistina of Forty-firt 
coloured Maps, and Indices. New Edition, correctwl. 4tO. 24s. half-bound. 
*,* The Latitude and Longitude arc given in the Indices. 

Abridgment of Butler's Geography. 

An Abridgment of Bishop Butler's Modem and Ancient Geography: arranged In 
the form of Question and Answer, for the use of Beginners. By Mart 
CoNNiMOHAM. Ncw Edition. Fcp. 8vo. 28. cloth. 

Dr. Butler's Geographical Copy Books. 

Outline Geographical Copy-Books, Ancient and Mixiem : with the Lines of Lati- 
tude and Longitude only, for the Pupil to fill up, and designed to accompany 
the above. 4to. e.ich 4s. ; or together, sewed, 7s. 6d. 

The Geography of Palestine or the Holy Land, 

Including Phoenicia and Philistia: with a Description of the To'vns and 
Places in Asia Minor visited hv the Apostles. By W. M'Leod, Head Master 
of the Model School, Roy^l Military Asylum, Chphefi; late Master of tha 
Model School, Battersea. New Edition, lamo. with Map, Is. 6d. clotlu 

Dowling's Introduction to Goldsmith's Geography. 

Introduction to Goldsmith's Grammar of Geo^riiphy : for the use of Junior Pupils. 

ByJ.DowLiNO. NewEdition. 18mo. 9d. sewed. 

By the same Author, 
Five Hundred Questions on the Maps in Goldsmith's Grammar of Geography. 

New Edition. 18mo. 8d.— Ke t, 9d . 

Goldsmith's Geography Improved. 

Grammar of General Geography : for the Use of Schools and Young Persons 
By the Rev. J. Goldsmith. New Edition, improved. Revised throughout and 
corrected by Hi^h Murray, Esq. Royal 18mo. with New Views, Maps, &c. 
3s. 6d. bound. — KET,9d. sewed. 

Goldsmith's Popular Geography. 

Geography on a Popular Plan. New Edit, including Extracts from recent Voyacwi 
and Travels, witii Engravings, Maps, &c. By Rev. J . Goldsmith. 12mo. 14s. bd . 



Mangnall's Geography, revised. 



A Compendium of Geography; for the use of Schools, Private Families, &c. 
R. Manomall. a new Edition, revised and corrected throughout. 
78. fid. bound. 



I2mo. 
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Hartley's Geography, and Outlines. 

Gwigraphy tag Tovtb. By the B«T. J. Habtlst. New Edition, oontafaiaff 

toe latest Changes. ISmo. 4m. 6d. bound.— By the same Author, 
(^tUnee of Geography : the First Course for CfalDdxeB. Kew Edit. 18mo. 9d. ad. 



THE FRENCH AND ITALIAN LANGUAGES. 
Tarver*8 Eton French Grammar : 

Zq^roduction 4 la Laague nsuelle et aux Eldments de la Granunaise Francalw. 
By J. C. TAKTKn, French Master, Eton CoUega. Mew Edition. Umo. Ss. bd. 

Tarver's Eton French Exercises : 

Eamiliar and Conversational French Ezereiaes, for Writing and vlTi-voee 
Practice. By J. C. TAnTxn. French Maatsr, Eton College. New Edition. 
' Umo. 3s. (id. bound. 
EJKtf 12mo. 8s. bound. 

Tarver's French Phraseology. 

Fhras^ologie Expliqnie et comparte : in expla&atkm of IdlomatSeal Fhxaaes, and 
to serre as Conversational Lessons. By J. C. TAKTsn, Fxencb Master, Eton 
GoUege. New Edition. 12mo. 3s. bound. 

Tarver's Eton French Reading Book. 

Cboix en Prose et en Vers : snivi de la Phras^oloele expliquAe et eompar6e ; et 

Sr4c6d£ de Remarques sur la Construction oes Teis Franfais. ByJ.C. 
'▲avsa, French Master, Eton College. New Edition. 12mo. 7s. 6d. bound. 
r Part I. Choix en ProM, 3s. 6d bound. 
Separately^ ) Part TI. Choix en Vers, 3s. td. bound, 
t Part III. Phrastologie, 3s. bound. 

Tardy's French Dictionary, improved by Tarver. 

Tardy's Explanatory Pronouncing Dictidnarr of the French Language, In 
French and Enifrlwh ; wherein tJie exact Sound and Articulation of ereir 
Syllable is distinctly marked, according to the Principles of the Frencn 
Pronunciation, dcTeloped in a short Treatise. New Edition, corrected and 
much enlarged. By J. C. Tarvse, French Master , Eton. Fcp. 8to. 7s. 

Miss Rowan's Modern French Reading Book. 

Morceaux Choisis des Antenra Modemes. 4 I'usage de la Jeunesse. With a 
Translation of the New and Difficult words and Idiomatic Phrases which 
occur In the Work. By F. M. Bowav. Foolscap 6to. 6s. bound. 

Hamel's French Grammar and Exercises, by Lambert 

Hamel's French Grammar and Exercises. A New Edition, in one volume. 
Carefully corrected, greatly improiwl, enlarged, and re*arranged. By N. 
Lambert. 12mo. fis. 6d. bound. 

HamePs French Grammar (the Original Edition). 

A New Universal French Grammar ; being an accurate System of French AoeW 
dence and Syntax. By N. Ha.x>l. New Edit, improved. 12mo. 4s. bound. 

Hamel's French Exercises, Key, and Questions. 

French Grammatical Exercises. By N. HamsXi. New Edition, careftiUy reviaed 

and greatlT improved. I2mo. 4b. bound. 
Knr, 12mo. 3s. bound. 

Hamel's World in Miniature. 

The World in Miniature ; containing a ftiithfhl Account of the SituaUon, Extent. 
Productions. Government^ Population, Manners, Curiosities, &c. of the different 
Countries of the World: %» Translation into French. Bv N. Hakbi.. Nmw 
Edition, corrected and brought down to the present time. 12mo. 4s. fid. bd. 



THE ENGLISH LANGUAGE. 
Orammart, Reading Book§, and JfMeeUan«Ma Worka. 

The Modern Poetical Speaker: 

A Collection of Pieces adapted for Recitation, careftiny selected firom the 
English Poeta of the Nineteenth Century. By Mrs. Palfiser. Dedicated, bv 
permission, to the Right Hon. the Dowager Lady Lyttelton. 12mo. 6s. bound. 



STANOAJU) SDUCATIONAL WORKS. 



15 



Sewell: The New Speaker and Holiday Task-Book, 

Selected firom datsloal Greek, Latin, and En(;lUh wiiten :— Domoethenei, 
Thueydides, Homer, Sophoclee, Cicero, Liry, Virgil, Luoretiua, Shakapeare, 
Milton, Burke, Bacon, Ac. By the Rev. W. SawKLt, B D. Fellow and Tutor 
of Exeter College, Oxford. 12mo. 6b. bound. 

Maunder's Universal Class-Book : 

A New Series of Reading Leaions (original and selected) for Every Day in thfl 
Year : each Lesson recording some important Event in General History^ Bio- 
graphy, Ac, or detailing, in familiar language, interesting facts in Science, 
with Questions for Examination. By Samobi. Mavkdbr, Author of ** The 
Treasury of Knowledge," &c. New Edition, revised. 12mo. 6s. bound. 

Progressive Exercises in English Composition. 

By the Rev. B. 6. Parker, A.M. New Edition. 12mo, Is. 8d. cloth. 

Graham's Art of English Composition. 

Ewrlish : or. The Art of Composition explained in a series of Instructions and 
Examples. By G. F. GaxHAM. New Edition. FqK 8to. 6s. doth. 

The Rev. John Hunter's English Grammar. 

Text- Book of English Grammar : a Treatise on the Etymologr and S^tax of 
the English Luiguage; including Exercises in Parsing, Tunctuation, and 
the Correction of Improper Diction ; an Etymological Vocabulary of Gramma- 
tical Terms, fto. For the use of Students m Traming Colleges, and the Upper 
Clasees in National and other^Elementary Schools. By Rer. J . Homtbk, M. A. 
Yioe-Principal of the National Society's Training College, Battersea. Unto. 
Ss. 6d. cloth. 

Hunter : Exercises in English Parsing: 

Progressiyely arranged. New Edition, remodelled and enlarged ; and adapted 
to the Author's Text-book of English G ramniar. With Qaestions, sussesting 
a Course of Oral Instruction for Junior Pupils ; and an Appendix or Rules 
and Obeeirations on the Paraphrasing of English Poetry, witn Examples and 
Exercises. By the Rer. John Homtsk, M.A., Vice- Principal of the National 
Society's Training College, Battersea. 12mo. 6d. sewed. 



Lindley Murray's Works. 






THB I.aXBST AKD ONLT GbwVINB EDITIONS, WITH THB AVTBOK'B imaL 
CORBECTIOKS AMD IMPaOTEMBNTS. 



1. First Book for Children. 18mo.6d. 
S. English SpeUing-Book. I8mo. 18d. 
S. Introd. to Ens. Reader. 12mo.28.6d. 

The English Reader. 12mo. 3s. 6d. 

Sequel to ditto. ISmo. 4s. 6d. 

English Grammar. 13no. Ss. 6d. 
» »iyp, . .Abridgnd. 18mo.li. 

English Exercises. 12mo. 2s. 

Key to Exercises. 12mo. 2s. 



4. 

S. 
6. 
7. 
8. 
9. 
10. 



12. Lecteur Francois. I2mo. 0«. 

13. Library Edition of Grammar, Exer- 

cises, and Key. 2 vols. 8to. 31b. 

First liessons in English Grammar. 

New edit. 18mo. 9d. 
Granuuatical Questions, adapted to 

the Grammar of Lindley Murray. 

ByC Bkadlet. 12mo.28. 6d. 
Enlarged Edit, of Murray's Abridged 

English Grammar^ by^Dr. Gilbb. 

L8mo. Is. 6d. 



Exercises and Key. In I vol. Ss. 6d. 
11. Introduction au Lecteur Franspis, 
12mo. Ss. 6d. 

Mavor's Spelling Book. 

The English Spelling-Book : accompanied bj a Proeressive Series of easy and 
fiimiliar Lessons: mtended as an Introduction to the Reading and Spelling of 
the English Language. By Dr. Mator. New Edition. 12mo. with Frontis- 
piece, and 44 Wood EngraTings, Is. 6d. bound. 

Carpenter's Spelling-Book- 

The Scholar's Spelling Assistant ; wherein the Words are arranged according to 
their principles of Accentuation. By T. Cabfxntbb. New Edition, corrected 
throughout. I2mo. Is. 6d. bound. 

Mr. M'Leod's New Beading Book. 

A First Reading Book : for the use of Families and Schools. By W. M'Lbod, 
Head Master, of the Model School, Royal Military Asylum, Chelsea. New 
Edition. 18mo. with Woodcuts, Sd. sewed. 

Ross : An Elementary Etymological Manual of the 

English Language, for the use of Schools. To which are prefixed. Practical 
Observations on Teaching Etymology. By William Ross, Inspector of Schools 
for the Manchester Education .Society. New Edition. 18mo 6d. sewed. 
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Graham's English Spelling-Book. 

Eneliah Spelling: with Rules and Exercises. Intended as a Class-Book for 
Schools or Home Teaching. By G. F. Gbuhav, Author of " Ent^lieh, or the 
Artof Compostion;" ** Helps to English Grammar," &c. 12mo. Is. 6d. cloth. 

Mrs. Marcet's Spelling Book. 

The Mother's First Book : containing Reading made EasT, and the SpeUfa)|; 
Book. By Jahe Majioft. New Edition. 12mo. with Woodcuts, Is. 6d. cloth^ 



Mrs. Marcel's Mary's Grammar. 



Mary's Grammar: interspersed with Stories, and intended for tha 
Girls. By Ja.i<b Makcbt. New Edition. 18mo. 3s. 6d. cloth 



of 



Mrs. Marcet's Willy's Grammar. 

Willy's Grammar: jnterapereed with Stories, and intended for the use of Boys. 
By Jakb Mabcet. New Edition. I8mo. 28. 6d. cloth. 

Graham's Helps to English Grammar. 

Helps to English Grammar ; or, Easv Exercises for Youns Children Illufttr»tod 
by Engravings on Wood. By G. F. Grauax. New Edition. I2mo. 3a. cloth. 

English Synonymes classified and explained : 

With Practical Exercises, designed for Schools and Private Tuition. By 
G. F. Grabax. Fcp. 8vo. 78. cloth. 

Aikin's Poetry for Children. 

Poetry for Children ; consistini; of Selections of easy and interesting Pieces from 
the oest Poets, interspersed with Original Pieces. By Miss Aikin. New Edition. 
18mo. with Frontispiece, 26. cloth. 

Maunder's Popular Treasuries. 

1. The Treasury of Knowledge, and Library of Reference: a Compendium of 
UnivtTsal Knowledge. 

t. The Scientific and Literary Treasury : a copious Popular Encycloptedia of 
the Belles-Lettres. 

& The Bio?rnphical Treasury: a Dictionary. of Universal Biography; com> 
prising above 12,000 Memoirs. 

4. The Historical Treasury : an Outline of Universal History ; separate His- 
tories of everv Nation. 

6. The Treasury of Natural History; or, Poptdar Dictionary of Animated 
Nature: with 900 Woodcuts. 

•,• New Editions, corrected and enlarsred, price lOs. each work, fcp. 8vo. cloth; 
or 12s. bound in embossed roan. 



English and Latin School Books, by Mr. Richard Hiley, 

Head Maaier of the Leeds Collegiate School, 

I. Elementary Works. 

BditvjM. a. d. 

I. The Child's First English Grammar. 18mo „ 10 

8. The Child's First Geography. 18mo „ 9 

• »• These two works form an useful series for Preparatory 

{Schools 

IT. Junior Series. 

3. Abridgment of English Grammar. If^mo 6th I 8 

4. Practical Enslish t omposition. Parti. 18mo .*..... 2nd 1 6 

6. Progressive Geography. I8mo 2nd 2 

III.. Middle Series. 

fl. Enerl'sh Grammar, style, Rhetoric, &c.. 12mo 4th 3 8 

7. English Exercises. I'imo 3rd 2 

8. English Composition. Part 11. — In preparation. 

9. Arithmetical Companion. 18mo 2nd 1 6 

IV. Latin. 

10 Latin Crammar. 12mo 3rd 3 

I I . First Latin Exercises.— Jn active preparation 2nd 

V. For Teachers only. 

It. Key to English Exercises. 12mo w ^ 

13. Key to Arithmetical Companion. 18mo m ^ ' 

Wilson and Ogilrj, Skinner Street, SnowhlU, London. 
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